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1 Introduction and statement of the main results
For the basic probabilistic concepts and results, we refer the reader to any standard work
on probability theory such as [1].

Let S be a Polish space, that is, a separable completely metrizable topological space, and
P(S) the collection of Borel probability measures on S, equipped with the weak topology
7,, that is, the weakest topology for which each map

P(S)—)R:Pi—)/fdP

with bounded and continuous f : S — R is continuous. The space P(S) is known to be
Polish.

We call a collection I' C P(S) uniformly tight iff for each € > 0, there exists a compact
set K C Ssuchthat P(S\ K) <eforallPeT.

The following celebrated result interrelates the t,,-relative compactness with uniform
tightness.

Theorem 1.1 (Prokhorov) A collection I' C P(S) is t,-relatively compact if and only if it
is uniformly tight.
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Fix N € Ny and let C be the space of continuous maps x of the compact interval [0,1]
into Euclidean N-space R equipped with the uniform topology .., that is, the topology
derived from the uniform norm

4]l = sup |a(2)
te[0,1]

)

where | - | stands for the Euclidean norm. The space C is also known to be Polish.

Recall that a set X C C is said to be uniformly bounded iff there exists a constant M > 0
such that |x(¢)| < M for allx € X and ¢ € [0,1], and uniformly equicontinuous iff for each
€ > 0, there exists § > 0 such that |x(s) —x(¢)| < € forallx € X and s, ¢ € [0,1] with |[s—£] < 4.

In this setting, the following theorem is a classical result [2].

Theorem 1.2 (Arzela-Ascoli) A collection X C C is too-relatively compact if and only if it
is uniformly bounded and uniformly equicontinuous.

Let Q = (2, F,P) be a fixed probability space. Throughout, a continuous stochastic pro-
cess (c.s.p.) is a Borel-measurable map of Q2 into C, and we consider on the set of c.s.p.s
the weak topology 1, that is, the topology with open sets {¢ c.s.p. | P; € G}, where P is
the probability distribution of &, and G is a t,,-open set in P(C).

A collection E of c.s.p.s is said to be stochastically uniformly bounded iff for each € > 0,
there exists M > 0 such that P(||§ || > M) < € for all £ € E, and stochastically uniformly
equicontinuous iff for all €, €” > 0, there exists § > 0 such that P(sup;_, s 15 (s) =& (¢)] > €) <
€ for all £ € E, the supremum taken over all s, € [0,1] for which |s — £| < 8.

It is not hard to see that combining Theorem 1.1 and Theorem 1.2 yields the follow-
ing stochastic version of Theorem 1.2, which plays a crucial role in the development of
functional central limit theory.

Theorem 1.3 (Stochastic Arzela-Ascoli) A collection E of c.s.p.s is t,-relatively compact
if and only if it is stochastically uniformly bounded and stochastically uniformly equicon-
tinuous.

In a complete metric space (X, d), the Hausdorff measure of noncompactness of a set
A C X [3, 4] is given by

unq(A) = infsup inf d(x, y),
F xcA yEF

the first infimum running through all finite sets F C X. It is well known that A is d-bounded
if and only if puy4(A) < 00, and d-relatively compact if and only if pp;4(A) = 0.

Fix a complete metric d metrizing the topology of the Polish space S. The Prokhorov
distance with parameter A € R} between probability measures P, Q € P(S) [5] is defined
as the infimum of all numbers o € R such that

P(A) < Q(A%) +a
for all Borel sets A C S, where

A© = {x es | inf d(a,x) < e}.
acA
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This distance is denoted by p; (P, Q). It defines a complete metric on P(S) and induces the
weak topology t,,. It is also known that p,, < p,, if A; > A, and that

sup (P, Q) = sgp}P(A) -QA)

reR

)

the supremum being taken over all Borel sets A C S.

For a collection I' C P(S), we define the measure of nonuniform tightness as

Hut(T") = sup infsupP(S\ UB(y,e)),

e>0 Y per yeY
where the infimum runs through all finite sets Y C S, and
B(y,e) = {x €S |dy,x) < e}.

It is clear that py(I") = 0 if I is uniformly tight. The converse holds as well. Indeed, sup-
pose that uy(I") = 0 and fix € > 0. Then, for each n € Ny, choose a finite set ¥,, C S such
that

P<s\ U B(y,l/n)) <ef2"

€Yy

forall P eI'. Put

k=) UBwin

neNg yeYy

with B*(y,1/n) the closure of B(y,1/n). Then K is a compact set such that P(S \ K) < ¢ for
all P € I'. We conclude that I" is uniformly tight. The measure 1, is slightly weaker than
the weak measure of tightness studied in [6].

By the previous considerations we know that a set I’ C P(S) is t,,-relatively compact
if and only if pp ,, (I') = 0 for each A € R, and uniformly tight if and only if 11.(I") = 0.
Therefore, Theorem 1.4, our first main result, which provides a quantitative relation be-
tween the numbers pup ,, (I') and py(I"), is a strict generalization of Theorem 1.1. The
proof is given in Section 2.

Theorem 1.4 (Quantitative Prokhorov) For a collection T" C P(S),

sup MH,p)L(F) = /‘Lut(r)~
reR

From now on, we consider on the space C the uniform metric derived from the uniform
norm, and for a set X C C, we let o (X) stand for the Hausdorff measure of noncom-

pactness; more precisely,

00 X =1 f i f - [o'e})
MH,00(X) ind :g)gylgfllx Wl
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the infimum taken over all finite sets F C C. Clearly, X" is to-relatively compact if and
only if ppe0(X) = 0.
The measure of nonuniform equicontinuity of X C C is defined by

Huec(X) =infsup sup ’x s) —x(2)|,
8>0 ye X |s—t|<5

the second supremum running through all 5,¢ € [0,1] with |s — £| < 5. We readily see that
X is uniformly equicontinuous if and only if pye.(X) = 0. In [3], it was shown that piye is
a measure of noncompactness on the space C (Theorem 11.2).

Theorem 1.5, our second main result, entails that the measures jtjj and fiyec are Lip-
schitz equivalent on the collection of uniformly bounded subsets of C, and thus it strictly
generalizes Theorem 1.2. The proof, which hinges upon a classical result of Jung on the

Chebyshev radius, is given in Section 3.

Theorem 1.5 (Quantitative Arzela-Ascoli) For X CC,

1
E/“Luec(X) E MH,OO(X)'

Suppose, in addition, that X is uniformly bounded. Then

1/2
uec X .
2N+2) Huec(Y)

MHe0(X) < (
In particular, if N =1, then

MH,00(X) = /‘Luec(X)
and, regardless of N,

MH,OO(X) = ?Huec("y)-

We transport the parameterized Prokhorov metric from P(C) to the collection of c.s.p.s

via their probability distributions. Thus, for c.s.p.s & and 7,

IO)»(%-’ T]) = pA(P§¢Pn)~

Note thata set of c.s.p.s E is 7,,-relatively compact if and only if i1y, (E) = 0 for all A € R§.

For a set of c.s.p.s E, the measure of nonstochastic uniform boundedness is given by

Msub(E) = Mmf sup P([I£ oo > M),

Ry teE

and the measure of nonstochastic uniform equicontinuity by

e B) = supinfsupP( sup [€65) - (0] = €),

>0 >0 gcqm |s—t|<8
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where the third supremum is taken over all s, ¢ € [0,1] with |s—#| < 8. Itis easily seen that E
is stochastically uniformly bounded if and only if 4 (E) = 0, and stochastically uniformly
equicontinuous if and only if (tsuec(E) = 0. The measure ptguec was studied in [6].

In Section 4, we prove that combining Theorem 1.4 and Theorem 1.5 leads to Theo-
rem 1.6, our third main result, which gives upper and lower bounds for SUD; ey [H,p; in
terms of pgup and psyec. Theorem 1.6 strictly generalizes Theorem 1.3.

Theorem 1.6 (Quantitative stochastic Arzela-Ascoli) Let E be a collection of c.s.p.s. Then

max{ﬂsub(a);ﬂsuec(a)} =< sup HH,pA(E) < usa(8) + Msuec(E)-
1eRY

In particular, if E is stochastically uniformly bounded, then

sup MH,p)L(E) = Msuec(E):
reR

and, if E is stochastically uniformly equicontinuous, then

sup :U'H,,o;b(a) = [sub(E).
reR]

2 Proof of Theorem 1.4
For a collection I" C P(S), put

pr = sup pp,, ()
AERS

and
tr = pue(D).
We first show that
pr =tr

with an argument that essentially refines the first part of the proof of Theorem 4.9 in [6].
Fix A e R{, € > 0, and choose pairwise disjoint Borel sets

A,..., A, CS

with diameters less than Ae such that

VPeT: P(S\ CJAl) <t +e/2.

i=1

Then, for each i € {1,...,n}, pick x; € A;, and, assuming without loss of generality that
S\ UL, A; is nonempty, x,,,1 € S\ U, A;. Finally, fix m € Ny such that

nim<e¢el2,
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and let @ be a finite collection of Borel probability measures on S of the form

n+l

Q=) (kilm)sy,
i=1

where the k; range in {0, ..., m} so that

n+l

E ki =m,
i=1

and 8, stands for the Dirac probability measure putting all its mass on x;.
We now claim that

VPeTl,3Qe ®: p,(P,Q) <tr +¢,

which finishes the proof of the desired inequality.
To prove the claim, take P € I' and construct

n+l

Q=) (kilm)s,,

i=1

in @ such that
P(A) <ki/m+1/m

forall i € {1,...,n}. For a Borel set A C S, let I stand for the set of those i € {1,...,n} for
which A; N A is nonempty. Then we derive from the calculation

P(A) < P(UA,») +p(s\ QA,)

iel

< ZP(Ai) +ir+€/2

iel

< Z(ki/m +1/m) +tr +€/2

iel

< Q(UAl) +n/m+tr+€/2
iel
< Q(A(’Wr“))) +ir+€
that

p.(P,Q) <tr +¢,

establishing the claim.
We now show that

ir <pr.
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Fix €,€’ > 0. Choose A € R} such that
Mpr +€'12) <e/2

and take a finite collection ® C P(S) such that, for each P € I', there exists Q € ® for
which

pA(P; Q) S I’LH,p)L(F) + 6//2 Spl‘ + E//2.

The collection & being finite, we can pick a finite set ¥ C S such that

YQe &: Q(S\ UB(y,e/2)> <€/

yeY

We claim that

VP eTl: P(S\ UB(y,e)) <pr+é,

yeY

proving the desired inequality.
To establish the claim, take P € T, and let Q be a probability measure in ® such that

p:(P,Q) < pr +€'/2.

Then

p<s\ UB(y,e))

yey

(Mpr+€'/2))
§Q<<S\UB(y,e)) ) +pr+€/2

yeYy

Q<<S \ UB@,e))(élz)) pre2

<
yeY
< Q<s\ UB(y,e/Z)) +pr+€/2
yeY

<pr+€,
which finishes the proof of the claim.
3 Proof of Theorem 1.5
Before writing down the proof of Theorem 1.5, we give the required preparation.

For a bounded set A C RY, its diameter is given by

diam(A) = sup |x —y|,
x,y€A
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and the Chebyshev radius by

r(A) = inf sup|x —y|.
xRN yeq

It is well known that, for each bounded set A C RV, there exists a unique x4 € RN such
that

sup |x4 — y| = r(A).
yeA

The point x4 is called the Chebyshev center of A. A good exposition of the previous notions
in a general normed vector space can be found in [7], Section 33.

Theorem 3.1 provides a relation between the diameter and the Chebyshev radius of a
bounded set in RN, A beautiful proof can be found in [8]. For extensions of the result, we
refer to [9-11], and [12].

Theorem 3.1 (Jung) Let A C RN be a bounded set. Then

1 N 172
—diam(A4) <r(4) < | —— diam(A).
2 2N +2

We need two additional simple lemmas on linear interpolation.
Forcy e RN andr e R, we denote by B*(cy, r) the closed ball with center ¢y and radius r.

Lemma 3.2 Cousider ci,¢c; € RN and r € R{, and assume that
B*(c1,r)NB*(cy, 1) £ 9.

Let L be the RN -valued map on the compact interval [a, B] defined by

B—t t-a
1+

L(t) = ﬂ—ac 5 a

Co.
Then, for all t € (o, B] and y € B*(c1,r) N B*(ca, 1),
L&) ~y| <r.

Proof The calculation

1O -] = | g @0+ 5= =)
< §:a|c1—y|+ 5 gl
< 'B_tr+ t—oer

B-a B-«
=r

proves the lemma. d
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Lemma 3.3 Consider ci, ¢, 1,72 € RN and € > 0, and suppose that
len -l <e

and
lea —yal <.

Let L and M be the RN -valued maps on the compact interval (o, 8] defined by

and

Bt t-«
+
ﬂ—ayl

M(t) =
Then

IL - Mo < €.
Proof It is analogous to the proof of Lemma 3.2. O

Proof of Theorem 1.5 We first prove that

1
Eﬂuec(X) = MH,OO(X)'

Let o > 0 be such that uy o (X) < @. Then there exists a finite set F C C such that, for
all x € X, there exists y € F for which |y — x||oc < . Take € > 0. Since F is uniformly
equicontinuous, there exists § > 0 such that

Vye F,Vs,t €[0,1]: |s—¢t|<d = |y(s)—y(t)‘§e. (1)
Now, for x € X, choose y € F such that

Y — %l <a. (2)
Then, for s, t € [0,1] with |s — £| < §, we have, by (1) and (2),

|x(s) — x(2)| < |x(s) = y(s)| + |y(s) = ¥(®)| + |p(8) —%(t)| <2t + ¢,

which, by the arbitrariness of €, reveals that fye.(X) < 2¢, and thus, by the arbitrariness

of a, we have the inequality

1
Eﬂuec(X) =< MH,OO(X)‘
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Next, assume that X’ C C is uniformly bounded. We show that

N
2N +2

1/2
/-'LH,OO(X) < ( ) Muec(X)'

Fix € > 0. Then, X’ being uniformly bounded, we can take a constant M > 0 such that
Vxe X,Vte[0,1]:  |x(8)] <M. 3)

Pick a finite set Y C RY for which

Vze B*(0,3M),IyeY: |y—z| <e. (4)
Now let
0<a<2M (5)

be such that pye.(X) < ¢, that is, there exists § > 0 such that

Vxe X,Vs,t €[0,1]: [s—t|<d = ’x(s)—x(t)|§a. (6)
Then choose points

O=ty<ti< - <ty <ty =1,

put

10 = [01 tZ[;
[k :]tzk—1’t2k+2[ ifke {1,...,1’1 - 1};

In = ]th—lv 1]:
and assume that we have made this choice such that
Vk €{0,...,n}: diam(l) < 8. (7)

Furthermore, for each (yo, ..., ¥2u+1) € Y*"2,let Liy,,...y,..1) be the RN -valued map on [0, 1]

defined by
H-t t—t, i
tll_toyo + ﬁyl lft S [tOy tl];
.
L P AT bt if ¢ € [t trsn]
(G 2n+l)( ) - tk+l_tkyk + tk+l“£/<'yk+1 ' & o berl
co
tons1—t =t i
:zjffl—tz,.yh + t2n+13};2ny271+1 if ¢ € [tan, tann],
and put

F = {LU’O ..... Yonil) | (y0:~~~yy2n+l) S Y2n+2}.
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Then F is a finite subset of C. Now fix x € X and let ¢, stand for the Chebyshev center
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Theorem 3.1,

Vk € {0,...,n}:

sup|ex —x(0)| <
tel

(

N 1/2
IN + 2) *

Let x be the RN -valued map on [0,1] defined by

Cx,0 if £ € [to, 11,
-t -t .
tzz—tl Cx0 + tz—tll Cx,l ift e [h, 5],
Cx,1 if £ € [t2, 83,
ta—t -t .
—t:—tg Cx1 + —t4—?3 Cx2 ifte [tg, t4],
ce
b=t t—tor_1 .
_ if _
Tor—tog 3 Cok1 t Ty Cxk t € [ta-1, k],
x(t) =3 Cxk ifte [tZk) t2k+1]7
t: —t t—t: .
2he X, 2ksl Cxk+1 ifte [t2k+lr t2k+2],

vey

Lok+2~t2k+1

bok2~t2k+1

topa—t t—tp-3 :
ton—2—tom—3 x,n—2 ton—2—tom—3 Cx,n-1 ifte [t2n—3: th—Z];
Cxn-1 if t € [fan-2, t2n1],
ton—t t—tou—1 .
ton—tan-1 Cxn-1t+ bop—top_1 M ifte [t2n—1: th]r
Cx,n ifte [th) t2n+1]-

8)

Then (8) and Lemma 3.2 yield that

N 1/2
1% — %[l oo < a. 9)
N +2

Also, it easily follows from (3), (5), and (9) that ||X||c < 3M, and thus (4) allows us to
choose (yo, ..., Y2us1) € Y22 such that

Vke{0,....2n+1}: |y —x(t)| <e. (10)
Combining (10) and Lemma 3.3 reveals that
”L(yO ~~~~~ Y2n+1) _56”00 <E€. (]-1)

Thus, we have found Ly,...5,,,;) in F for which, by (9) and (11),

N \12
1L yo.y2nsr) = %o < (2N+2> o+,

which, by the arbitrariness of €, entails that pp . (F) < (%)” 2w, and thus, by the arbi-

trariness of «, the inequality

N
2N +2

1/2
MH,OO(X) < ( ) Muec(X)

is established. O
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4 Proof of Theorem 1.6
We transport the measure of nonuniform tightness from P(C) to the collection of c.s.p.s
via their probability distributions. Thus, for a set E of c.s.p.s,

Uu(B) = supinfsup[P’(S ¢ UBoo(y,e)>,

0 F E€cE yeF
where the infimum is taken over all finite sets 7 C C, and
Boo(y,€) = {x €C|lly—xlloo < 6}~

Before giving the proof of Theorem 1.6, we state three lemmas, which are easily seen to
follow from the definitions.

Lemma 4.1 Let E be a collection of c.s.p.s, and a € R{. Then the following assertions are
equivalent.

1) pu(E) <a.

(2) Foreach € >0, there exists a uniformly bounded set X C C such that

(@) MHoo(X) <€,
(b) V& € B:P(£ ¢ X) <a.

Lemma 4.2 Let E be a collection of c.s.p.s, and o € R. Then the following assertions are
equivalent.

1) sub(E) <ar.
(2) There exists a uniformly bounded set X C C such that

VEcE: PE¢X)<a

Lemma 4.3 Let E be a collection of c.s.p.s, and o € R. Then the following assertions are
equivalent.

(1) Ksuec(E) <.

(2) Foreach € > 0, there exists a set X C C such that
(@) Huec(X) <€,
(b) VE€CE:PE ¢ X)<a.

Proof of Theorem 1.6 Let E be a collection of c.s.p.s. By Theorem 1.4,

sup Un(8) = pur(E),
reRY

whence it suffices to show that

maX{Msub(E)¢ Msuec(E)} = /‘Lut(E) =< Msub(E) + /’Lsuec(E)'

We first establish that

Hut(B) < tsub(EB) + tonec(E).
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Fix € > 0 and «, 8 € R} such that
Msub(E) <o
and
suec(E) < B.
By Lemma 4.2 there exists a uniformly bounded set ) C C such that
VEecB: PE¢))<a,

and by Lemma 4.3 there exists a set Z C C such that

N -1/2
e Z) < (2N+ 2) c 12)

and

Put
X=YNZ.

Then & is uniformly bounded. Also, by Theorem 1.5 and (12),

N 1/2 N 1/2
X) < wec(X) < wec(Z ,
/‘LH,oo( )_(2N+2) Muec( )_<2N+2> Muec(Z) < €

and, for & € B,
PEeX)<PE¢V)+PE¢Z)<a+p.
We conclude from Lemma 4.1 that
put(E) <o + B,

from which the desired inequality follows.

Next, we prove that
maX{Msub(E)y Msuec(E)} < tu(E).
Fix € > 0 and « € R such that

Hue(B) < a.
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By Lemma 4.1 there exists a uniformly bounded set & C C such that

MHo0(X) < €/2 (13)

and

VeEeB: Pl ¢X)<a.

We conclude from Lemma 4.2 that

Msub(E) <a.

Moreover, by Theorem 1.5 and (13),

Muec(X) =< 2MH,m(X) <E€,

and Lemma 4.3 allows us to infer that

Msuec(B) < a,

which finishes the proof of the desired inequality. g

5 Conclusions

In this work, we have quantified the Prokhorov theorem by establishing an explicit formula
for the Hausdorff measure of noncompactness (HMNC) for the parameterized Prokhorov
metric on the set of Borel probability measures on a Polish space (Theorem 1.4). Further-
more, we have quantified the Arzela-Ascoli theorem by obtaining upper and lower esti-
mates for the HMNC for the uniform norm on the space of continuous maps of a com-
pact interval into Euclidean N-space, using the Jung theorem on the Chebyshev radius
(Theorem 1.5). Finally, we have combined the obtained results to quantify the stochastic
Arzela-Ascoli theorem by providing upper and lower estimates for the HMNC for the pa-
rameterized Prokhorov metric on the set of multivariate continuous stochastic processes
(Theorem 1.6). This work fits nicely in the research initiated in [6], the aim of which is to
systematically study quantitative measures, such as the HMNC, in the realm of probability
theory.
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