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Abstract

In the article, we deal with the monotonicity of the function x — [(x” + a)'’p = X1/1p(x)
on the interval (0, 00) for p > 1 and a > 0, and present the necessary and sufficient

condition such that the double inequality [(x” + a)"? = x1/a < ,(x) < [(x" + b) /P = x1/b
forallx >0and p > 1, where I,(x) = e’ fXOO e dtisthe incomplete gamma function.
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1 Introduction
Let a > 0 and x > 0. Then the classical gamma function I"(x), incomplete gamma function
I'(a,x) and psi function v (x) are defined by

I (x)
C(x)’

I(x) = /Oo Flet dt, [(a,x) = /OC et dt, ¥(x) =
0 x

respectively. It is well known that the identities

/ e—t"dt:lr(l,xp), / e—t”dt:lr<l>_lr<l,xp) (L)
p p\p 0 p \p) p \p

hold for all x, p > 0.

Recently the bounds for the integral fxoo e dt or fox e dt have attracted the attention
of many researchers. In particular, many remarkable inequalities for bounding both inte-
grals can be found in the literature [1-12]. Let

L(x) = ¢ / e? dt. 1.2)

Then I (x) is actually the Mills ratio and it has been investigated by many researchers [13—
19], and the functions I3(x) and I4(x) can be used to research the heat transfer problem
[20] and electrical discharge in gases [21], respectively.

Komatu [22] and Pollak [23] proved that the double inequality

1 1
— <L) < ———
i i2+x o AR+ Alm

holds for all x > 0.
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In [24], Gautschi proved that the double inequality

%[(xp + Z)W —x] <I(x) < %[(xp + ao)l/p —x] (1.3)

holds for all x > 0 and p > 1, where

1
4y = PPI0D) (1 . }_9) (1.4)

An application of inequality (1.3) was given in [25]. Alzer [26] proved that the double

inequality

r (1 + }7) [1- (1-e®) "] <L) < F(l + }9) [L- (1= )]

holds for all x > 0 and p > 0 with p #1 if and only if ¢ > max{l, I ?(1 + 1/p)} and B <
min{l, " ?(1 + 1/p)}.

Motivated by inequality (1.3), in the article we deal with the monotonicity of the function

o +a)’? —x (¥ +a)’P —x

R(x) = = 1.5
(x) o7 [~ e dt Lo (15)
and prove that the double inequality
1 » 1/p 1 1/p
;[(x +a) —x] <I,(x) < E[(xp+b) —x] (1.6)

holds forallx >0 and p>1ifandonlyifa>2and b <a, = re/-ri(q 4+ 1/p).

2 Lemmas

In order to prove our main results, we need to introduce an auxiliary function at first.
Let —0o <a < b < o0, f and g be differentiable on (a,b), and g’ # 0 on (a,b). Then the

function Hy,, (27, 28] is defined by

_f'®)
g' (%)

Hy 4(x) gx) = f(x). (2.1)
Lemma 2.1 (See [28], Theorem 9) Let oo <a < b < oo, f and g be differentiable on (a, b)
with f(b™) = g(b™) = 0 and g'(x) < 0 on (a,b), Hy, be defined by (2.1), and there exists 1 €
(a,b) such that f'(x)/g'(x) is strictly increasing on (a,)) and strictly decreasing on (A, b).
Then the following statements are true:

(1) ifHrg(a*) = 0, then f(x)/g(x) is strictly decreasing on (a, b);

(2) if Hygla*) <0, then there exists xo € (a,b) such that f(x)/g(x) is strictly increasing on

(a,%0) and strictly decreasing on (xo, b).

Lemma 2.2 (See [29], Theorem 1.25) Let —oco <a < b < 00, f,g: [a,b] — R be continu-
ous on [a, b) and differentiable on (a,b), and g'(x) # 0 on (a,b). If f'(x)/¢'(x) is increasing
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(decreasing) on (a, b), then so are the functions

JS(x)—f(a) Sx)—f(b)
g -gla)  glx) -gb)

Iff'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.
Lemma 2.3 The inequality

=1 + x) > % (2.2)
holds for all x € (0,1).

Proof We clearly see that inequality (2.2) is equivalent to

logT'(1+x) +(1-x)log2>0 (2.3)
for x € (0,1).
Let
h(x) =log'(1 +x) + (1 — x)log2. (2.4)

Then simple computations lead to

h(1) =0, (2.5)

Hx)=9x+1)—log2<¥(2) —log2=1-y —log2<0 (2.6)

for x € (0,1), where y = 0.5772... is the Euler-Mascheroni constant.
Therefore, inequality (2.3) follows easily from (2.4)-(2.6). O

Lemma 2.4 The function TY*(1 + x) is strictly increasing on (0,00), and the double in-
equality

x<TY*1+x)<1 (2.7)

holds for all x € (0,1).

Proof Let
aW=logT 142,  p@=x (=20 lellrd) 8)
@2(x) X
¢(x) =log'(1 +x) —xlogx. (2.9)

Then simple computations lead to

¢1(0) = 92(0) = 0, (2.10)
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$(0*) =¢(1) =0, (2.11)
1) 7

[ ; =y (x+1)>0 (2.12)
%(x)

for x € (0, 0), and

U ! 1

¢"(x)=y'1+x)- =<0 (2.13)

X

for x € (0,1).

It follows from (2.8), (2.10), (2.12), and Lemma 2.2 that ¢(x) and ¢*® = I'/*(1 + x) is
strictly increasing on (0, 00).

Inequality (2.13) leads to the conclusion that the function ¢(x) is strictly concave on the
interval (0,1) and the inequality

#(x) > (0)(1 —x) + p(1)x (2.14)

holds for all x € (0,1).

Therefore, ¢(x) > 0 and the first inequality of (2.7) holds for all x € (0,1) follows from
(2.9), (2.11), and (2.14). While the second inequality of (2.7) can be derived from the mono-
tonicity of the function I''*(1 + x) on the interval (0,1). a

Lemma 2.5 Let p > 1 and x > 0. Then the function a — [(x” + a)V? — x]/a is strictly de-
creasing on (0, 00).

Proof Let
4 Up _
wi(a) = (xp + a)up -x, wsy(a) = a, w(a) = w1(a) = 7 +a) x' (2.15)
w»(a) a
Then we clearly see that
w1(0) = @2(0) =0, (2.16)
wi(a) ] 1-p
= 0 217
o) = e 217
forallp>1,x>0and a>0.
Therefore, Lemma 2.5 follows easily from Lemma 2.2 and (2.15)-(2.17). O

Lemma 2.6 Let p >1, a >0 and x > 0, Hy4(x) be defined by (2.1), and f,(x) and gi(x) be
defined by

f@=[(+a)? -x]e”, @)= / Tt ar, (2.18)

respectively. Then Hy, 4, (07) = I'(1 + 1/p) — a'’?.

Proof Let

1/
1= u(x) = <xpx; ") " e (1, 00). (2.19)

Page 4 of 10
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Then from (2.18) and (2.19) one has

i@ =a"?,  &(0)= lF(l) = r<1 + 1>,
b \p p
fi) (o +a\P o[ (Fra Up J.1
g{(x)__< P ) TP [( 7 ) _}
(pa-Vu+u'? -pa
u? —1 ’

=1+
It follows from (2.1), (2.20), and (2.21) that

fi/

Hjig (07) = lim, lim ¢,(x) - lim f;(x)

g1(x) x>
( 1) [1+ lim (pa - Du + ' —pa] —a'’r
P U— 00 u? -1
)
V4

A

3 Main results

Page 5 of 10

(2.20)

(2.21)

Theorem 3.1 Letp >1,a> 0, x> 0 and R(x) be defined by (1.5). Then the following state-

ments are true:
(1) ifa> 2, then R(x) is strictly increasing on (0,00);
) ifa <TP(Q1 +1/p), then R(x) is strictly decreasing on (0, 00);

3) if TP(1+1/p) < a <2, then there exists xy € (0,00) such that R(x) is strictly increasing

on (0,x9) and strictly decreasing on (x¢, 00).

Proof Let fi(x), g1(x), u = u(x) € (1,00) be defined by (2.18) and (2.19), and 4(u) and /()

be defined by

h(uw) = (p-1)(ap - Du® —ap*u® " + 2p+ap - 2)uf +1-p,

() =2(p - 1)(ap - D) —ap2p - 1)’ + 2p + ap - 2.
Then from (1.2), (1.5), (2.18), (2.21), (3.1), (3.2), and Lemma 2.4 we have
Silx)

ax) ’
h(1) = (1) =0,

|: 1/(x)]r ) %[1+ %ﬁw‘m] ~ (Mp_l)l/pfl

2, (%) % T glUpy2r-1

R(x) =

h(u),

W (u) = pu~ b (u),

H(u) = p(p — 1) > [Z(ap -Du-1)+(a- 2)],

1 1
—<Fp(1+—><2
p p

forp>1.

3.1)
(3.2)
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We divide the proof into four cases.

Case 1: a > 2. Then from (3.4)-(3.7) we clearly see that the function f(x)/g(x) is
strictly increasing on (0, 00). Therefore, R(x) is strictly increasing on (0, 00) follows from
Lemma 2.2 and (3.3) together with the monotonicity of the function f](x)/g;(x) on the
interval (0, 00) and f;(00) = g1(00) = 0.

Case 2: a < 1/p. Then from (3.4)-(3.8) we clearly see that the function f(x)/g;(x) is
strictly decreasing on (0, 00). Therefore, R(x) is strictly decreasing on (0, co) follows from
Lemma 2.2 and (3.3) together with the monotonicity of the function f](x)/g;(x) on the
interval (0, 00) and f(00) = g1(00) = 0.

Case3:1/p<a <T?(1+1/p). Then (3.1), (3.2), and Lemma 2.6 lead to

lim h(u) = oo, lim /1;(u) = oo, (3.9)
Uu—>00 Uu—>00
Hfq(0%) 2 0. (3.10)

Note that (3.7) can be rewritten as
I, () = 2p(ap = 1)(p — D™t - o) (311)

withug =1+ (2-a)/[2(ap -1)] € (1, 00).

From (3.11) we clearly see that /1 (1) is strictly decreasing on (1, u¢) and strictly increasing
on (19, 00). Then from (3.4), (3.6), and (3.9) we know that there exists A € (1,00) such that
h(u) <0 for u € (1, 1) and h(u) > 0 for u € (A, 00).

From (2.19) we clearly see that the function x — u(x) is strictly decreasing from (0, co)
onto (1,00). Then (3.5) and /() < 0 for u € (1,A) and 4(u) > 0 for u € (A, 00) lead to the
conclusion that f] (x)/g] (x) is strictly increasing on (0, 1) and strictly decreasing on (u, 00),
where i = [a/(A? - 1)]V7.

Therefore, R(x) is strictly decreasing on (0, c0) follows from (3.3), (3.10), Lemma 2.1(1),
and the piecewise monotonicity of the function f; (x)/g] (x) on the interval (0, c0) together
with the fact that g|(x) = —e <0 and fi(o0) = g1(o0) = 0.

Case 4: T'P(1 + 1/p) < a < 2. Then we clearly see that (3.9) and (3.11) again hold. Making
use of the same method as in Case 3 we know that there exists 7 > 0 such that f (x)/g] (x)
is strictly increasing on (0, n) and strictly decreasing on (7, 00).

It follows from Lemma 2.6 that

Hj 0 (0%) <0. (312)

Therefore, there exists xy € (0,00) such that R(x) is strictly increasing on (0,%() and
strictly decreasing on (xg, 00) follows from (3.3), (3.12), Lemma 2.1(2), and the piecewise
monotonicity of the function f; (x)/g{ (x) on the interval (0, 00) together with the fact that
gix) = —e™ <0 and fi(00) = g1(c0) = 0. O

Letp>1,x>0,a>0, R(x), fi(x), &1(x) and u = u(x) be defined by (1.5), (2.18), and (2.19),
respectively. Then we clearly see that

f1(00) = g1(00) = 0. (3.13)
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It follows from (2.20), (2.21), (3.3), and (3.13) that

al/p

R(0+) = @,

R(o0) = Tim 1% - fim A®)
x—>00 g] (x) x—o0 gl’ (x)

-1 1-» _
=1+ lim (pa - Du+u pd:a.

u—>1* uf -1
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(3.14)

(3.15)

From (3.14) and (3.15) together with Theorem 3.1 we get Corollary 3.2 immediately.

Corollary 3.2 Letp >1, a,x >0, I,(x) and R(x) be defined by (1.2) and (1.5), and x, be the
unique solution of the equation R (x) = 0 on the interval (0,00) for T'?(1+1/p) < a < 2. Then

the following statements are true:
(1) ifa > 2, then the double inequality

é[(xp + “)llp —x] <I(x) <a VPT (1 + }9) [(+ + a)l/p —x]

holds for all p > 1 and x > 0;

(2) if0<a<TPQ+1/p), then the double inequality

a ey (1 + ;)[(x” +a)1/p —x] <) < 2[(9&7 + a)l/p —x]

holds for all p > 1 and x > 0;

(3) if TP(1+1/p) < a <2, then the two-sided inequality

R [(xp + a)l/p —x] <I,(x)< max{ p

is valid for all p > 1 and x > 0.

1 @+

}[(x” ca)” 4]

Theorem 3.3 Let p > 1, a,b,x >0, I,(x) and ay be defined by (1.2) and (1.4), respectively.

Then the bilateral inequality

;[(xp +a)1/p —x] <) < %[(xp + b)llp —x]

holds for all p > 1 and x > 0 if and only ifa > 2 and b < ay.

(3.16)

Proof Ifa > 2 and b < ay, then inequality (3.16) is valid for all p > 1 and x > 0 follows easily

from (1.3) and Lemma 2.5.

If the inequality 1,(x) < [(«” + b)V? — x]/b takes place for p > 1 and x > 0, then (3.14) leads

to

i (o + )P —x b'r
im =

= >
x—0* Ip(x) ra+ }7)

b,

which implies b < ay.
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Next, we use the proof by contradiction to prove that 4 > 2 if the inequality I,(x) >
[(%” + b)? — x]/a holds for all x > 0 and p > 1.
From Lemmas 2.3 and 2.4 we clearly see that

1
re <1 + —> <ag<2. (3.17)
p

We divide the proof into two cases.

Case 1: a < agp. Then it follows from the sufficiency of Theorem 3.3 which was proved
previously that I,(x) < [(%” + b)""P —x]/a forallp>1and x > 0.

Case 2: ag < a < 2. Let R(x) be defined by (1.5), then Theorem 3.1(3), (3.15), and (3.17)
lead to the conclusion that there exists x¢ € (0, 00) such that R(x) is strictly decreasing on
(%0,00) and

/,
WP =% s Roo) = a

I,(x)
or
1 1/p
I,(x) < ;[(xp +a) —x]
for all p > 1 and x € (xg, 00). O

Letp>1,a>0,x>0,g=1/p €(0,1), and u = x” > 0. Then from (1.1) and (1.2) one has
I,(x) = q¢"T(q, u), (xp + a)l/p —x=Ww+a)?-u,
and Corollary 3.2 and Theorem 3.3 can be rewritten as follows.

Corollary 3.4 Let q €(0,1), a >0, and u > 0. Then the following statements are true:
(1) ifa =2, then the double inequality

(u+a)?—ul Tl +q)[(u+a)? —ul]
———<e'T(qu) <
qa qal

(3.18)

holds for all q € (0,1) and u > 0, and inequality (3.18) is reversed if
0<a<TVi1+q);
(2) if TY4(1 + q) < a < 2, then the two-sided inequality

(u+a)?—ul
q0(q, uo, a)

1 TA+q) ) (u+a)?—ul
al }

<e"'T(qu) < max{ -,
a q

holds for all q € (0,1) and u > 0, where 6(q, uo, a) = [(uo + a)? — ul]/[qge*°T'(q, uo)]
and uy is the unique solution of the equation

(u+a)?-ul
dl qe"T (q,u) J -0

du

on the interval (0,00) for TY4(1 + q) < a < 2.
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Corollary 3.5 Leta,b,u >0, q € (0,1) and ay be defined by (1.4). Then the double inequal-
ity

(u+a)?—ul (u+b)? —ul
—<T(qu) < ———
qa qb

holds for all q € (0,1) and u > 0 if and only ifa > 2 and b < ay.

Letg — 0% and Ei(#) = lim,_.o+ I'(g, #). Then Corollaries 3.4 and 3.5 lead to Remarks 3.6
and 3.7.

Remark 3.6 Leta >0 and u > 0, then the following statements are true:
(1) if a > 2, then the double inequality

log(1+ 4
M < e"Ei(u) < log (1 + Z) (3.19)
u

holds for all > 0, and inequality (3.19) is reversed if 0 < a < e77;
(2) ife” <a <2, then we have the sided inequality

e Ei(ug) o <

a . 1 a
log| 1+ — ) <€"Ei(u) <max{—,1¢tlog( 1+ — (3.20)
log(1 + %) u a u

for all u > 0, where 1 is the unique solution of the equation

d log(1+ %)

T i Eil) =0 (3.21)

on the interval (0,00) fore™ <a < 2.

Remark 3.7 Leta,b > 0 and g be defined by (1.4). Then the double inequality

log(1+ 2 log(1 + 2
10g+3) _ pupiy < 021+
a b

holds for all # > 0 if and only if a > 2 and b < 4.

In particular, if 4 = 1, then numerical computations show that uy = 0.23855... is the
unique solution of the equation

d log1+1)
du e“Ei(u)

and €*0Ei(ug)/log(1 + 1/uy) = 0.83311... > 8,331/10,000. Therefore, Remark 3.7 leads to
Remark 3.8.

Remark 3.8 The double inequality

8331 1 (15 L) < eFit) < tog(15 1
10,000 0g + » <e Liu) <log + »

is valid for all # > 0.
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Remark 3.9 Unfortunately, in the article we cannot deal with the monotonicity for the
function R(x) defined by (1.5) and present the bounds for the function I,(x) given by (1.2)
in the case of p € (0,1); we leave it as an open problem to the reader.
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