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1 Introduction

In this paper we are concerned with nonlinear complementarity problems (NCPs)

where the function F : " — 9" is continuously differentiable on Ni”.

As we know, the nonsmoothing Newton method is one of the important methods for
solving NCPs. Recently, there have appeared lots of studies having a strong interest in
semi-smoothing Newton method and feasible methods [1-3]. Sun, Robert, and Qi have
proposed a feasible semi-smooth asymptotically Newton method for mixed complemen-
tarity problems [4]. In this paper, we propose a modified method based on the algorithm
in [4], which combines semi-smoothness with feasibility. In [4], one takes the projected

gradient direction as the well-defined criterion, that is,
W (xx +die(p™)) < W) + 0 VW () d (0™).

In this paper, we replace the projected gradient direction with the projected Newton di-

rection, then the criterion is changed into

\IJ(xk + L_ik(pm)) < W(xg) + GV\IJ(xk)Tc_i]]i,(pm).
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The algorithm with a new criterion is proved to have the same properties as the old one
under some suitable assumptions.
It is easy to verify that x is a solution of (1) if and only if it is an optimal solution of the

following problems with zero objective value:

min  W(x)

st. xeRl, )

where 07 := {x € W' |x > 0}, V(x) = %||<I>(x)||2, and ®(x) := (P(F1(x),%1), ..., p(F,(x),x,)) 7.
Here ¢ is an NCP function. A function ¢(a, b) : 2 — R called an NCP function if

a>0,b>0,ab=0 <& ¢(a,b)=0.

The functions W, ® are assumed to have the following properties:

(H1) the function ® is semi-smooth,

(H2) the function W is continuously differentiable on R”.

In [4], one combines the projected Newton direction dy (1) and the projected gradient
direction dg(1) into the design of algorithms, where these two directions are defined as
follows:

dn(A) = Tlgn (x + Adn) — %, dg(M) = Ty (x + Adg) — x.

The direction dyy is a solution (if it exists) of the equation ®(x) + Vd = 0, where V € dpP(x),
and dg = —y VW (x). The generalized Jacobian dg®(x) is in the sense of Clarke [5] and we
can note that VW (x) = VT ®(x). Then Sun, Robert, and Qi [4] defined the new direction

d(A) = t*(Wda(A) + (1= £5(0))dn (),

where, for any fixed A € [0,1], £*(A) € [0,1] is an optimal solution of the convex quadratic

programming problems

min %|| D(x) + V[tds(h) + (1 - ) W)] |- 3)

The remainder of the paper is organized as follows: In the next section we state the
modified algorithm and some useful results which will be used in subsequent analysis. In
Section 3, we analysis the convergence of the algorithm described in the Section 2. Some

numerical experiments are report in Section 4.

2 The algorithm and preliminaries

In order to analyze the convergence of algorithm, we describe some lemmas that are used
in our subsequent analysis. A function F is said to be BD-regular at x if the generalized Ja-
cobian V € dgF(x) is nonsingular. The concept of semi-smoothness was first introduction
by Mifflin [6], and it then was extended by Qi and Sun [7]. We can obtain the properties
of semi-smooth function from [8].



Ma et al. Journal of Inequalities and Applications (2016) 2016:230 Page 3 of 13

Lemmal Let & : W' — N be a locally Lipschitz function, if ® is semi-smooth at x, for any
h— 0and Ve dg®(x + h),

Dx+h) - Px)-Vh= o(||h||).

Lemma?2 Let ®: %" — N" be a locally Lipschitz function. If ® is BD-regular at a solution
x* of ®(x*) = 0, and ® is semi-smooth at x*, then there exist a neighborhood N (x*) of x*
and a constant ik such that for any x € N (x*)

[ @G = sl =]

Lemma 3 Let © : X" — N be a locally Lipschitz function. Suppose that ® is BD-regular
at xe N, then there exist a neighborhood N (x) of x and a positive constant M such that for
anyy € N(x) and V € dg®(y), V is nonsingular and | V|| < M.

The next lemma summarizes the properties of the projection operator, which are very
important in our subsequence analysis.

Lemma 4 The projection operator T x(-) satisfies
) 1) - Tx @ < lly - zIl for any y,z € %",
(b) For eachy e W, (TTx(y) — y)T(TMx(y) —x) <0 for any x € X.
(c) Foreachy, zeWR", |[Tix(y) - Mx(2)|? < (y — 2)T (Tx(y) — Mx(2)).
Here X is a nonempty closed convex subset of R".

It is shown in Lemma 4 that the projection operator ITx(-) is nonexpansive, that is, we
have the property (a), thus the projection operator Ix(-) is globally Lipschitz continuous
on X. The proof for detail and the more properties about the projection operator can be
found in [9]. Here a direction d is said to be a descent direction of the function f(x) at x
if and only if Vf(x)7d < 0. The following two lemmas are very important in the proof of
convergence and superlinear convergence, the proof of these two lemmas can be found in

[4].

Lemma 5 Suppose that & is BD-regular at a solution x*of ®(x*) = 0. ® is semi-smooth
at x*, then for any p € (0,2), there exist a neighborhood N of x* such that for any X € (0,1]
and x e N NR", dn (L) is a descent direction of ¥ at x with

V() dy (L) < —pAW (),
dy(\) = —A(x —x*) + Ao(‘ll(x)%).

Lemma 6 Suppose that ® is BD-regular at a solution x*of ®(x*) = 0,1 € (0,1). ® is semi-
smooth at x*. Then for any . € (0,1],

0 <y = min{L, W (/| VU @)},

and x— x*. We have

ld(x) — Adyll

=o(1).
re01]  Aldnll
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Lemma 5 shows that the projected Newton direction dy is a descent direction of W(x)
at x. In the next proposition we show that the descent of W(x) at x along the projected

Newton direction dy is bounded below.

Proposition1 Suppose that ® is BD-regular at a solution x*of ®(x*) = 0. ® is semi-smooth
at x*, then for any h > 2, there exist a neighborhood N of x* such that for any A € (0,1] and
xe N NRK",

VU (x) Tdy(r) > -Ah¥ (x).
Proof Let H(x) := ®(x) — ®(x*) — V(x — x*), then for xe N NR”,

x+ My =x- AV 1d(x)
=x - AV (H®) + @(x*) + V(x —"))
=x— AV (Hx) + V(x—xY))
=x— AV H(x) - A(x - &%)

=1 -A)x+rx* — AV IH(x).
By the convexity of i, then we have
(I-A)x+rx™ e 9N,
that is Ty (1 — A)x + Ax*) = (1 - A)x + Ax*. So we have

dn (%) = Ty (x + Ady) — x
= My (L= M+ Ax* = AV H(x)) — %
= My (1= A+ 2x* = AV ' H(x))
= g (1= M)+ Ax%) + Ty (1 = A)x + Ax*) —x
= Mgy (1= M)+ 2™ = AV H(x))
= My (1= A%+ 2x™) + (=4) (% — %)
= —A(x — &%) + Ab;. (%).
Here Ab; (x) := Ty (1 = A)xc + Ax*™ — AV LH(x)) - Ty (1 — A)x + Ax¥). Then by the equality
VU (x)T = (VI®(x))T, Lemma 3, and Lemma 4, we have
VU (@) dy(h) = AV ()T (x - x*) = AV (x) b;. (%)
= 10x) "V (x —&*) - 2D (%) Vb, (x)
= 10x)" (P(x) - @(x*) — H(x)) — 2D (x)" VD (x)
= 200 (x) - AD(x) T H(x) — A (x)" Vb, (x)

<200 (x) + | W) || HE) | + A @) |11V 60
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<20¥ () + A| @) | [|[H®) | + 2| @ [[IVI]|[VHE)|
<20V (x) + A @) | (1+ MV |[H&)|.
By Lemma 1 and Lemma 2, we know that ||H(x)|| = o(]|x —x*|), for x € N NR", so we have

il =) G
[HE = =257 s < 0= D35 v

which implies that

VU ()T dy (1) < 200 (%) + A D@)| (1 + MV ) (h - 2)%
=200 (x) + (1 — 2)AW (x) = AW (x).
That is VW (x) dn (1) > AW (x). O

In this section, we recall some useful results which will be used later on first, now we

give our modified feasible semi-smooth asymptotically Newton method for solving NCPs.
Algorithm 1 (A feasible asymptotically Newton method)

Step 1. Choose parameters p, n € (0,1),1>2,0<0 < %,pg >2,p1>0,e>0.Letxy € N}
be an arbitrary initial point. Set k := 0.

Step 2. Choose Vi € 9P (x¢), and compute VW (xy) = Vde>(xk).
Step 3. If W(x) < €, stop. Else set

d =~y V¥ (%),

where i = min{L, nW (x)/ || VW () ).
Step 4. If the linear system

D(xr) + Vid = 0 4)
has a solution d%; and
—VU () dy = pi |y |, ®)

then use the direction dk. Else, set dx; = d~..

Step 5. Let m; be the smallest nonnegative integer m satisfying
W (e + di(0™)) < Wxe) + o VW () dy (0™), (6)
where, for any A € [0,1],

di(3) = (Wdg() + (L- £ (W) dy (),

dy (1) = Ty (o + Adfy) — s, dg(n) = Ty (xx + Ads) — %z,
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and £*(A) € [0,1] is an optimal solution of the convex quadratic programming problems

trel?(i)lh Qk() := %”d)(xk) + Vi[tdE(n) + (1L - )di (W] 2 (7)

set A = ", X1 = X + die(Mi).
Step 6. Set k := k + 1, and go to Step 3.

The analysis for the global convergence and the convergence rate of the algorithm is

reported in the next section.

Remark1 The optimal solution £*(1) of the convex programming problem state in Step 5

is given as follows. For A € [0,1], set

if V(dg(1) —dn(2) =0,

otherwise.

() = (@00)+ Vi (1) VI(dG () —dy (1)

1V(dg(\)-dn ()12

Then t*(1) = max{0, min{z(1),1}}. The details of the proof can be found in [4].

3 The convergence analysis of the algorithm

In this section, we consider the convergence of the algorithm which describe in Section 2.
First of all we consider the global convergence of Algorithm 1, then analysis the conver-
gent rate and we see that Algorithm 1 is superlinear. The following theorem shows that
Algorithm 1 is well defined.

Theorem 1 Suppose that {xi} is a sequence generated by Algorithm 1. Then any accumu-
lation point of {xx} is a solution of the problem (2).

Proof Suppose x is an accumulation point of {x;} generated by Algorithm 1. Assume that
X is not a solution of ¥ (x) = 0, then there exists €¢p > 0 such that ¥ (x;) > €9. From £*(1) €
[0,1] being an optimal solution of (7), we have Q’;(t*(k)) < Qf(O), that is,

Q& (£ () % | D) + Vi[£*(ds () + (1- £ () W]

%” D(xr) ||2 + D) VA1) + %” Vidi(1) “2

20() + VW) A0 + 5 |Vide) |
<Qk0) = %ch(xw + Vidi )|

- 1 _
= 2W(x) + VU (x)Td5 (L) + 5|| vidh ()|,

then we have
_ - 1 - 1 -
V) () < V()T dy () + 5 | Vids ()| - 5 1 Vidi(2) I?

< VO B0) + o [Vidk 0] (®)
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From Step 4 of Algorithm 1, first we note that 4%, = — V'@ () if the linear equation (4)

has a solution and (5) is satisfied. Then we have

[VeE|di] = -V dy = po]|dy [,
1

lan ] < @' [ Vo).

Else d’]i, = d’é = =¥« VW(xx). Then from the continuity of VW (xx), we have
1

[ || < max{ (g [ V@ @0 )27 v [ Ve @[} < k1,
where k1 > 0. From d¥, = -y, VW (x;), the formula above is equal to max{ ||d]’§,||, ||d’é||} <kKi.
By Lemma 4, we have ||6_i]1§1()~)|| = [Ty (o + Adn) = xicll = [Ty (xxc + Adn) = Ty (i) | <

Alldy |, similarly [|d5(3)]| < Alldgll, and for £*(3) € [0,1],

[ = £ @de0) + (1 =@y = #W]de@)] + (1-£0)) [ (]

< MWAlldal + (1= ) Mldnll < £y + (1= £7 () Aker = Ay, ©

By the upper semi-continuity of the generalized Jacobian [9], || Vk|| < k2, where k; > 0.
Then combine (8) with the inequality ||Ei§,(x)|| < Ak1, and we have

V)T E0) < V)0 + 5 [Vidk o]
< VW(x) Td(3) + %nvknzllé&(x)nz
< VO )TE0) + K300
= VW) db (1) + %TAZ, (10)

where 7 = (k142). Then by the uniformly continuity of VW (xy), for any & > 0 and the in-
equality (9), there exists a number x>0, forall A € [0,4], and

W (xx + di (W) = W) + V() T di(1)

1
¥ / [V (xi + i (1)) - VW ()]  di(1) de
0
< W(xg) + Vlll(xk)Tc_i;‘\,()») + %rkz
1 - -
. /o [V (i + £ (0)) = V0 () | e (0|
< W(xg) + V\I/(xk)Tc_lﬁf()») + %rkz
1 -
+ / |V (x5 + tdie (V) = VW () || dercy
0

- 1
< W(xg) + V\If(xk)Td’g[()») + Erkz + EAK]
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= W) + o VW () dS () + (1- o) VW () Tdl (1)

1
+ ETAZ + EAK]. (11)
By Lemma 5, for all A € (0,1'], we have

W (e + die (L)) < W) + 0 VW () dip (1) — (1 — o) pAW () + %mz + ek

- 1
< W(xg) + oV‘I’(xk)Td’g,()») —(1-0)preg + Etkz + EAK]

< W(xg) + o VW () Tdy (L), 12)

where X = 1_7",060, &= 12"7‘1’,060, A/ = min{A, )1}, and the second inequality is a result from the

assumption that W(x;) > €o. The last inequality holds because

-0 o
PEo + peok1 = 0.
T 2/(1

1 11
—(1-0)pep + EI)L +eky < —(1-0)peg + 57:

From Step 5 and (12), we note that for Ay > %, W + di () > W (xg) + JV\IJ(xk)To_i/g,()\k).
By the continuity of W (x), we have

00 > Z[\IJ (x + di () = W (x0)] > Z[GV\I’(xk)Tc_iﬁ,()»k)].
From Lemma 5, we obtain
pAY () < =V () Tdy (Ai) — 0. (13)

But

/

)\' 7
PrW (xx) > p—eg = Mg > 0.
P

It is clear that there exists a contradiction. So the assumption that X is not a solution of (2)
is not true. That is, any accumulation point of the sequence {x} is a solution of (2). I

It is easy to see from the proof of Theorem 1 that the Algorithm 1 is always well defined.
We begin with a non-solution point, Algorithm 1 always going to the stage that (6) is
satisfied. In other words, m; always will be a finite number, that is, Algorithm 1 is well
defined. In the next theorem we analyze the superlinear convergence of Algorithm 1.

Theorem 2 Suppose that x; is a sequence generator by Algorithm 1, and x* is an accumu-
lation point of xx, a solution of ®(x*) = 0. If ®(x) is BD-regular at x*, then the sequence {x*}
generalized by Algorithm 1 converges to x* superlinearly.

Proof By sup; (o1 %j{‘ﬁ”” = 0(1) from Lemma 6, we have ||d(1) — dy|| = o(||dx|), then

v + die@) =] = [l + i, + o[l ]]) - "]

= [l = Vit @) + o(lldn ) - 7
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= Vil @G0 = Vil = 27) | + o(lld 1)
[Vt [l @G0 = @ () = Vi = 2%) | + o[ Vi @x)])

o[l =) = o(| 2@, (14)

IA

where the last two equalities are results from Lemma 1, Lemma 2, and Lemma 3.
From the locally Lipschitz continuity of ®(x),

- 1 - 1 -
W (e + di(D) = @ (e + (1) I” = 5 1@+ i) - o (27) I?
= O+ dew =) =o(|o@0]") =o(| wex0)])-
By Proposition 1 and o < % from Algorithm 1, we know that

W () + 0 VW () Tdn (1) > W (o) — ho W (x) = (1 - ho )W (xr)

> O(H\If(xk) ||) = \IJ(xk + c_lk(l)).

That is, (6) from Algorithm 1 being satisfied, then we have x,; = xx + di(1). From (14),

11 =] = e+ &0 =] = of e~

thus we obtain the superlinearity of Algorithm 1. d

4 Numerical experiments

In this section we present some numerical experiments for the algorithm proposed in Sec-

tion 2. The algorithm was implemented in Matlab and run in a Matlab 7.0.1 workstation.
In the table of numerical results, SP denotes the starting point xy; IN denotes the iterative

number; FV denotes the final value of W(x;); CPU denotes the CPU time in seconds for

solving a problems; x denotes the final value of x;, which is the numerical solution of the

test problem. Throughout our computational experiments, the parameters in Algorithm 1

are as follows:
n=06, o0=01  p=10"°  p,=22,  kmax=100.

In the following we give a detailed description of the numerical experiments.

Example 1 This is a linear complementarity problem, which is the 76th problem in the

Hock-Schittkowski collection. The test function F is given as follows:

2X1 — X3 + X5 + 3xg — 1

Xo +2X5 + X —X7 — 3
—X1 4+ 2X3 + X4 + X5 + 2%6 — 47 +1
F(x) = X3 +Xq + x5 —x6 — 1
—X1 —2Xy —X3 — X4 +5
—3X%1 — Xy — 2x3 + X4 + 4

Xo +4x3 — 1.5
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Table 1 Numerical results for Example 1

SP Iter FV CPU

©,..., 0) 6 9.5727e-013  0.0620
(05,...,05) 5 2.9598e-013 0.0150
(-05,...,-0.5) 6 9.5727e-013  0.0310
1,..., 1) 6 7.0301e-024  0.0160
=1,...,-1) 6 9.5727e-013  0.0320
(-100,..., -100) 6 9.5727e-013 0.0320
(10,..., 10) 9 2.0099e-015  0.0160
(50,..., 50) 10 8.2935e-019  0.0160
(100,...,100) 10 24238e-015  0.0160
(1000,..., 1000) 11 2.9654e-022 0.0150

Table 2 Numerical results for Example 2 (n = 100)

SP Iter FV CPU

©,..., 0) 10 9.7021e-013  0.2500
(05,...,05) 16 2.2473e-016  0.2810
(-05,..., -0.5) 7 16175e-016  0.1570
1,..., 1) 17 2.2481e-016  0.2970
(=1,..., -1) 7 16173e-016  0.1410
(10,..., 10) 20 2.2869e-014 03430
(-10,..., -10) 7 1.6170e-016  0.1400
(100,..., 100) 23 9.1849¢-013 0.4060
(-100,..., -100) 7 16170e-016  0.1410

Page 10 0of 13

The solution of the LCP is x* ~ (0.2727,2.0909,0,0.5454,0.4545,0,0)7. There is also
a test by Ma [10]. We executed this problem 10 times from different initial points. The

numerical results are listed in Table 1.

Example 2 Fathi problem. This is a linear complementarity problem, which comes from
Fathi [11]. There is also a test by Ma [10] and Xu [12]. The test function F := Mx + g, the

matrix M, and the vector g are given as follows:

M]i=4G-1D)+1, i=1...,n;

[M]l‘]'Z[M]l‘i-Fl, i=1,...,n—1,j:i+1,...,n;

My =[M]j+1, j=1,..,n—-Li=j+1,...,n

g=(-1,-1,...,-1)7T.

It is easy to see that M is a positive definite matrix. The solution of the LCP is x* =

(1,0,...,0)T. We executed this problem 9 times from different initial points. The numeri-

cal results are listed in Table 2.

Example 3 Muty problem. This problem is the fifth example of Kanzow [13], which is also

tested by Ma [10]. It is a linear complementarity problem that the matrix here is a P-matrix.
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Table 3 Numerical results for Example 3

SP n=32 n=100

Iter FvV CPU Iter FV CPU
©,...,0) 7 14147e-016  0.0470 8 42376e-014 02190
1,....n 9 2.7573e-021 0.0470 10 3.3580e-014 0.1870
(=1,....-1) 6 3.1293e-020 0.0310 6 4.3639e-020 0.0940
(=10,...,-10) 6 3.8994e-021 0.0310 6 4.1741e-021 0.0940
(10,...,10) 12 5.2178e-017 0.0630 14 5.2324e-022 0.2500
(100,...,100) 15 1.0121e-013 0.0620 17 8.1853e-018 03130
(1000, ...,1000) 19 1.2999e-021 0.0630 20 1.7651e-014 0.3590

Table 4 Numerical results for Example 4

SP Iter FV CPU

©,.. ) 21 1.0292e-015  0.0310

(. 5, 0.5) 18 1.0960e-016  0.0630

a,.. W) 18 9.5526e-020  0.0320

3,....3) 40 54668e-018  0.0470

(5,...,5) 100 3.3390e-009  0.0620

2,1, O 1,2) 21 24842e-018  0.0310

0,1,0,1,0) 21 4.7668e-018  0.0320

(05,1,05,2,0) 20 4.3317e-014  0.0310

(1,2,3,4,5) 29  85428e-016  0.0470

The test function F := Mx + g, the matrix M, and the vector g are given as follows:

The solution of the LCP is x*

S O -

2

2
0
0 0

NN

=(0,0,...

ferent initial points. The numerical results are listed in Table 3.

Page 11 0f 13

,1)T. We executed this problem 7 times from dif-

Example 4 This problem is a nonlinear complementarity problem. The function F(x) :

N> — RO is given as follows:

5

Fi(x) =2(xj —j +2)exp Z(xi —i+2)?

i=1

1<j<5.

This nonlinear complementarity problem has one degenerate solution (0,0,1,2,3). We

executed this problem 9 times from different initial points. The numerical results are listed
in Table 4.
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Table 5 Numerical results for Example 5

SP Iter FV CPU X

©,...,0) 5 9.5495e-018  0.0160  (1.2247,0,0,0.5000)
(1,..., 1) 9 8.9335e-021  0.0320  (1.2247,0,0,0.5000)
(=1,..., -1 6 1.0947e-018  0.0160  (1.2247,0,0,0.5000)
(10,...,10) 14 1.2045e-025  0.0310  (1.2247,0,0,0.5000)
(-10,...,-10) 1 73075e-016 00160  (1.2247,0,0,0.5000)
(100,..., 100) 17 24086e-023  0.0320  (1.2247,0,0,0.5000)
(=100,...,-100) 6 24643e-023 00310  (1.2247,0,0,0.5000)
(10%,..., 10%) 26 2.1254e-018  0.0310  (1.2247,0,0,0.5000)
(-10%,...,-10%) 6 1.9403e-021  0.0160  (1.2247,0,0,0.5000)

SP Iter FV CPU X

1 0 0.0160  (0.0000,0.0000,0.0000,0.0000)
4 6.2183e-016 00470  (0.9508,0.0000,0.0000,0.0000)
6 0 00160  (2.9845,0.0000,0.0000,0.0000)
0 4 7.2927e-032 00150  ( )
7 ( )
5 ( )

10,..., 2.9964,0.0000,0.0000, 0.0000
30,...,30) 0 0.0310  (2.8521,0.0000,0.0000,0.0000
60,...,60) 0 0.0160  (3.0000,0.0000,0.0000,0.0000

Example 5 Kojima-Shindo problem. This is a nonlinear complementarity problem, it is
the third example of Jiang and Qi [14]. The test function F(x) is given as follows:

3x} + 2x1%7 + 25 + X3 +3%x4 — 6
Fx) 2x7 +x + x5 + 10x3 + 2004 — 2
x) =

3%} + X% + 2x5 + 2x3 + 9xg — 9

x2 + 335 + 23 + 34 — 3

This nonlinear complementarity problem has one nondegenerate solution (1,0, 3,0) and
one degenerate solution (+/6/2,0,0,1/2). We executed this problem 9 times from different
initial points. The numerical results are listed in Table 5.

Example 6 Modified Mathiesen problem. It is a nonlinear complementarity problem,
which is the fifth example of Jiang and Qi [14]. There is also a test by Ma [10]. The test
function F(x) is given as follows:

—Xp + X3 + Xy
x1 — (4503 + 2.7x4)/ (%2 + 1)
5—x1 — (0.5x3 + 0.3x4)/(x3 + 1)
3-x

F(x) =

This example has infinitely many solutions (%, 0,0, 0), where A € [0,3]. We executed this
problem 7 times from different initial points. The numerical results of Example 6 are listed
in Table 6.

5 Conclusions

In this paper, based on the semi-smoothing asymptotically Newton method, we present a
modified feasible semi-smooth asymptotically Newton method for nonlinear complemen-
tarity problems. We can achieve the global convergence and the local superlinear conver-
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gence with several mild assumptions. The numerical experiments reported in Section 4

show that the modified algorithm is effective.
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