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s wﬂ(xﬂ)dt)

X > g ) -x
v ( b-a

is strictly increasing from (- min(a, b), o0) onto (min(a, b), (a + b)/2), which generalizes a

well-known result. As an application, the complete monotonicity for a ratio of gamma

functions is improved.

1 Introduction

The classical Euler’s gamma and psi (or called digamma) functions are defined for x > 0 by

[(x) = / et tdt, Yx) = ——,
0 I'(x)
respectively. Furthermore, the derivatives ¥/,v",..., % for i = 1,2,..., are called poly-
gamma functions.
For convenience, we denote v,,(x) = (-1)" 14" (x). It is well known that v,,(x) is strictly
complete monotonic on (0, 00); namely, (-1)"14/"(x) > 0 for x > 0 and # € N. Note that

for the following integral and series representations (see [1], Sections 6.3, 6.4):

—t o]

e _¢ 1 x
1/fo(x)=—1/f(x)=)/+/.§ ﬁdﬁ:y‘*;—;m, (11)

_(_1\+-1,.(n) _ * " —xt _ = 1
) = ) = [ e DNy 12)

it is easy to see that ¥,(0*) = oo for n > 0, ¥,(0c0) = 0 for n > 1, and ¥ (o0) = —00. More-
over, Y, = =1 (%) < 0.

Let f : I — R be strictly monotone and a, b € I. Then the so-called integral f-mean of 4
and b is defined in [2] by
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b
I]r(a,b):f&(%) ifa#b, and If(a,a)=a.

For f = ¢, Elezovi¢ and Pecari¢ [2], Theorem 6, proved an interesting result as follows.

Theorem EP For x,a,b > 0, the digamma function  has the following properties:
(i) Iy(a,b) <Iy(a,b); namely,

(ww(ﬁwwmﬁ<wl(¢W”m)

b-a b-a

(ii) %+ Iy(x + a,x + b) — x is increasing concave, and

xl_i)rglo[lw(x+a,x+b) —x] ==

Remark 1.1 It should be noted that, for a,b € I, if A(a, b) is a mean of a and b, then for
x +a,x + b € I the function x — A(x + a,x + b) — x is still a mean of a and b, which is due
to the following relations:

min(a,b) = min(x + a,x + b) —x <A(x +a,x + b) —x

< max(x + a,x + b) — x = max(a, b).
Further, Batir [3], Theorem 2.7, gave a nice double inequality for 1,5, (, b) as follows.

Theorem B Let a and b be distinct positive real numbers and n be a positive integer. Then
we have

M) (g) — ™
(—l)nl/f(ml)(#) < (_l)nw < (_l)nw(ml) (S—(n+1)(ﬂ: b)),

or, equivalently,

(S Va®)de a+b
S—(n+l) (ﬂr b) < 11//,,+1 (ﬂ, b) = wnil ( bh—ua < B »
where
(e, ifp 70,1,
Spla,b) = | -8, ifp=0, (1.3)

e—l(z_Z)l/(a—b)’ ifp =1,
is the generalized logarithmic mean of a and b.

An improvement of Theorem B was given in [4], Theorem 1, and [5], Theorem 1, by Qi
as follows.

Theorem Q1 For real numbers a,b > 0 with a # b and an integer n > 0, the inequality

b 1 (n)
<(_1)nfa v/ (t)dt
b-a

(-1 " (S, (a, b)) < (-1)"y " (S4(a, b))
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or

b
Spla,b) <1y, (a,b) = w;l<W) < S4(a,b)

holds ifp < —n and q > —n + 1, where S,(a, b) is given in (1.3).

Motivated by the results just mentioned, the main aim of this paper is to continue the
study of some further properties of the mean I, (4, b) and I, (x + 4, x + b) — x. More pre-
cisely, we have the following.

Theorem 1.2 For a,b > 0 with a # b, the sequence {1y, (a, b)},>o is strictly decreasing, and

lim Iy, (a,b) = min(a, b).

Theorem 1.3 Let a and b be distinct real numbers, and n > 0 be an integer. If ;] is strictly
decreasing with respected to x, then the function x — Ay, (x) with

(1.4)

fab Yl + ) dt
b-a )—x

Ay, ) =1y, x+a,x+b)—x= I/,nl(

is strictly increasing from (— min(a, b), o) onto (min(a, b), (a + b)/2).

As a direct consequence, noting that ! is strictly decreasing, by Theorem 1.3 we have
the following.

Corollary 1.4 Let a and b be distinct real numbers and n > 0 be an integer. Then for
x > —min(a, b) we have

a+b f: Yalx +t) dt
1//,,(x+ 5 )< b2 <

V(% + min(a, b)),

where min(a, b) and (a + b)/2 are the best constants. In particular, note that o = -, the

double inequality
, [P W+ t)dr a+b
¥ (x + min(a, b)) < < ¢(x + T)
or
1/(b-a)
expw(x+min(a,b)) < [;Ez:z;] <expw<x+ a;b) 1.5)

holds for x > —min(a, b) with the best constants min(a, b) and (a + b)/2.

Suppose that a, b > 0 with a # b in Theorem 1.3. Utilizing the strictly increasing property
of x > Ay, (x) on (0, 00), we have Ay, (0) < Ay, (x) < Ay, (00); namely,

fab Vn(t) dt) ) Ilf‘1<f“b Ynlx + 1) dt) L.t b

Iy, (a,b) =y,
#nla?) ‘/’"( b-a " b-a 2

Therefore, we conclude the following.



Yang and Zheng Journal of Inequalities and Applications (2016) 2016:216 Page 4 of 10

Corollary 1.5 Let a,b >0 with a # b and n > 0 be an integer. Then for x > 0 we have

b
(x50 < Jebnlex DAL it (@),

2 b-a

where Iy, (a,b) and (a + b)/2 are the best constants. Particularly, noting that o = -, the

double inequality
b
w(x+1¢(a,b)) < W < 1/f<x+ a;b)
or
r b 1/(b-a) b
exp1ﬁ(x+]¢(a,b))<|:rzzia;i| <exp1//<x+a; ) (1.6)

holds for x > 0 with the best constants Iy (a, b) and (a + b)/2.

We would think it worth noticing that the double inequality (1.6) was first proved in [6]
by Elezovic et al.

Remark 1.6 The second Kershaw double inequality [7] states that

exp[(l —8)Yr(x + \/E)] < ?E’; : 1)) < exp |:(1 —8)Yr (x + %)} 1.7)

for s € (0,1) and x > 0. Some of the refinements, extensions, and generalizations of the
double inequality (1.7) can be found in Qi’s review paper [8] and the references therein.
It seems that our double inequality (1.5) may be the best second Kershaw type inequality,
since the ranges of 4 and b in (1.5) are arbitrary real numbers, and the lower and upper
bounds are sharp.

As an application of Theorem 1.3, we use it to prove a necessary and sufficient condition
for the functions x +— F,; (x) defined by (3.1) and x + 1/F,;.(x) to be logarithmically
monotonic on (—p, c0) with p = min(a, b, ¢), which improves a well-known result.

2 Proofs of main results
This section we devote to the proof of our main results. First of all, let us give the following

assertion, which is an improvement of Theorem 4 in [2].

Lemma 2.1 Let f € CY(I). Iff is strictly monotone, then the mean function

b
[ fx+1) dt) . @.1)

Af(x):If((l+x,b+x)_x:f—1( -

is strictly increasing (decreasing) according to f” |f' being strictly increasing (decreasing).
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Proof By the Jensen inequality we have

P (fl( 1 f[ix_+at) dt)) ) f f ;x +ﬂ t)dt 02)

if f' o fL is strictly convex (concave).
Differentiation yields

T oo ) S0 [
Ak =§’<(;—1<z>> =J}/(Z>’

where u = f~1(x). This shows that f" o f~! is strictly convex if and only if both f and f”'/f’ are
either increasing or decreasing, and concave if and only if one of f and f”/f’ is increasing,
while the other is decreasing.

Case 1: Both f and f”/f" are increasing. Then f’ > 0 and f” o f ! is convex, and it follows

from (2.2) that
dAs(x) ff/(x+t)dt x+t)dt
ot Jr(r ( ))-1-0

Case 2: f is decreasing and f”/f" is increasing. Then f” < 0 and f” o f ! is concave and by
(2.2) we also have dAs(t)/dt > 0.
Case 3: Both f and f”/f’ are decreasing. Then f’ < 0 and f’ o f~! is convex. Similarly, we
have dA(t)/dt < 0.
Case 4: f is increasing and f”/f’ is decreasing. Then ' > 0 and f’ o f ! is concave. Obvi-
ously, we see that dA,(t)/dt < 0.
To sum up, if f”/f" is increasing (decreasing), then so is A, which completes the proof.
|

The following lemma is useful for our main proof, which is a generalization of Lemma 1.4
in [3] and Lemma 4 in [9].

Lemma 2.2 Let A : (0,00) x (0,00) — (0,00) be a differentiable one-order homogeneous
mean. Then, for all x + t,y + t € (0,00), we have

tlim (A(x +Ly+t) - t) =px+(1-p)y, (2.3)

where p = A.(1,1) € [0,1]. In particular, if A(x,y) is symmetric with respect to x and y, then

xX+Yy

tl_i)nolo(A(x+t,y+t)—t)= 5

(2.4)

Proof Using homogeneity of A(x,y) and the L'Hospital rule yield

At e+ 1,y +1) -1
tlim(A(x+t,y+t)—t)=lim (T y+1)

t—00 t_l

e A(wx+1Luy+1)-1

u—0 u

AA(ux +1,uy + 1
- lim M = xA,(1,1) + yA,(1,1).
u— u
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In addition, it follows from [10] that
Ac(x,x),Ay(x,x) € [0,1] and  Aylx,x) + Ay(x,x) = 1. (2.5)

Putting the above together, we get (2.3).

In particular, if A is symmetric, that is, A(x, y) = A(y, x), then we clearly see that A, (x,y) =
Ay(y,x), and so A,(x,x) = Ay(x,x). It follows from (2.5) that A,(x,x) = A,(x,x) = 1/2, and
then (2.4) holds. The proof is complete. d

Lemma 2.3 Let ¢, = (-1)""'y/" for n € N. Then all the following statements are true, and
mutually equivalent.
(i) the sequence {1/ Wnlnen is strictly increasing;
(ii) the function x > V.1 (x)/ V. (x) is strictly decreasing on (0, 00);
(ili) the function x — ¥, (x) is log-convex on (0, 00).

Proof (i) It suffices to prove ¥,/ W41 > W11 /¥, for n € N, which is equivalent to v, 21, —
¥2,, > 0. By virtue of the integral representation given in (1.2), we get

o] tn+2 o] t" oo tn+1 2
—xt —xt —xt
Yin2¥n — Iﬁnu = / 1—e P dt[) 1_8% dt — (L l—e*te dt)

2
—x(t+s)
-3 [ ey ddero

which proves assertion (i).
(ii) Note that ¥, = —1/,,,1, we have

(1//n+1 ), _ ‘ﬁfmlﬁn - 1/fn+11ﬁ,/, _1//n+2wn + wn+1 0

Yn Vi vy

which implies that the second assertion is true.
(iii) Differentiation gives

(lIl 1//n)/ = :[;_i == I/[I;: ’ (lIl %)” = _(1/:;;1) >0,

which completes the proof. d
Now we are in a position to prove our main results.

Proof of Theorem 1.2 We first prove that the sequence {Iy, (4, b)},>¢ is strictly decreasing,
which means that for #n > 0 the inequality

b b
w;l(/‘a V(%) dx) S 1//};}1(/;1 Va1 (%) dx) (2.6)
b-a b-a

holds for 4, b > 0 with a # b. By the Jensen inequality, it suffices to check that v,,,; o ¥/, 1is
convex on (0,00). In fact, by Lemma 2.3 we have

Y (U5 @) Yruaa (¥, (%)
VW) Y (Y )

d
E wn+l (W,fl (x)) =
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d_z -1 _ wn+2(u))/ 1 _ _(1//7”2(”)), 1
g V(@) = (wm(u) 0@ -\ @) Yo~

where u =y, 1(x). This means that v,,,1 o v, ! is convex, which proves inequality (2.6).
Taking p = —n and ¢ = —n + 1 in Theorem Q1 gives
S v at
b-a

S_n(a,b) < I/f;1< ) <S_pn(ab). (2.7)

Considering that lim,_, _, S,(a, b) = min(a, b) in [11], then we get

b
lim wn—l(M) = min(a, b),

n—00 b-a
which completes the proof. d

Proof of Theorem 1.3 To prove x — Ay, (x) is strictly increasing on (—min(a, b), c0), by
Lemma 2.1 it suffices to check that /v, is strictly increasing on (0,00). In fact, since
Y, = =Y, we see that ¥, /), = =0/, is strictly increasing on (0, oo) by the second
assertion of Lemma 2.3. Thus, the increasing property of A, follows.

As mentioned in the introduction, we see that v/,,(0*) = co for n > 0, and so ¥, *(00) = 0.
Note that the symmetry of a and b, without loss of generality we may assume that b > a.

Then we have

P nde (< D (x4 b) - D (x + a))
lim %4——— = lim =00

x—>—a* b-a x—>—a* b-—a

which implies

[P Y +0) dt)

lim Ay, (x) = lim wnl( 5
+ x—-at —a

X—>—a

b
= 1p;1( lim Ja 1//2(9_6 ;_t) dt) +ta=y, () +a=a.

To obtain lim,_, o Ay, (x) = (a + b)/2, we use (2.7) to derive that

[P W(x + 1) dt

S_,,(x+b,x+a)—x<1//;1<
b-a

>—x<S_,,+1(x+b,x+a)—x.

Note that the generalized logarithmic mean S,(x,y) is homogeneous and symmetric, it

follows from Lemma 2.2 that

a+b
2

xlin;c(Sp(x +b,x +a)—x) =

Therefore, we conclude that lim,_, o Ay, (x) = (@ + b)/2, which completes the proof. O
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3 An application

A function f is said to be completely monotonic on an interval [ if f has derivatives of
all orders on I and (-1)"(f(x))" > 0 for x € I and n > 0 (see [12]). A positive function
f is called logarithmically completely monotonic on an interval [ if f has derivatives of
all orders on I and its logarithm Inf satisfies (—1)"(Inf(x))" > 0 for all # € N on I (see
[13]). For convenience, we denote the sets of the completely monotonic functions and the
logarithmically completely monotonic functions on I by C[I] and L[[], respectively. Qi in
[14], Theorem 1, [15], Theorem 1, investigated the logarithmically complete monotonicity
of the functions

b — .
(?Ei:ﬂ%)l/(ﬂ b)el[l(x+6)’ ifa #b,

el/f(x+c)—x//(x+a)’ ifa=>b,

x> Fppe(x) = (3.1)

and x > 1/F, ;. (x). Furthermore, he concluded the following result.

Theorem Q2 Let a,b, and c be real numbers and p = min(a, b, c). If 6(¢) is an implicit
function defined by

e —t=e"9_0()

on (—00,00), then 6(t) is decreasing and t0(t) < 0 for O(t) # t. Moreover:
(1) Fapelx) € L[(=p,00)] if

(a,b,c)e{cza,czb}u{cza,OZC—bZQ(c—a)}

U{c§u,c—b29(c—a)}\{a=b=c}.

(2) I/Fa,b,c(x) € L[(-p,00)] lf

(a,b,c) e {c<a,c<b}U {cia,c—bf@(c—a)}

U{cfa,O§c—b§9(c—a)}\{a:b:c}.

Later, Qi and Guo in [16], Theorem 1, [17], Theorem 1, proved another result con-
cerning the logarithmically complete monotonicity of the functions x — F,;.(x) and
x> 1/F,p.(x) for x > —min(a, b, c), where c = ¢(a, b) is a constant depending on « and b.

More precisely, they showed the following.

Theorem QG Let a and b be two real numbers with a # b and c(a,b) be a constant de-
pending on a and b.

(1) If c(a, b) <min(a, b), then 1/F,p(x) € L[(—c(a, b), 00)].

(2) Fupc(x) € L](— min(a, b), 00)] if and only if c(a, b) > (a + b)/2.

We would like to remark that the result in Theorem Q2 is rather interesting but some-
what complicated. Theorem QG shows that ¢ is a constant depending on a and b, and
¢(a, b) < min(a, b) is only sufficient for 1/F,;.(x) € L[(—c(a, b), 00)]. Here, we apply The-
orem 1.3 to deduce that c is a constant independent of & and b, and ¢ < min(a, ) is also
necessary for 1/F, ;,.(x) € L[(—c(a, b), 00)]. This improved result can be restated as follows.
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Theorem 3.1 Let a,b, and ¢ be real numbers, and p = min(a,b,c). Then 1/F,; (x) €
LI[(-p,00)] if and only if ¢ < min(a,b), while F,;.(x) € L[(—p,00)] if and only if ¢ >
(a+b)/2.

Proof For a # b, we have

InT(x+b)—InT'(x + a)
_ =

fvaenat

InFupc(x) =¥ (x+c) b-a

=y (x+0)
and

(1" [Py (x + t)de
b-a

(=1)" (I Fype )™ = (<1)" " (x + ¢) -

[y at
- b-a
(b—a) [P Y+ t)dt — Y, (x+0)

= Ay, (x) - ),
V(b - @) [ Yl + ) - (x + ) (Aanfs) =

= Ynlx +0)

where ¥, = (1)1 and A, (x) is defined by (1.4).
Since ¥/, = -V < 0, (1)’ < 0, which means that v, is strictly decreasing on (0, 00).
This yields

b-a)™ [P+ ) dt = P(x +0)

5 <0
U ((b—a)™ [ Yu(x + ) dt) — Y7 (Yl + €))

for x € (—p, 00). Therefore, we have
sgn((-1)" (lnFa,b,C(x))(")) =sgn(c—Ay, ).

Theorem 1.3 tells that x — Ay, (x) = Iy, (x + a,x + b) — x is strictly increasing from
(- min(a, b), 00) onto (min(a, b), (a + b)/2), which implies that

sgn(c—Ay,(x)) <0 <= c<infAy,(x) = min(a,b)
and
a+b
sgn(c—Ay,®) >0 <= c>supAy,(x)= —

It is obvious that these are also true for a = b. This completes the proof. O
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