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Abstract

This paper deals with the existence and multiplicity of symmetric solutions for a
weighted semilinear elliptic system with multiple critical Hardy-Sobolev exponents
and singular potentials in RN, Applying the symmetric criticality principle and
Caffarelli-Kohn-Nirenberg inequality, we establish several existence and multiplicity
results of G-symmetric solutions under certain appropriate hypotheses on the
parameters and the weighted functions.
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1 Introduction
The present paper is devoted to the study of the following weighted semilinear elliptic
system:

*_ 1 " . . q-2 .
L= %ﬂml’b ur %M% 2ulv|P) + oh(x)'”'T*“, in RN,

o]0 x|
B -2
Ly,v= Ké’;l (w762 + Zle Sibi )% |y|Pi2y) + ah(x)—“"qd Y, inRN, 1.1)
|7 Zb IxPd
u(x), v(x) — 0, as |x| = +oo,

where L, £ _div(|x|24V.) - ’MW is a singular elliptic operator, N > 3,0 <a < A%,
A (N-2-2a
===

a<b<d<l+a,0>0,0<u<pmwithpu )2,0<gi<+oo,andoz,',ﬂi>lsatisfy

a; + Bi = pj, (izl,...,l;1516N),1<q<2,pzé%,andpzé]\% are the
critical Hardy-Sobolev exponents, and p} = 2* £ Az[—i\’z is the critical Sobolev exponent; K

and /1 are G-symmetric functions (see Section 2 for details) satisfying some appropriate
conditions which will be specified later.

The critical growth in elliptic problems has been extensively studied in the last decades,
starting with the seminal paper [1]. Limiting ourselves to problems involving the singular
potentials and critical exponents, we would like to mention the works [2—6] and the refer-
ences therein contained. These equations involving singular nonlinearities, as well as the
singular elliptic systems, describe naturally several physical phenomena and applied eco-
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nomical models (see [7] for example). Recently, Deng and Jin [8] investigated the existence
of nontrivial solutions of the following critical singular problem:

u %
—-Au-— MW =K%~ ¥, and u>0inRY, (1.2)
where 0 <s<2and 0 < u < (1\%)2 are parameters, N > 2, 2*(s) = 25\];[3), and K satisfies

some symmetry conditions with respect to a subgroup G of O(N). By means of the varia-
tional approach, the authors proved the existence and multiplicity of G-symmetric solu-
tions to (1.2) under certain hypotheses on K. Very recently, Deng and Huang [9] extended
the results in [8] to quasilinear singular elliptic problems in a bounded G-symmetric
domain. Moreover, we also mention that when p = s = 0 and the right-hand side term

|x|—su2*(s)—l

is replaced by 4! (1 < g < 1\% or g = ]%) in (1.2), many elegant results of
G-symmetric solutions of (1.2) were established in [10-12].

On the other hand, in recent years, more and more attention have been paid to the
existence and multiplicity of nontrivial solutions for singular elliptic systems. In a recent

paper, Huang and Kang [13] considered the following critical semilinear elliptic systems:

2%_2 -2 ) .
~Au—pi s = ul Pt aoglul® ulv|? + Alu|2 %y, inQ,

22 -2 -2 ;
—Av— MZW =y v+ %|u|"‘|v|'3 v+ M v|272%y,  inQ, (1.3)
u=v=0, on 0%2,

where Q@ C RY (N > 3) is a smooth bounded domain containing the origin, ¢ >0, a; € ,
Ai>0, < (X52)%,2<g;<2* (i=1,2),and o, B > 1 fulfill o + B = 2*. Note that |u|*>ulv|?
and |u|*|v|#~2v in (1.3) are called strongly coupled terms, and |u|* ~2u, |v|* ~2v are weakly
coupled terms. By variational methods and the Moser iteration techniques, the authors
proved the existence of positive solutions and some properties of the nontrivial solutions
to (1.3). Subsequently, by employing variational methods and the analytic techniques of
Nehari manifold, Kang [14], Nyamoradi [15], Nyamoradi and Hsu [16] extended and gen-
eralized the results of [13] to the critical singular quasilinear systems. These results give
us a good insight into the corresponding problems. Other further results relating to the
nonlinear elliptic systems can be found in [17-20] and the references therein.

However, concerning the existence and multiplicity of G-symmetric solutions for ellip-
tic systems, we only find some results for singular elliptic systems in [21-23] and when
G = O(N), several radial and nonradial results for nonsingular elliptic systems in [24].
Motivated by the works [8, 10, 13], in the present paper, we study the existence and mul-
tiplicity of G-symmetric solutions for singular elliptic system (1.1) in RN, The main diffi-
culties lie in the fact that there are not only the singular perturbations (x) x| % |u| 12y
and h(x)|x|"%|v|7-2y, but also the nonlinear strong coupled terms Zle ij—g"lm"‘i‘zulvlﬁi,

25:1 if—? % |v|Pi=2y and weak coupled terms [ul?s~2u, |v|Pb2y. Compared with problems
(1.2) and (1.3), the singular elliptic system (1.1) becomes more complicated to deal with and
therefore we have to overcome more difficulties. So far as we know, it seems that there are
few results for (1.1) even in the particularcases u =a=b=0,0 =0,and ¢; >0 (i =1,...,[).
Consequently, it make sense for us to investigate system (1.1) thoroughly. Let K, > 0 be a
constant. Note that here we try to consider both the cases of ¢ = 0, K(x) # K, and ¢ > 0,

K(x) = K.
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The remainder of this paper is organized as follows. Some preliminaries and the vari-
ational setting and the main results of this paper are presented in Section 2. The proofs
of several existence and multiplicity results for the cases o = 0 and K(x) # K, in (1.1) are
given in Section 3, while the proofs of multiplicity results for the cases o > 0 and K (x) = Kj
are detailed in Section 4. The methods of this paper are mainly based upon the symmetric
criticality principle of Palais (see [25]) and variational arguments.

2 Preliminaries and main results

Let ZY%(RY) denote the closure of %°(RN) functions with respect to the norm
(Jan 121721 Vu|? dx)"*. We recall that the well-known Caffarelli-Kohn-Nirenberg inequal-
ity (see [26]) asserts that, for all u € Z2(RN), there is a constant C = C(N,a,e) > 0 such

that
l*
—epi, Ve Pe -2a 2
(/ |x|~Pe |1g|Pe dx> < C/ || ~“*|Vul|” dx, (2.1)
RN RN
where —c0 < a < %,a§e§1+a,andpj = %.If6:1+4,thenpj =2 and we have

the following weighted Hardy inequality (see [2]):

1
/ |20 |y 2 dx < — / |7 Vul*dx, Yue ZY*(RY), (2.2)
RN w JrN

where 7z = (X-2724)2. Now we employ the following norm in Z*(RN):

1
2
lul, 2 [ f N(|xr2“|W|2—mxrm”)uZ)dx] , 0<p<TL
R

By the inequality (2.2), we easily see that the above norm is equivalent to the usual norm
(Jan |%172#|Vu)? dx)'. Moreover, we define the product space (Z2*(R"))? endowed with

the norm
”(u, V) ” = (||u||i + ||V||i)1/2’ Y(u,v) € (@;’Z(RN))Z,
I

Let O(N) be the group of orthogonal linear transformations in RN with natural action and
let G C O(N) be a closed subgroup. For x # 0 we denote the cardinality of G, = {gx;g €
G} by |G,| and set |G| = inf_,gn |G,|. Note that here |G| may be +0co. For any function
f:RN — R, we call f(x) a G-symmetric function if for all g € G and x € RY, f(gx) = f(x)
holds. In particular, if f is radially symmetric, then the corresponding group G is O(N) and
|G| = +00. Other further examples of G-symmetric functions can be found in [8].

The natural functional space to frame the analysis of (1.1) by variational techniques is
the Hilbert space (.@;:é(RN ))?, which is the subspace of (Z+?(RN))? consisting of all G-
symmetric functions. In the present paper, we are concerned with the following problems:

*_ ! Q; . . q-2 .
Loyt = I’%um% Puct iy S ul T ulvl?) + oh() "“"dp;, in RV,
X X

K K *_o / B X = q-2 .
(7)) Lawy = (WP 2v 3o, SRl A2 + o h@) M, inRY,

(u,v) € (@;;é(RN))z, and u>0,v>0,(uv)#(0,0), in RN,
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Let (&,v) € (@;:é(RN))Z be a weak solution of (#2X) (see Sections 3 and 4). We need the
following basic definition.

Definition 2.1
(i) A weak solution (1,v) € (Z,5(RN))? is called a semi-positive solution to (2X) if
u>0,v=00ru=0,v>0o0nRN,
(i) A weak solution (1,v) € (Z,5(RN))? is called a strictly positive solution to (22X) if
u>0andv>0onRYN,
(iii) A weak solution (u,v) € (@;,’ZG(RN))2 is called a positive solution to (2X) if u > 0,
v>0and (& v) #(0,0) on RN,

The purpose of this paper is to investigate the existence and multiplicity of the positive
solutions (including semi-positive solutions and strictly positive solutions) to the problem
().

Before stating our main results, we present the following two notations: S, and y.(x),
which are, respectively, defined by

—2a 2 —2(1+a),,2
x Vul® — u|x u”)dx
.2 np  Je(EIVHE e 200)

12 N * * *
ue 2y ®N)\(0} (Jan |xI7Pb |ulPb dx) s

(2.3)

and

1
Ce?s™

yelx) £ , (2.4)

2
| VIR (e + [ oDV P

where € > 0, and the constant C = C(N,a,b, 1) > 0, depending only on N, 4, b, and .
According to [2], we find that y, (x) satisfies the equations

/ (|x|72a|vy€|2 _ M|x|*2(l+ﬂ)y§) dx=1 (25)
RN

and

p*
—bpt Pp1 -4 - -
/ w2y g dx = 2 / (% 2*Vye Vg = 25y 0) dx
RN RN

for all ¢ € ZL%(RN). In particular, we have (let ¢ = y,)

o N
(/Nwm—waﬁbdxzsuz =5 et (2.6)
R

We suppose that the functions K(x) and /4(x) verify the following hypotheses:
(k1) K(x)is G-symmetric.

k.2) K(x) € €RN)NL®(RN), and K, (x) # 0, where K, (x) = max{0, K (x)}.
(h.1) h(x) is G-symmetric.

(h.2) A(x) is a nonnegative function in RN such that

1

e 0 *
0<um9é(f mr*m%m&O < +00 wmheé—ﬁin
RN Pig—4
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The main results of this paper are the following.

Theorem 2.1 Suppose that (k.1) and (k.2) hold. If

*

)
e 1K, Ml o K, (0) K, (00)
/]RN K@ |x|pr = maX{ Pheah) - § 2(]1\[ %) s 2(11\[ B) "N 2(]1\[ B >0 @7
|G| N-2(I+a-b) SO —2{+a— S/A —2(1+a— S;/, —21+a—

or some € > 0, where K, (co0) = limsup K, (x), then problem (ZX) has at least one
|x]— 00 0
positive solution in (.@;:ZG(RN )2,

Remark 2.1 Under the condition (k.2), we only assume that K(x) is bounded and contin-
uous on RY, and K, (x) # 0, where K, (x) = max{0, K(x)}. In particular, we do not require
any continuity of K(x) at infinity. Moreover, we also do not require K, (0) = K(0), where
K, (0) = max{0, K(0)}. For example, setting K (x) = sin(|x|> —1), x € RY, we easily check that
K(x) € ®RN)NL®(RY) and K, (x) = max{0, sin(Jx|> —1)} = 0 on RY, but K(0) = —sin1 < 0
and K, (0) = 0.

Corollary 2.1 Suppose that (k.1) and (k.2) hold. Then we have the following statements.
(1) Problem (2K) has a positive solution if

N

Koo (S,)"05H

K(0) >0, K(O)zmax{%<s_"> ,K+(oo)}, (2.8)
|G| N=2(T+a-b) 0

and either (i) K(x) > K(0) + A0|x|pZVﬁ"‘f0r some Ng > 0 and |x| small or
(ii) |K(x) — K(0)| < A1lx|* for some constant Ay > 0, k > pj/ — w and |x| small and

f (K (x) = K(0)) x|~ C+VmVA=iP} gy > . (2.9)
RN

(2) Problem (@5) admits at least one positive solution iflim_, o K(x) = K(00) exists
and is positive,

N

Killoo (S N20ab

K(o0) = max{ % (S—") K, (0) } (2.10)
0

1+a-b)
|G| N-2(1+a-b)
and either (i) K(x) > K(o0) + A2|x|’szH”‘for some Ay > 0 and large |x| or
(ii) |K(x) — K(00)| < Asl|x|™ for some constants Az >0, t > pi/1It — i, and large |x|

and

/ (K (%) = K(00)) x|~ 0+VE-VE=1P, dy > 0. (2.11)
RN

(3) IfK(x) > K(00) = K(0) >0 on RN and

—2(1+a-b) N
K(00) = K(0) = |K, || GI V2055 (S, /5o) N=2lsa-3,

then problem (2K) has at least one positive solution.
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Theorem 2.2 Suppose that K,(0) = K, (o) = 0 and |G| = +oo. Then problem (ZK) has

infinitely many G-symmetric solutions.

Corollary 2.2 If K(x) is a radially symmetric function such that K,(0) = K, (oc0) = 0, then
problem (2X) has infinitely many solutions which are radially symmetric.

Theorem 2.3 Let Ky > 0 be a constant. Suppose that K (x) = Ko and (h.1), (h.2) hold. Then
there exists o* > 0 such that, for any o € (0,0*), problem (22X0) possesses at least two
positive solutions in (@;;é(RN ))2.

Remark 2.2 The main results of this paper extend and complement some results of [8—
10, 21]. Even in the particular cases u =a=b=0,0 =0,and ¢; >0 (i =1,...,[), the above
results to problem (Z2f) are new in the whole space RY.

Throughout this paper, the ball of center x and radius r is denoted by B,(x). We denote
by (.@;:é(RN ))? the subspace of (Z+?(RN))? consisting of all G-symmetric functions. The
dual space of (Z,5(RN))? (ZX*(RN))?, resp.) is denoted by (7, ¢*(RN))? ((Z;**(RN))?,
resp.). O(e") denotes the quantity satisfying |O(¢”)|/e* < C, and 0,(1) a datum which tends
to 0 as n — oo. We employ C, Cj, C,, ... to denote (possibly different) positive constants,
and denote by ‘—’ convergence in norm in a given Banach space X and by ‘—’ weak con-
vergence. A functional . € €*(X, R) is said to satisfy the (PS). condition if each sequence
{w,} in X satisfying .# (w,) — ¢, F'(w,) — 0in X* has a subsequence which strongly con-
verges to some element in X. Hereafter, LY(RY, |x|~5) denotes the weighted L4(RY) space
with the norm ([ 4|75 |u|? dx)V2.

3 Existence and multiplicity results for problem (@g)
The energy functional corresponding to problem (2f) is defined on (Qi:é(RN ))? by

!
1 1 K " "
Fan =5 lwl - [ l <|u|1’b £ 3 v+ Mp,,) d. (3.1

© * bpj;
by, JRN |x|Pb )

Then.7 € €' (2, 5(RY))%, R), and it is well known that the critical points of the functional
Z on (@;IZG(RN ))? correspond to the weak solutions of problem (ZX). More precisely,

by the symmetric criticality principle due to Palais (see Lemma 3.1), we say that (u,v) €
(.@;%;(IRN))2 is a weak solution of (), if for any (¢1, ¢2) € (Z2*(RN))?, we have

o Y uQy + v, K(x) o
x|**VuVo, + |x|**VvVey — t———= | dx — ulPo=*y
fR N<| SR AR ) /R R

I
Gi . . . . *_
> p—;(ai|u|“z 2ulviPipr + Bilul“ v|P > vgy) + |vIPh 2V§02} dx = 0. (3.2)
i=1 £b

Lemma 3.1 Let K(x) be a G-symmetric function; F'(u,v) = 0 in (2, ¢ (RN))? implies
F'(u,v) = 0 in (Z;"1(RN))%

Proof The proof is a repeat of that in [10], Lemma 1 (see also [24], Proposition 2.8) and
therefore omitted here. O
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Forall i € [0,11), 0 < g; < +00, a, B > 1, and o + B; = pj; (i =1,...,1), we define

2 2
Jan (a2 Vual? + |62 VP — ) dix

S 2 inf 20 (3.3)
uﬂl o lgl N 2 * * * l* ’ ’
(M,V)E(@a (RN)\{0}) [/]RN |x|—bpb(|u|pb + le‘=1 §i|u|“i|v|5i + |V|pb)dx] 7y,
1+12
B(r) = 5, >0, (3.4)
(1+ Y00, githi + T0b) 7%
B(Tmin) = rrn>1{)1 H(t) >0, (3.5)
where T, > 0 is a minimal point of %(t) and hence a root of the equation
I G
P2 ) (B ) -1=0, Tz, (3.6)
i=1 £'b

Lemma 3.2 Let y.(x) be the minimizer of S, defined in (2.3) and (2.4),0 <u <@, 0<g; <
+00, a;, B > 1, and a; + B; = pj, (i = 1,...,1). Then we have the following statements.

(1) Su_,l = @(Tmin)slp

(i) S, has the minimizer (Ye(x), TminYe (x)) for all € > 0.

Proof Similar to the proof in Nyamoradi [15], Theorem 2. O

Lemma 3.3 Let {(u,,v,)} be a weakly convergent sequence to (u, v) in (2, 1'2 Z(RN))?
such that |x|7¢|Vu,|* — n®, |x[72|Vv, > = 7@, ||x|- bunlpb — oW, ||x[ ™y, I"” — p?,
1617225 [a4, | v i = 0@ (i = 1,0, 0), w20 g, 2y O, (w2, 2~ @ in the
sense of measures. Then there exists some at most countable set 7, {r]}@ > O}je_supo)
(0 2 0hie ruion, 10/ = 0Yje ruion, (9 2 Ohiesuiany 1 2 Ohje sruion 76 2 0, 75" 20,
{xj}jef C RN\ {0} such that

(@) n® = ‘lzl”é‘a + e 5 U8y + 0080, \Z@‘a + Y5y 178 + 0880,

(b) p® = “M“hpb t2lje g pll)(Sx] + :00)(S p® = ||:||hpbl‘: t2je s Pz‘u)‘sxj + :0(()2)50,
v = [ 725 | ||+ Z,ej vj 08, + 980, i=1,...,1,

© y®= |x|*2 W)y 2 4 ) o, @ = a2 + y02)80, 2

@ Soulp” + 0 + iy s, ]Pb <+ 1, So(pf )i <", So(p)" <

(
] )
%
H )

@) Suilod +pf + Y 1§,vo]”b <09+ 0 = wr + v2), Sulpd)”

2
Sulp§h < g’ = v,
where 8, j € 7 U{0}, is the Dirac mass of 1 concentrated at x; € RN,

Proof Similar to the proof of the concentration compactness principle in [27] (see also
[18], Lemma 2.2). O

To prove the existence results of problem (ZX), we need the following local (PS), con-

dition.
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Lemma 3.4 Suppose that (k.1) and (k.2) hold. Then the (PS). condition in (.@;”é(RN))Z

holds for F if
z TaD) T D)
2(1+a-b) 2(1+a— 2(1+a—
= lva-b . |G|SO,1 " S/t,l SlL,l
s i N-2(1+a-b) ’ N-2(1+a-b) ’ N_2(lra—b) (3.7)
K, (120D Ki(0) 20D K, (c0) 2rat)

Proof The proof is analogous to that of [10], Proposition 2, but we exhibit it here for com-
pleteness. Let {(u,,v,)} C (.@;zé(RN))2 be a (PS), sequence for .% with c < ¢§. Then we see
from (k.2), (2.1), and (3.7) that {(u,, v,)} is bounded in (7, &(RN))2. Therefore, up to a sub-
sequence, we may assume that (u,,v,) — (4,v) in (@;;é(RN))z. According to Lemma 3.3,
there exist measures nV, n®, p®, p@,v® (i =1,...,1), YV, and @ such that relations (a)-
(e) of this lemma hold. Let x; # 0 be a singular point of measures n, n®, p¥, p®, and v®
(i=1,...,1). We define two functions ¢y, ¢, € €1 (RN) such that 0 < ¢, ¢ <1, 1 = pp =1
for |x — x| < €/2, 1=, =0 for |x —xj| > € and |V¢y| < 4/e, |[Vy| < 4/€. By Lemma 3.1,
My, 00 (F ' (U, Vi), (U1, V) = 0; hence, using (2.1) and the Holder inequality and the
fact that p* = 2%, we get

b

!
fR N { (61 dn® + ¢ dn) - K(x) [@ dp®+) }%(am + Bipa) dv + dpm} }
i=1

- /RN w(prdy® + ¢rdy®)

< limsup/N |24 [|t0n Vieu V1| + v, Vv, Vo || dix
R:

n—00

1 1
2 2
< sup(/ |x|_2“|Vu,,|2dx> limsup(/ |x|_2“|un|2|V¢1|2dx)
n=1 \JRN =00 RN
3 3
+sup(/ |x|_2“|Vv,,|2dx) limsup(/ |x|_2“|vn|2|V¢>2|2dx>
n>1 RN n—00 RN
3 3
<C (f |x|‘2“|u|2|V¢1|2dx> +(/ |x|‘2“|v|2|V¢z|2dx> }
RN RN
1 1

% 1 1 * 1 1
|,,¢|2 oF N |V|2 ¥ N
<C ( / 7 / VoM )+ / - / VoY
Be(xy) [%l RN Be(xy) 1% RN
3 3
<C (/ |x|—2“|v14|2dx> +(/ |x|-2“|vV|2dx) } (3.8)
Be(xj) Be(xj)

Taking the limits as € — 0, we deduce from (3.8) and Lemma 3.3 that

!
K(x)) (pj(l) + Z giv]F‘) + p].(2)> > 77;1) + 771(.2). (3.9)
i=1

This means that the concentration of the measures p, p® and v cannot occur at points
where K (%)) < 0, that is, if K(¥)) < 0 then n}” - r,]@) = p]@ =y, giv].(i) = p],(z) = 0. Combin-
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ing (3.9) and (d) of Lemma 3.3 we conclude that either
(i) p,'(l) =Y §iV,-(l) = p,»@) =0or
1)o@+ 3L cv® 4 p@ > (So /K (%)) T > (So /1K [log) D
o+ Zizl Vit = (Sou (x])) > ( 0,/ 1K+ [l o) .
For the point x = 0, similarly to the case x; # 0, we obtain

)+ - ,u(yél) + yo(z)) —K(O)( + Z civd + p ) <0.

This, combined with (e) of Lemma 3.3, implies that either

! i 2

(i) o =" el = p® =0 0r

N (1) L@ O S ok (0)) D

(iv) Pyt Zi:l GiVo TPy = ( u,l/ +(0)) .
To study the concentration at infinity of the sequence we need to define the following
quantities:

1 . . Vuy|? 2 . . V|2
(1) 7% =1limg_, o limsup, Jwir |‘x"’2a‘ dx, n2 = limg_, o lim SUP,is o0 Jipor l\x‘\/z'l dx,

\
Lvul’®

b ¥
[

\un|b
bpt
%176

©2) pY =limg_, o lim SUD,,, o /ix|>R dx, p&) = limpg_, o lim SUDP,,, o fx|>R

)

(i) . . un %y Bi
Voo = limp— co imsup, o -z % dx,i=1,...,1

1 . . " 2
(3) )/éo) = hmR—)OO hm Supn%oo fx\>R |x||I; 1‘+a dx’

val?
J/oo - hmR—>OO hm Supn—)oo fxbR |x|2n1+a) dx

Obviously, noo, r]oo, ,ooo, poo , voo (i=1,...,D), 7/ and y(z) exist and are finite. For R > 1,
let WI(e and WR be two regular functions such that 0 < WR , w <1, l/fR WI(eZ) =1 for
%] >R+1, 1//R = ;32) =0 for |x| < R, and |V¢R | <4/R, |V1//R | < 4/R. Since the sequence
{(uniﬁ,gl), vnwl(f))} is bounded in (Z}2(RN))?, we see from (3.1) that

0= ]il‘[(;lo<y (0, Vi), (un'%/fR :anf(Z)))

n—00

2.1,(1) 2,.(2)
u + v
AN Inle)dx

|x|2(1+u)

= lim { / N<|x|-2”|wn|2w;” + 15 Vv Py -
R

+ / (I¥ 2w, Vi, VI + %20, Vv, Vi) dx
RN

K(x) *
S e
RN |x|*Pb

+Z |un|“l|vn|ﬁl(awR + Bivrg )+|vn|"’éw§)]dx}. (3.10)

Moreover, using the inequality (2.1) and the Holder inequality, we obtain

lim limsup/ 172 04, Vi, V) | dc
R RN

=0 p—>oc0

1

1
2 2
< lim hmsup(/ |x|2”|un|2|v¢,§”|2dx> (/ |x|2“|Vun|2dx>
R=00 psoo \JR<lx|<R+1 RN

1
2
<C lim (/ |x|2“|u|2|v1p,§”|2dx)
R—00\ JR<|x|<R+1
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3=
Z|=

<C lim (/ |x|-2*“|u|2*dx) (/ |v1/f,§”|Ndx)
R—>00\ JRe|x|<R+1 RN

1
2
<C lim (/ |x|_2“|Vu|2dx) =0.
R—00\ J Re|x|<R+1

Similarly, we have limg_, o limsup,,_, o, fRN |x|‘2“|van,,V¢1(32)| dx = 0. Therefore, we de-
duce from (3.10) and the definitions (1)-(3) that

l
K(c0) <p +Y e+ poo) > 0%+ 12 - n(L +v?). (3.11)

i=1

On the other hand, according to the inequality (2.2) and the definition (3.3) of S, ; we find

()

that 7y < 0%, oy <%, and

2
1 7
. b
Sus (ﬂé? ) v+ pé?) <@+ 1% - u(vd +v2).

i=1

This, combined with (3.11), implies that either

) pélo) =3 1§ivt(>2 = pé? =0or

) o + 1y v + o2 = (841K (00) T
In the following, we rule out the cases (ii), (iv), and (vi). For every continuous nonnegative
function v such that 0 < (x) <1 on R, we get from (3.1) and (3.2)

c= nll>m (y(um Vn) (y/(un) Vn) (um Vn)))

b

l+a-b . —2a 2 ~2a 2 ual® + val?
=Tnll>rgo RN(|9C| [V, |” + x|V, —MW dx

l+a-b 3 4,2 + |va]?
> 1 —2a 2 —2a 2 n n
=T N llflnsuP/N<|x| [Viy|” + 2]V, —M7| e ¥ (x) dx

If (ii) occurs, then the set _# must be finite because the measures p, p@, and v (i =

l) are bounded. Since functions (u,, v,,) are G-symmetric, the measures p@, p®, and
v( ) (i= l) must be G-invariant. This means thatifx; # 0 isa smgular pomt of pW, p@
and vt (l ,1), so is gx;j for each g € G, and the mass of p®, p@ and v (i=1,...,])
concentrated at g; is the same for each g € G. Assuming that (ii) holds for some j € ¢
with &; # 0, we choose ¥ with compact support so that ¥(gx;) = 1 for each g € G and we

have
Gl 1) 1eab N\
> > )+ +
CZNA+ta b - N 1G1So, p, ;gv p,
l+a Noarat)  (1+a— b)|G|S“*“ K
2 TIGlsoz(Soz/llK lloo) 2ed = N zmoa R

2(1+a-b
NK, [l ®
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which contradicts (3.7). Similarly, if (iv) holds for x = 0, we choose ¥ with compact sup-

port, so that ¥(0) = 1 and we get

2
0, &) @) ! v
My +No — MY — MYy _ l+a-b ) o, @\
=1
le
l+a-b Nt (1+a-b)S, "
ZT Ml( Wil K (0)) 2(1+a-b) :—);
NI(+(0) 2(1+a-b)

a contradiction with (3.7). Finally, if (vi) occurs at co, we take v = 1//(1} = 1//1(32) to get

2

1%+ 0% —puy® -yl 1+a-b Lo 7
= N(L+a-b)! =N P+ Y vl + ol
i=1
2] lN b)
l+a-b N20sab)  (1+a—b)S 5
z N SMJ (S/L,l/l<+(oo)) l+a=b) - = —Ml,

NK. (00) 0

which is impossible. Therefore, pjm = ,01.(2) =09 =0 (i=1,...,)forallje ¢ U{0,00},and
this implies that

* 1 X . *
|tlP> + 301y Giltan|® vl P+ vl dx

lim

n—00 JpN |x|bPZ
/ |l + 3oy silul vl + v
= - dx
RN |x| 225
Finally, since limy,—, oo (:F ' (U, V) — F' (4, V), (i — 14, v, — v)) = 0, we naturally conclude that
(thy V) = (,v) in (Z*(RN))?. O

From Lemma 3.4 we immediately obtain the following corollary.

Corollary 3.1 If K,(0) = K,(00) = 0 and |G| = +00, then the functional F satisfies the
(PS). condition for every c € R.

Proof of Theorem 2.1 First of all, we choose € > 0 such that the condition (2.7) holds, where
¥e is the extremal function satisfying (2.4), (2.5), and (2.6). By (k.2), (3.1), and (3.3), we
get

I
Fwv) = %HW'V) - 5 (luV"Z £ 3 Gilul v+ |v|PZ> dx

2 * bp
P, JrRN |x| b i=1

1 %
= 5[y -2 o7 KNS, I%.
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In view of p; > 2, we conclude that there exist constants og > 0 and p > 0 such that
F(u,v) = ap for all ||(u,v)||, = p. Moreover, if we set & = Y, V = Tminye, and

tz 2 2 J’z
—2a €
) (1 + Tmm) /]RN (|x| [Vyel” —n |x|2(1+a)

p; )/ [((x)|x|—bPnyZ dx
RN

__<1+Z§l Tmin T Tmin

with £ > 0, then we easily check that ®(£) has a unique maximum at some ¢ > 0. Simple

CD(t) = <g\(tye: tfminye)

arithmetic gives us the value

) fRN(|x| 2“|Vye|2 ) dx }pg_z

) fon K@)l 3yl dx

— (1+T§un
t:{

1 + Zz =1 SiTmin min

Hence, we have

= 9@/5 ) meinye)
1/

max ®(z)
2
2 -2, 2 Je
(1 + 7"min) fRN(|x| ulvy5| - MK \x\2(1+“) ) dx - }PZ-Z ) (312)
b

t>0

_1+zz—b{

N « p
mm f]RN 1< |x|_bpby[:b dx]

1+Zz 1§l mm

Furthermore, since % ()., tTminye) — —00 as t — 00, we can choose fy > 0 such that

”(toye» tOTmmye)”u_ > p and ¥ (toye’ tOTmmye) <0, and set
(3.13)

¢o = inf max % (y (1)),
(y@) <0, [lyMll,. > p}. From (2.5),

where I" = {y € €([0,1],(Z,2(R"))?); v(0) = (0,0),.7
), (3.4), (3.5), (3.7), (3.12), (3.13), and Lemma 3.2, we obtain

2.7
¢ =< E(Zyeyzfminye)
2 ~2a 2 y2 7
l+a-»b (1+rmin fRN(|x| |Vy6| —Mm)dx p5-2
TN bt P A
[+ Y giefi vl Jan K()lx| 7Py’ dx] o
_ 7
1+d—b{ <@(‘L'min)f]RN(pC' 2a|vye|2_:u“|x|2}2ﬁ)dx }PZ—Z
— 2
K K. (0 K A
[max{ (1+aHb)+”00 +1SI) , +(1\0[0) 1176
|G|N —2(Lra—b) SN 2(1+a-b) SN—2(1+a—b) Slll\ff2(1+a b)
( N b) ( N b)
2(1+a—h) 2(1+a- 2(1+a—
_l+a-b . 1GISy, Sl S o
- N-2(1+a-b) ’ N-2(1+a-b) ’ N-2(+a-b) [ ~ ~0°
2(1+a-b) [(+ (0) 2(1+a-b) I(+ (OO) 2(1+a-b)

1K lloo
If ¢y < ¢, then by Lemma 3.4, the (PS). condition holds and the conclusion follows by

3
the mountain pass theorem in [28] (see also [1]). If ¢y = cfj, then y () = (Etoye, ttoTminYe)
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with 0 < ¢ <1, is a path in " such that max;c[o,] -7 (v (¢)) = co. Hence, either ®'(¢) =
F'(tYe, Etminye) = 0, and we are done, or ¥ can be deformed to a path ¥ € I' with
maxcpo,1] -7 (¥ (£)) < co and we get a contradiction. This part of the proof shows that a
nontrivial solution (ug,vy) € (@;:ZG(RN ))? of (QZ(I,() exists. In the following, we show that
the solution (9, vo) can be chosen to be positive on RN, Taking into account .7 (u, vo) =
Z (luol, [vol) and

0= (ﬁ’(uo, Vo), (o, V0)>

2 K(x) 123 l iy, (B 123
=H(uo,vO>H#—/RN ol + Y ciluo | vol? + Ivo b | dx,

bp}
|| i1

we obtain

l

—bp* * . . * 2
/ K ) | 7% (wow + 3 giluo|“vol P + |Vo|p”> dx = || (o, vo), >0,
RN

i=1

which implies ¢ = % (Jugl, [vo|) = maxo Z (¢|uol, t|vo|). Hence, either (Juol, [vo) is a crit-
ical point of .# or y(¢) = (tto|uol, tolvol), with F (to|uol, tolvol) < 0, can be deformed, as
in the first part of the proof, to a path ¥(¢) with max;cjo1; % (¥ (¢)) < co, which is impossi-
ble. Thus, we may assume that %y > 0, vp > 0 on RN and (u, vo) is a positive solution of
problem (ZK) by the strong maximum principle. d

Proof of Corollary 2.1 First of all, we find that due to the identity (2.6), inequality (2.7) is
equivalent to [px (K (x) — K)|x| ™25 yfb dx > 0 for some € > 0, or equivalently

/ K& -K _dx>0 (3.14)

Zpb

RN 2Py
|x|(b+«/ﬁ—vﬁ—u)pz (e + |x|(p}§—2)w_t—u)p’g—2

for some € > 0, where

— —2(1+a-b) N
K = max{[K. [l GIV 20571 (S,,/85) 7207, K., 0), K. (00) .

Part (1), case (i). According to (2.8) and (3.14), we need to show that

/ K(x) — K(0)
RN ., L
|x|(b+«/ﬁ—«/ﬁ)lib(€ " |x|@b—2)m)p272

dx>0 (3.15)

for some € > 0. We choose oo > 0 so that K(x) > K(0) + Aolx|PsVFH for |x| < 00. In view

of b+ V-2V —wps+ W5 —2)Vie — - 11’7?22 = N, we obtain
b

P
K(x) — K(0)
w7 dx
lx[<eo |x|(b+ﬁ‘*/ﬂ)1’;;(e + |x|(p;—2)«/ﬁ—u);ﬁ
1
. Ao/ —— dx — +00 (3.16)
lxl<00 =

|| O+ VE2VIEP) (¢ 4 |x|(PZ—2)«/TL—u)1F



Deng et al. Journal of Inequalities and Applications (2016) 2016:238 Page 14 of 22

as € — 0. On the other hand, for all € > 0, we have

/ |K(x) — K(0)]
|

7 dx

>0 |x|(b+ﬁ*«/ﬂ)p2(6 i |x|(p272)«/ﬂ);72—2
< / |K(x) = K(0)| | +VENE=P, gy < €, (3.17)
[%1>e0
for some constant C; > 0 independent of €. Combining (3.16) and (3.17), we get (3.15) for
€ sufficiently small.

Part (1), case (ii). We choose o1 > 0 so that |K(x) — K(0)| < Aq|x|“ for |x| < ;. Since
Kk > pia/I— > 0, we find from the fact (b + /It + /0 — w)p} = N + pj/It — p that

dx

/ K (x) — K(0)]
RN ZPZ

|x| (b+VBE-E—-1)pj, (e + |x|(PZ*2)«/ﬁ*M)IF

_ |K(x) — K(0)]
SN N

<A / ||~ OVEEOP g 4 / |K (%) = K(0) |||~ +VFV=0} gy
[x|<01

lx[>01

= Ay / Joe| NPV g 4 / |K (x) = K(0)|J| N #ovFr dx < C.
lx|<e1

lx[>01

So by (2.9) and the Lebesgue dominated convergence theorem we have

. K(x) - K(0)
lim — dx
€—0 JpN 2p),

|x|(b+«/ﬁ—vﬁ—u)pz (e + |x|(p}§—2)¢ﬁ—u)zﬁ

= / (K (x) = K(0)) x|~ C+VmVI=ilP} gy > .
RN

Therefore (3.15) holds for ¢ sufficiently small.
Part (2), case (i). From (2.10) and (3.14) it is sufficient to show that

2}

/ (K(x) = K(00))e?s™ _dr=0 (3.18)
RN :

2P
|x|(b+«/ﬁ—«/ﬁ—u)p’[, (e + |x|(p}§—2)vﬁ—u)p;§—2

for some € > 0. We choose R; > 0 such that K(x) > K(00) + A2|x|_pZVﬁ_“ for all |x| > R;.
Then

2}

/ (K (x) — K(00))e?s2
=Ry 2}

2ry
|x|(b+\/ﬁ—¢ﬁ—mp;(6 + |x|(p’g—2)«//7—u)p};—2

dx

Zp;;

> A / | |‘N<—E )"ZZ d
> Ay x ____ X — +00
%>Ry € + |x|PpIVI1
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as € — +00. Moreover, in view of (b + /It — /It — w)pj = =N + pj/IL — i > —N, we get

2}

/ (K (x) - K(00))e?s?
Ixl<Ry )

|x|(b+ﬁ—vﬁ—/L)PZ (€ + |x| (pZ—”vﬁ—uyﬁ

dx

< / (K(x) — K(00)) x| NPV gy < C,
[x| <Ry

for some constant C, > 0 independent of € > 0. These two estimates combined together
give (3.18) for € > 0 large.

Part (2), case (ii). We choose R, > 0 such that |K(x) — K(0c0)| < Az|x|™ for all |x]| > R,.
Since ¢ > pj/It — i > 0, we obtain

f |K () — K(00) ||| ™N*7ovr dx
RN

<A; / || NPV e / |K () — K(00) ||| N *7ov/F1 dx
[x|>Ro

[x| <Ry

< +00.

Consequently, by (2.11) and the Lebesgue dominated convergence theorem, we obtain

2}

. (K () — K(00))e "™
lim — dx
e—>+00 JpN 2p),

|x| (b+vi—E=)p}y (€ + |x| @Z*Z)Jﬂ)lﬁ

= / (K(x) = K (00)) x|~ 0+VEI=102, g 5 0
RN

and (3.18) holds for € > 0 large. Similarly to above, we know part (3) holds. d

To prove Theorem 2.2 we need the following version of the symmetric mountain pass
theorem (see [29], Theorem 9.12).

Lemma 3.5 Let X be an infinite dimensional Banach space and let F € €(X,R) be an
even functional satisfying (PS). condition for each c and % (0) = 0. Furthermore, one sup-
poses that:
(i) there exist constants & > 0 and p > 0 such that F (w) > @ for all |w| = p;
(ii) there exists an increasing sequence of subspaces {X,,} of X, with dim X,,, = m, such
that for every m one can find a constant R,, > 0 such that F (w) <0 for all w € X,,,
with |[w| = Ry,.

Then .Z possesses a sequence of critical values {c,,} tending to oo as m — oo.

Proof of Theorem 2.2 Applying Lemma 3.5 with X = (Z,5(RY))? and w = (u,v) € X, we
see from (k.2), (3.1), and (3.3) that

1 2 1 % H
U (0 P N R (1
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Since pj; > 2, there exist constants o > 0 and p > 0 such that .7 (i, v) > o for all (1, v) with
Iz, v)|l,. = p. To find a suitable sequence of finite dimensional subspaces of (.@;jé RM))?,
we set QF = {x € RV;K(x) > 0}. Obviously, the set Q} is G-symmetric and we can de-
fine (Z,%(Q%))?, which is the subspace of G-symmetric functions of (Z1%(Q%))? (see
Section 2). By extending the functions in (9;%(91*())2 by 0 outside Q. we can assume
that (QQ:ZG(Q}'())Z - (Qi:é(RN ))%. Let {X,,} be an increasing sequence of subspaces of
(@;zé(Q;})V with dimX,, = m for each m. Then there exists a constant &(m) > 0 such
that

!
/ K () x| 75 (|i¢|”Z + ) gilil )+ WZ) dx > &(m)
Qe i=1

for all (&,V) € X,,,, with ||(&,V)||, = 1. Consequently, if (#,v) € X,,\{(0,0)} then we write
(u,v) =t(u,v), with £ = ||(i, V)|, and || (%, V)|, = 1. Therefore we obtain

* !

2t K - - s - £ .
Fum=t 2 KD L S e o v < & - S0 <o
2 py Jag |x| = 2 ¥

for ¢ large enough. By Lemma 3.5 and Corollary 3.1, we conclude that there exists a se-

quence of critical values ¢,, — 0o and the results follow. O

Proof of Corollary 2.2 Since K(x) is radially symmetric, we find the corresponding group
G = O(N) and |G| = +00. According to Corollary 3.1, . satisfies the (PS), condition for
every ¢ € R. Therefore we deduce from Theorem 2.2 that the results follow. O

4 Multiplicity results for problem (9,’,“)
Throughout this section we assume that o > 0 and K(x) = Ky > 0 is a constant. Since we

are interested in positive G-symmetric solutions of problem (22X0), we define a functional
T (.@;:%;(IRN))2 — R given by

!
) = 5l - f,é/RN |x|""’??(|u* e Yl [t e v ) da
b i=1
- % /RN h(x)|x|‘dp2( u+|q + |v*|q) dx, (4.1)

where 1 < g <2, u* = max{0, u#}, and v* = max{0, v}. By (h.2), (2.1), the Holder inequality,
and the fact that 6 = p;/(p}; — ), we obtain

/ h(x)|x|‘dp2(|u*|q + |v*|q) dx
RN

1
* 3 * * * *
< (/ x|~ %ah? (x) dx) [(/ |x|’d1’d|u* |pd dx)p + (/ |x|"11"at|v+ |pd dx)p
RN RN RN

< Cllillg (el + vI12) < Cllllg |zt ) . (4.2)

NS
)

QAH
| I

Thus we see from (4.2) that .7, is well defined, .7, € ‘51((9;:2G(RN ))2,R) and there exists a
one-to-one correspondence between the weak solutions of (22X0) and the critical points
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of 7. Furthermore, an analogously symmetric criticality principle of Lemma 3.1 clearly
holds; hence the weak solutions of problem (2X0) are exactly the critical points of the
functional .7 .

Lemma 4.1 Suppose that (h.1) and (h.2) hold. Then there exists a positive constant M
dependingon N, a, b, q, and || h||g, such that any bounded sequence {(u,,v,)} C (2, G(RN))2
satisfying

a— b _N-2(1+a-b)

1+ 2+a-b) 2<1+A; )
Ty (U, V) = ¢ < ——r S, - Mo 2-01
N (4.3)

Tty vy) > 0 (n— 00)
contains a convergent subsequence.

Proof Since {(uy,v,)} is bounded in (@ (RN ))2, we obtain a subsequence, still denoted
by {(#4,v,)}, satisfying (4, v,,) = (u,v) in (2, 2G(]RN))2 (4, V) = (u,v) ace. in RN and
(4, Vi) = (1,v) in (LIOC(]RN))2 for all r € [1,2*). Moreover, using (h.2), the Holder inequal-

ity and the Lebesgue dominated theorem, we may also assume

lim h(x)|x|’d”:l(|u;|q+ ‘v;|q) dx:/ h(x)|x|’dp:l(|u+|q+ |V+|q) dx. (4.4)
n—o0 [pN RN

By (4.4) and the standard argument, we easily check that (u,v) is a critical point of 7.
Therefore, we deduce from (h.2), (4.1), (4.2), the Holder inequality, and the fact that 1 <
q<2<p}<pjthat

Ty (u,v) = Ty (u,v) — p< (uv)(uv))

b

- = [ i+ )

l+a-b pr—q
> = (hl + I2) - ”—ZCUnhna(nunz Vi)
N =
v - T2
> @og| T T (B, ) T o7
20+a->b) qp;,
N 2
£ Mo 71, (4.5)

where M = (2 - q)[mm % ]/~ ‘7( C||h||9)2/2 9 is a positive constant. Now we set
U, =u,—uandv, =v, —v. Then, by the Brezis-Lieb lemma [30] and arguing as in [31],

Lemma 2.1, we obtain

|G )", = [[ @t v) |2 = [ 9) | + 0(D), (4.6)

K *
x| 75 3" |Pb dx = |72 |u* |Po dx — 12725 |u* P2 dx + 0,(1), (4.7)
RN g RN ! RN

K K
/ |x| 2 v b dx = / x| 275 |V;; ’p” dx — / x| 275 |V+ ’p” dx +0,(1), (4.8)
RN RN RN
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/;{N x| ﬁ;|ai |'17;|ﬁi dx = /%N |oe|™ u;|af|v;|ﬁi dx

—/ le_bpz|u*|a’|v*|ﬂidx+0n(1), i=1,...,1L (4.9)
RN

According to 7, (uy, vy) = ¢ + 0,(1) and T (uy, vy) = 0,(1), we find from (4.1), (4.4) and
(4.6)-(4.9) that

¢+ 0,(1) = T5(thy V)

1, ~
= %(M,V) + —||(un1Vﬂ)||i

5 [ i (e s

’ ‘pz) dx +0,(1) (4.10)
Py

and

||(22,,,7,,)||i—1<0/ x| %<|u i +Z§ Jaz ||+ 9 |”?5> dx=o0,(1).  (411)

i=1

Hence, for a subsequence {(i,,7,)}, we find

II(ﬁn,’v‘n)||i—>Ezo, Ko /RN |x|-bp’£<| |"b+zg,|’“+ “ | [ |’”3> dx — &

2z ~
as n — oo. It follows from (3.3) that SMZ(E/KO)”;; < &, which implies either £ = 0 or

- _N-2(1+a-b) _N-2(1+a-b)
£ > I( 2lrab) S M b 1fE > K Msahy S ““ 20448 then we conclude from (4.5), (4.10), and
(4.11) that

1 1\x_l+a-b -Njbed N 2
c= %(u’ V) + (_ _ _>g > 7](() 2(1+a-b) SZ(;mfh) — Mo 1,
p N o

which contradicts (4.3). Therefore, we have ||(ﬁn,’17n)||i — 0 as n — 00, and hence,
(U, V) = (4, v) in (@;:ZG(RN ))%. The lemma is proved. O

Lemma 4.2 Suppose that (h.1) and (h.2) hold. Then there exists o7 > 0 such that for any
o €(0,07) the following geometric conditions for I, (u,v) hold:
(i) Z,(0,0) = O; there exist constants & > 0 and p > 0 such that I, (u,v) > o for all
Gt V)l = ps
(ii) there exists (ey, e,) € (Qijé(RN))z such that ||(ey, e,)|l . > p and Ty (eu, e,) < 0.

Proof In view of (h.1) and (h.2), for all 0 < ¢p < %, we obtain from (2.1), (3.3), (4.1), and
(4.2) and the Holder inequality that

1 K -
Tow) = [ w0, Ko ||( v||"h——cnh||9||(uv||‘f

*/l.l

> (5-9)lwol -K—fs;7||< I - Cleoo s, @12
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where C(cp) = (% ~1)6o[Clihllo/(250)]¥?? > 0 is a constant depending on o € (0,3).
By the last inequality in (4.12) and the fact p; > 2, we conclude that, for small ¢y, there
exist constants @ > 0, p > 0, and o;* > 0 such that .7, (i, v) > @ > 0 for all ||(&, V)|, = p
and 0 < o < gy*. On the other hand, since f]RN h(x)|x|‘d”§(|u+|q + |v*]9) dx > 0, we deduce
from (4.1) that there exists (1, v) € (Z,5(RY)\{0})? such that .7, (tu, tv) — —co as t — +oc.

Thus the conclusion of this lemma follows. O

Lemma 4.3 Suppose that (h.1) and (h.2) hold. Then there exists o5 > 0 such that

1+ﬂ—b _N-2(1+a-b) N 2
sup T (tye, tTminye) < — Ko D g2 Mo (4.13)
t>0

forany o € (0,05) and small € > 0, where Tyin > 0 satisfies (3.4)-(3.6) and M > 0 is given in

Lemma 4.1.

Proof We follow the arguments of [32], Theorem 3. First, we define the functions

\Ij(t) = (tysr tTmmys)

1+ rmm 2 I<0 l Bi PZ i ygz
= - — 1+Z§zfmm+fmm tPp —dx

Py P} RN |x|%b
—0(1 a )t"/ h(x) e dx, t>0 (4.14)
- +Tl x —dx, t>0, .
q e RN |x|%a
and
W(t) = s Tmm - 1+ E P 4 dx, t>0 (4.15)
5 GiT, mm mm RN |x|bPZ » = 0. .

Note that W(0) = 0, ¥(£) > 0 for £ — 0, and lim,_, ;o U(£) = —00. Thus SUpP;= U(f) can
be achieved at some finite Z, > 0 at which \I’/(t) becomes zero. By simple calculation, we
obtain from (2.6), (3.4), (3.5), and Lemma 3.2 that

7
e ~ 1 1 1 2 F
supB(0) = B) = (5 _ —){ ! 2 }
t=0 V4 3
’ [(1 + Zf:l gitrﬁin mm I<0 fRN )’5 dx] b
_ 1+ﬂ—b1<7%5m. (416)

N 0 w,l

Let & > 0 be such that

l+a-b -N2ah N _ 2 ~
TKO Hrah g _ Mo 7150, Vo €(0,5).

Then we conclude from (h.2) and (4.14) that

1+72

lIj(t) g (tyatfmmye) =< me tz, Vvt > 0,0 > O,
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and there exists Ty € (0,1) independent of € such that

1+ 12,
sup () < —mnp2
0<t<Tp 2
l+a—b -N2ah) N 2 -
< TKO Hreh gi e _ Mo, Vo €(0,5). (4.17)

Moreover, we deduce from (4.14), (4.15), and (4.16) that

sup W(2) < sup U (f) — %(1 +Tl)Ta /]RN h(x)|x|‘d}’§y‘g dx

t>To >0

N 2(1+a-b) N
1 +a-— b WMrab) GAirah)

o _
N o —;(1+rmm):rq / L Diyl dx. (4.18)

Now, taking o > 0 such that

(1 + Tmm Tq/ h(x)lxl_dpdyq dx < —MO‘ZL
q

that is,
1+17! 4t
+ T ,
0<o< (—“""Tg/ h(x) x|~ Pyt dx> 25,
gM RN
we obtain from (4.18)

1 +a-— b _I\M __N 2
sup W(t) <« ———K, “" N — Mo, Vo €(0,5). (4.19)
t>To N ’

Choosing o5 = min{c, 5}, we conclude from (4.17) and (4.19) that

1+a- b -5 21+la+uh)b) Pl T ) *
ilj(}))\ll(t) T S,u ~Mo7i i, VYo e(0,07),
which implies (4.13). Therefore the results of this lemma follow. O

Proofof Theorem 2.3 Taking p > 0 and o* = min{o}*, 05}, for 0 < o < 0¥, given in the proofs

of Lemmas 4.2 and 4.3, we define

B,(0) = {(w) € (Z5(RY))%

(u,v)” 5,0} and ¢ £ inf Z,(u,v).
a B,(0)

Since the metric space m is complete, we conclude from the Ekeland variational prin-
ciple [33] that there exists a sequence {(u,,v,)} C m such that .7, (u,,v,) — ¢ and
T (U, Vi) = 0 as m — o0.

Let ¢o, Yo € 65°(RN) be the G-symmetric functions such that gg, ¥ > 0. In view of (h.1)
and (h.2), we find f]RN h(x)|x|’dp:1(<pg +¥d)dx > 0. Hence we conclude from 1< g <2< )24
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that there exists Zg = £ (@0, Vo) > 0 sufficiently small such that
( * ! o
T (togo, too) = —” (fﬂoﬂ/fo)H - p—t’ff’ /N || 225 QDgh + Zs‘i(ﬂgilﬁoi + Iﬁgb dx
b R i=1

- 323 / h(x) x| (gl + vl dx
q RN
<0.

This implies

+a— b N 2(1+a-b)

N
Cl<0<T l+ah)Sl+ab)_Mo

2
2-q

Yo € (0,0*).

According to Lemma 4.1, .7, possesses a critical point (u,v;) with 7, (u3,v1) = ¢; < 0.
Taking (7, v7) as a pair of test functions, where #; = min{0, #;} and v] = min{0, v;}, we get
from (4.1) that 0 = (J (u1,w1), (7, v7)) = [|(u7,v]) |7, This means u; > 0 and v; > 0 in RV,
By the strong maximum principle and the symmetric criticality principle, we conclude
that (u1, 1) is a positive G-symmetric solution of problem (£2X0).

On the other hand, we define

£ inf max .9, (y(t))

yerl t€[0,1]

where I = {y € €([0,1],(Zy5RY))?);7(0) = (0,0),y(1) = (ew &)}. It follows from Lem-
mas 4.2 and 4.3 that

+a-— l’) N-2(1+a-b)

~ l+a ~iab) N L
O<a<c< TKO Hlra-b) j}m 2B _ AG7d, Vo e (0,0*).

Therefore c; is a critical value of .7, by the mountain pass theorem. Similar to the argu-
ments above, problem (£2X0) admits another positive G-symmetric solution (3, ;) with
o (U2, v2) =3 > 0. O
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