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Abstract

In this work, in addition to the bounds for triple gamma function, bounds for the
ratios of triple gamma functions are obtained. Similar bounds for the ratios of the
double gamma functions are also obtained. These results and their consequences are
obtained using the known results of the gamma function.
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1 Introduction

The multiple gamma functions denoted by I, have applications in many areas of math-
ematics. For example, I',, are useful in computation of certain series in analytic number
theory [1, 2]. The multiple gamma functions were first studied by Barnes [3—6]. The func-
tions denoted by I', are defined [2, 7] as:

[u(2) = (G,,(z))H)H, neN,

where G,,(z + 1) = 87 (m € N),

1/ z \" 1 z \"!
Pm(z): Z [Z(M(ﬁ) _m_l(M(r)> R

WlthM(}") ST+t Iy ifr= (Vl;rz;m,’”m) (S Ngl_l x N.
Here the polynomials g,,(z) are defined as

o5 e=NiNeN\{1),

Im(2) =15 -p
m+1m+1 m+l (Z c C),

where B,,(z) are Bernoulli polynomials of degree m in z.
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Note that these polynomials ¢g,,(z) and B,,(z) also obey the relation

_ B/m+1(z) _

9n(2) +1

B,,(z) and ¢,(0)=0.

Vignéras [7] characterized multiple gamma function with the following properties while
introducing the notation G,(z):

. _ Gulz+l)
(i) Gulz) = ) forzeC,

(ii) % log G,(x +1) > 0 for x > 0,
(i) G.(1)=1,
(iv) Golz) =z
It can be noted that the above conditions are the refinement of the Bohr-Morellup theorem
and the multiple gamma function I',, of order # satisfies the following relations:
(i) Tw(z) = 2485 forz € C,
(ii) I =1,
(iii) T1(2) =T'(2).
The double gamma function G, (z) = % is the well-known Barnes G-function.
Problems for finding sharp bounds for gamma functions have always attracted re-

searchers [8-11] since the 19th century. Recent research interest [2, 4, 6, 12—15] are in
the bounds and asymptotic expansions for multiple gamma functions and their ratios. For
an integral representation and asymptotic expansion of these functions we refer to [2, 14,
16, 17] and the references therein.

In 2008, Batir [12] obtained the bounds for the gamma function and extended these
results in [13, 18] for the double gamma function. Recently, Chen [19] generalized the
results of Batir [13].

Choi and Srivastava [14] found the following inequality for the triple gamma function
for0<x<1:

2
exp C31x+032x2— l + T[— + Z x3
’ ’ 4 36 6
2
<3(1 +x) <exp <C3,1x +C30%% + c33%° + Ex‘*), (1)
where

Y
log(2 —;
og( 71)+4

|

3 1 1
G1=g- g log(27) — log A; G2=g +

_Y
6

’

-

€33 =—

and A is defined as [20]
logd = =~ /(-1) ®)
0gA=—-C'(-1),
g 12 ¢
known as the Glaisher-Kinkelin constant.

Here ¢ is the well-known Riemann Zeta function. In Section 2, we generalize the results
of Batir [13] for the triple gamma functions.
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In 2007, Shabani [21] considered the ratio of gamma functions to find the following
double inequality as a generalization of the independent results of Alsina and Tomads [22]
and Sandor [23]:

[(a+ By - ' + Bx)? - ()P
Mla+p) ~ T(B+ax)? — T'(B)

3)

for x € [0,1], « > B > 0 and p,q > 0 such that 8p > ag > 0 with ¥(8 + ax) > 0, where
Y(x) = % logI'(x). The double inequalities similar to (3) for the ratios of triple gamma
function are obtained in Section 3.

Since these types of inequalities can be obtained for the ratios of the double gamma func-
tion using a similar procedure, a sample result on the ratio of the double gamma function
is also mentioned in Section 3.

2 Bounds for triple gamma function

The Weierstrass canonical products for G,(x) and Gs(x) are given, respectively, by [15],
equations (1.1) and (1.10),

1 _ 5 —7[1+ )x% +x] —x+§
Gerp - 20 H(( ) ) @

and

o(eal) = X3 3 x? log(27) 1

3(x+1) = exp| — 6 y+ +2 + 4y +log 7r+2
3 log(2m)
- - —logA 5
o )| 2

ad - 3k(ke1) x x> 1 x3 1
xl_!<<1+—> exp[i(k+1)—z<l+ %>+a(l+z>:|>, (6)

where y is the Euler constant and A is the Glaisher-Kinkelin constant as defined in (2).

Theorem 1 The Barnes G-function G(x +1) = Go(x +1) = ﬁ is logarithmically convex
forallx > 1.

Proof Let

x > x?
glx)=logG(x+1) = E(loan -1-(1+ y)x +I=ZI|:llog<1+ —> —-x+ ﬁ]

Then, for x > 1, a simple computation gives

v = l 1
g'x)=-0+y)+ l§=1 (—m * 7)
— l 1
-y ZH (‘m ¥ 7)'
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which, by using partial fraction and the usual summation, leads to

=1 72
"(x) > -1 +y)+ —=—(1+y)+ —>=0.0677184019...,
§w)=-1+y) ;F A+y)+—

which proves the theorem. 0

Theorem 2 Forall x > 1,

x4l -1
((272 8 > e—ﬁ(x—l)(2x2+2x—l) . (G(x + 1))’%1
E2 SN | x-1
2m)s 1oy [ GE+1)\ 7
<F3(x+1)<( R : 7)
A G(%3?)

Proof Let h: [«, B] — R be a convex function. Then by the Hadamard inequality [24] we
have

o+ B 1 B h(e) + h(B)
h( 5 )Sﬁ—a/a h(t)dtff. (8)

Note that by Theorem 1, G(x + 1) is logarithmically convex for all x > 1. Therefore taking
h(t) =log G(t + 1), we get

1 1 * 1
logG(1+&)<— logG(t +1)dt < —logG(x + 1)
2 x—1J; 2

! 3
= / logG(t+1)dt+(x—1)logG(9%)
0

X 1
-1
</ 10gG(t+1)dt</ 10gG(t+1)dt+leogG(x+1).
0 0

Now from [15], equation (4.13), we obtain

3

* 1
/ logG(t +1)dt = (1/4 - 2logA)x + 1 log 27w — % +(x-1)logGx+1)
0

—2logM3(x +1). )
Hence we have
x> x3
—(1/4 - 2logA)x — T log2m + i (x—-1)logG(x +1) +1/12

3
+1/4log2m —21logA + (x — 1) log G(%)

<—-2logT3(x +1)

2
<—(1/4 -2logA)x — % log2m — (x — 1) log G(x + 1)

3
X x-1
+ 3 +1/12 +1/41og2m —21log A + TlogG(x+1)
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= 2logA(x*-1) -
<-2log3(x +1)

1 1
<2logA(x—1)—110g2n(x2_1) + (x_ _x + _)

-1
+ xT log G(x + 1),

which can easily be reduced to (7). O

Theorem 3 Forx >0,
Lx) < T30 +x) <U(x), (10)

where

x-1
7

L(x)=A"(G(x +1)) exp(zi4 (3x% +3x + 2yx°)

x4

= (w/(q(x)) + %(q(x) - 1)qf”(q(x)))>;

Ux) = A™(G(x + 1)) 7 exp(i (3x% + 3x + 2yx°)

1

- (\IJ/(p(x)) oW -1)w” (x))))

with
X
= 1 -,
px) =1+ 1
3 3 3 -1/3
q(x) = (;log(m 1) - o ﬂ) ,

and A being the Glaisher-Kinkelin constant defined as in (2).

Proof With the help of a Taylor series, Batir and Cancan [18], equation (2.3), proved that

o0
x3 m+1

logG(x +1) = ;—C(loan —1-(y+1x) + gz (m+1+A(m+1))3’

m=0

where A(m) is given by

o) 3 oul14 3 3\
m)=|—=1o =) —+ — -m
x3 g m mx?  2mx

and, for all m > 1 and x > 0, A(m) is strictly increasing with
3 3 -1/3
A1) = slogx+1) - =+ — -1=¢g(kx)-1,
x3 x2  2x

(00) = lim A(m) = z - () - 1.

m— 00
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Hence,

x 2 1
f log G(t +1)dt = % log 2w — §(x2/2 +(y +1)x%/3)
0

4 0

(11)

X 1 Alm +1)
" E%((m+1+)\(m+l))2 B (k+1+)»(k+1))3>'

Since for all m > 1 and x > 0, A(m) is strictly increasing. Therefore,

2 (3 2 2(1 ) 3) 4 , 1 B
% log2m — % + %(\y (M@ +1) + v (A(@) + 1))

X
< / log G(¢ +1)dt
0

X2 B2 +20+y)®) xt( 1 B
< Zloan eyt E(W (A(c0) +1) + Ek(oo)\ll (A(c0) + 1)>

Using (9) we have

xZ 3

2
—(1/4 —2logA)x — 7 log 27 + % —(x-1)logG(x +1) + xz log 27
- i(3x2 +2(1+y)x%) + ﬁ (\I’/(p(x)) + l(p(x) - l)llf”(p(x))>

12 12 2

<-2log'3(1 +x)

1 2 3 2
< —(Z —210gA>x— leogZTr + % —(x-1)logGx+1) + %loan

1 4 1
- E(sz +2(1+y)x%) + % (\IJ/(q(x)) t3 (q(x) - 1)4’”(q(x))>,

which implies

1
2xlog A — E(sz +3x + 2yx3) —(x-1)logGx +1)
4

1
5 (VO@) S0 -9 (o))

<—-2logT3(x +1)

1
<2xlogA - o (3x2 +3x+ 2yx3) —(x-1)logGx +1)

x4 / 1 ’
+ 55 () + S a0 -y ) )
Reversing the above inequality by changing the sign and keeping the logarithmic compo-
nents together in each part of the inequality give the required result. O

For the purpose of graphical illustration given below, we denote I's(1 + x) as y(x) and Ly,
Ls respectively as the lower bounds of Theorem 2 and Theorem 3 and U, Us, respectively,

as the upper bounds of Theorem 2 and Theorem 3.
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Figure 1 Comparison of upper bounds between &)
(7) and (10).

Figure 2 Comparison of lower bounds between

(7) and (10).

Figure 3 Comparison of upper bounds between y()

(1) and (10). S
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Remark 1 From the graphical illustrations we observe that:

(i) Although Theorem 2 is valid only for x > 1, the upper bound in Theorem 2 is better
than the upper bound in Theorem 3 for x > 1. However, the lower bound given in
Theorem 3 is better than the lower bound of Theorem 2. Figure 1 and Figure 2
support the claim.

(ii) It can be noted that the upper bound U3 in Theorem 3 is sharper than the upper
bound U; in (1). Figure 3 supports the claim.

These observations lead to the problem of improving the lower bound for I's, in compar-
ison with (1), so that it can supplement Theorem 2. This can be obtained by establishing
the logarithmic convexity of G(x + 1) for x > 0, which requires a different approach. Oth-
erwise, an improved bound for (11) can also suffice the requirement.

3 Inequalities for the ratio of triple gamma functions

Similar to the di-gamma function W (x) = ?,((;c)), let Wy (x) := 11:223 and W3(x) :=

denote the di-double gamma and di-triple gamma function, respectively.

T3()
I'3(x

3
2w >0
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In this section, some inequalities for the ratio of the double gamma functions and the
triple gamma functions are obtained with the help of the series representation of di-double
gamma and di-triple gamma function. For this purpose, techniques given in [21] will be
utilized.

First we establish some new inequalities for W;(x) and W3(x). Taking the logarithmic
derivative of the double gamma function and triple gamma function, respectively, the fol-

lowing result is immediate.

Lemma 1 For all x > 0 one has the series representation

(i)

1o 2 1
Vo) = o (1-log2m) + (1 + )~ = (v~ 1) kZO:(k+1)(k+x)' (12)

(i)

Ws(x) = _(x—1)2 (y + n_z + §> + (-1 (y +log(2m) + %)

2 6 2 2

3 log(2m) (x-1)7° & k+2

- — —logA . 13
+<8 4 8 >+ 2 kXZO:(k+1)2(k+x) (13)

Lemma 2 Let o and B be two positive real numbers such that a > B, then:
(i) forallx € [0,1],

Wy (o + Bx) < Wo(B + ax),

Ws(a + Bx) > W3(B + ax),
(il) forallx>1,

Uy (a + Bx) = Wy (B + ax),

Ws(a + Bx) < W3(B + ax).

Proof Tt is enough to prove for W3, as the result for W, will follow in a similar fashion.
Letx >0,y >0, and x > y, then

W3 (x) — W3 (y)
2
:_(y+%+§ x—;Jl)[Z—(x )]+( _y)<y+log(2n)+—>
I k+2 [(x-1° (y-1)?
+Ek§(k+1)2 B }

(
EEat s
(
|

I k+2
+§k§(k+1)2 (k+x)(k+y)
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where
A, y,k) = k[(6® = 9°) = 3(x* = %) + 3(x = )] + [xy(x? = %) = Bxy(x — ) — (x = p)].

So Wy(x) > Wa(y).
Since o + Bx > 0, B + ax > 0, it can be verified that, for x € [0,1], « > B > 0, we obtain
o + Bx > B + ax, which implies W3(x + Bx) > W3(B + o).
Again,x>1=>a+px<B+axfora>p>0.
Therefore, V3 (o + Bx) < W3(B + ax). O

Alternative proof of Lemma 2 Clearly, x € [0,1], ¢, >0 =« + Bx >0, 8 + ax > 0. Then
by (13), we obtain

Ws(a + Bx) — W3(B + ax)

(1-x)

(- p)
2

n? 3 5
:—<y+?+5)(ot—,3)[(a+/3)—(a+ﬁ)x +2x—2]+

1 1o k+2 [(@+Bx-17° (B+ax—1)>
x()/+log(2n)+5>+5k2=0:(k+l)2[ ]

kta+px  k+ptax
:_<y+%2+%)(a—ﬂ)[(a+ﬁ)—(a+ﬁ)x2+2x—2]+(a;ﬂ)(l—x)
X(V’Llog(z”)*%)*%g(/fjfy (k+af(,(3xa’c)ﬁ(}(k;x;;+ax)zo’
where
Aler, B,k )

= —x*(o? = B*)ap + 2°[3aBlo - B) — (a* = B*) —k(o® - B7)]
+x%[3(c® = B%) — 6Bl - B) + 3(c® - B%) + 3k(or — B*) - 3karB(a - B)]
+x[(a* - B*) = 3(c® - B°) +3(c® = B*) = (@ = B) + 6aB(e — B)
+3kaB(o - B) — k(e — B)] + [(« = B) = 3aB(e — B) + B (c® - B?)
+3k(a - B) - k(o = %) + k(e® - B?)]. 0
Lemma 3 Let «, f, p, and q be positive real numbers. Further suppose that Bp — aq and
W3 (« + Bx) have the same sign. If for 0 <x <1,a > B, and forx > 1, a < . Then

Bp¥s(a + Bx) —agqW¥3(B + ax) > 0.

Proof We only prove the case where x € [0,1], @ > B, Bp — ag > 0, and ¥3(8 + ax) > 0.
Then by part (i) of Lemma 2, it is clear that Ws(« + Bx) is also positive. Since Bp > ag,

using Lemma 2, we have
Bp¥s(a + Bx) > aqWs(a + Bx) > aqW¥3(B + ax),

which establishes the result. O
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Theorem 4 Define g : [0, 00) — (0,00) by

_ Dslo + Bx)?

E0) = B ame

wherea > B >0,p >0, g >0 such that Bp > aq > 0 and Vs(B + ax) > 0, then the following
are true:
(i) g(x) is increasingon 0 <x <1and

(i)

[g(a)? - T3(a + Bx)? - I’g((x+ﬂ)1’, 0 <
[3(8)7 ~ I's(B +ax)? — T's(a+ B)? -

Proof Let h(x) =logg(x). Then

h(x) = plog Mo + Bx) — qlog '3(B + ax)

3(a + Bx) L (B +ax)
s+ pn) T +aw)

= BpVs(a + Bx) — aqWs(B + ax).

r
= W@ =ppg

By part (i) of Lemma 3, we get /4'(x) > 0, which implies /(x) is increasing on 0 < x < 1.
This indicates that g(x) is increasingon 0 <x < 1.
So for x € [0,1] we have g(0) < g(x) <g(1) or

Ia(ar)? - T3 + Bx)? - Ia(a + B)
T3(8)7 ~ I'3(B +ax)? ~ Tzl + B

The following theorem is immediate. We omit the proof.
Theorem 5 Define f : [0,00) — (0, 00) by

B Fg(()l + ﬁx)p

)= T3(B +ax)?’

where a, 8,p,q > 0. Further suppose that B — «, Bp — aq, and V3(B + ax) have the same
sign. Then for all x > 0, f is an increasing function.

Along similar lines, with the help of Lemma 2, the inequalities for the ratio of the dou-
ble gamma function can be obtained. For the sake of brevity we provide only one result

without proof.
Theorem 6 Define f : [0,00) — (0,00) by

_ Daa + )P

=y

wherea > > 0,p >0, g > 0 such that Bp > aq > 0 and V,(B + ax) < 0. Then the following
are true:

(i) f(x) is decreasingon 0 <x <1 and
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(ii)

Ty(a)? - o + Bx)? - Co(a + B <x<l
o(B)1 ~ TMa(B+ax)? ~ Tala+ B~ — =

Remark 2 Unlike Theorem 5, information about the monotonicity of f(x) in Theorem 6
for x > 1 is not explicitly clear. However, further analysis of the monotonicity of f(x) in
both Theorem 5 and Theorem 6 is expected to provide interesting consequences.
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