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1 Introduction

Let IT* be the upper half of the complex plane, thatis, I[1* := {z € C: Imz > 0}, and let S(IT*)
be the set of all holomorphic self-maps of IT*. For ¢ € S(IT*), the composition operator
C, is defined by

C«pf =fogp

for functions f holomorphic on IT*. It is clear that C, maps the space of holomorphic
functions on IT* into itself. Our purpose in this paper is to study composition operators

acting on the weighted Bergman spaces over I1*. For « > -1, let

dA,(z) := ¢y (Im2)* dA(2),

2%(a+1)
b g

Bergman space A2(I1*) consists of holomorphic functions f on IT* such that the norm

where ¢, = isanormalizing constant and A is the area measure on I1*. The weighted

i={ [ ef aae)
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is finite. It is well known that A%(IT*) is a Hilbert space with the inner product

{f.g) = H+f (2)g(2) dA,,

for f,g € AZ(IT").

An extensive study on the theory of composition operators has been established dur-
ing the past four decades on various settings. We refer to [2—4] for various aspects on
the theory of composition operators acting on holomorphic function spaces. With the ba-
sic questions such as boundedness and compactness settled on some symmetric regions
[2], it is natural to look at the topological structure of the composition operators under
the operator norm topology, and this topic is one of continuing interests in the theory of
composition operators. Berkson [5] focused attention on topological structure with his
isolation results on H?(D), where D is the unit disk of the complex plane, and 0 < p < co.
Especially, we mention that Choe-Hosokawa-Koo [6] studied the topological structure of
the space of all composition operators under the Hilbert-Schmidt norm topology and gave
a characterization of components and some sufficient conditions for isolation or noniso-
lation. In relation to the study of the topological structure, the difference or the linear sum
of composition operators in various settings has been a very active topic [7-9].

Recently, composition operators on upper half-plane have received more attention; for
instance, refer to [10—12]. Especially, Elliott and Wynn [13] characterized bounded com-
position operators and showed that there is no compact composition operator on A2 (IT*).
Choe-Koo-Smith [1] studied the bounded and compact difference of composition opera-
tors on A2 (IT*). They also obtained conditions under which the difference of composition
operators is Hilbert-Schmidt.

In this paper, we proceed along this line to give a sufficient condition when the compo-
sition operators C, and Cy, are in the same path component under the operator norm
topology. Moreover, we show that the cancellation of double difference cannot occur
on A2(IT*). More precisely, for distinct and bounded C,,, C,,, and C,,, the difference
(Cyy = Cyy) — (Cyy — Cyy) is compact on A2(IT*) if and only if both C,, — C,, and C,, — C,,
are compact. We also study the linear sum of composition operators induced by some
special classes of holomorphic self-maps. In addition, we prove the strong continuity of
composition operators semigroups induced by one-parameter semigroups of holomor-
phic self-maps of IT*. Due to the unboundedness of the domain, some special techniques
are needed.

In Section 2, we recall some basic facts to be used in later sections. In Section 3.1, we
prove our sufficient condition for the path component of composition operators. In Sec-
tion 3.2, we prove that there is no cancellation property for the compactness of double
difference of composition operators. The continuity of composition operators semigroup
is proved in Section 3.3.

In the rest of the paper, C will denote a positive constant, the exact value of which will
vary from one appearance to the next. We use the notation X <Y or Y 2 X for nonneg-
ative quantities X and Y to mean X < CY for some inessential constant C > 0. Similarly,
we say that X ~ Y if both X S Y and Y < X hold.

2 Preliminaries
In this section, we give some notation and well-known results on A2 (IT*). Recall that for a
Hilbert space X, abounded linear operator 7' : X — X is said to be compactif 7" maps every
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bounded set into a relatively compact set. Due to the metric topology of X, T is compact
if and only if the image of every bounded sequence has a convergent subsequence.
The following lemma gives a convenient compact criterion for a linear combination of

composition operators acting on A2 (IT*).

Lemma 2.1 Let T be a linear combination of composition operators and assume that T is
bounded on A2(T1*). Then T is compact on A%(I1*) if and only if Tf,, — 0 in A%(I1*) for any
bounded sequence {f,,} in A%(I1") satisfying f,, — O uniformly on compact subsets of TI*.

A proof can be found in [2], Proposition 3.11, for composition operators on a Hardy space
over the unit disk, and it can be easily modified for composition operators on A2 (IT*).
The pseudo-hyperbolic distance is defined as follows:

o(z,w):= ‘ﬂ‘, z,well".
z-w
Note that ¢ is invariant under dilation and horizontal translation. We know from [1] that
o(z,w) <1, zwell".
Given ¢,y € S(IT*), we put

0(2) = o (p(2), ¥ (2)).

For z € IT* and 0 < § < 1, let E5(z) denote the pseudo-hyperbolic disk centered at z with
radius 8. We may check by an elementary calculation that Es(z) is actually a Euclidean disk
centered at x + i %

We will often use the following submean value type inequality:

y, of radius %y, where x =Rezand y = Imz.

o
(II’II Z)a+2

2| < /E ( )[f(z)|2dA(,(z), zell* 21)

forall f € A%(IT*) and some constant C = C(a, §); see [1] for more details. In particular, we
have

C

2| < WIVIIZ, zeIl* (2.2)

for f € A2(IT*).

Given « > -1, it follows from (2.2) that each point evaluation is a continuous linear
functional on A2(IT*). Thus, for each z € IT*, there exists a unique reproducing kernel
K e A2(IT*) that has the reproducing property

5@ = [ 700K da, o0

for f € A2(IT*). The explicit formula of K*’ is given as
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where i = —1. Notice that

a+2
Ik Vi@ - (o)

2Imz

()
el converges to 0 uniformly on compact sub-

sets of TT* as z — OTI*. Here, Or:=T1' U {oo}, and 9T1* is the boundary of II*. In the

Thus, the normalized reproducing kernel =

sequel, we usually write K, = K,* @ and k, = H o —2— for simplicity.

Before introducing angular derivatives in the half-plane setting, we first clarify the no-
tion of nontangential limits at boundary points of IT*. Of course, those at a finite bound-
ary point refer to the standard notion. Meanwhile, those at oo € dTI* refer to those as-
sociated with nontangential approach regions 2, € > 0, consisting of all z € C such that
Imz > €| Rez|. For a function ¢ : [T* — I1* and x € aTI*, we write @(x) = n (possibly oco) if
¢ has a nontangential limit 7, that is, Zlim,_, , ¢(z) = 1. For a holomorphic self-map v of
D, the angular derivative of ¥ exists at ¢ € aD if there is n € 9D such that a nontangential

fﬂ\ﬁ

limit o exists as a finite complex value as z — ¢. Now we introduce the notion of

angular derlvatlves on IT* via the Caley transformation
+z
y(i)=i——, zeD,
z

which conformally maps D onto IT*. Note that a region I' is contained in a nontangential
approach region in D if and only if y(I') is contained in some nontangential approach
region in IT*.

For ¢ € S(IT*), let

g, =y ogoy. (2.3)

We say that ¢ has finite angular derivative atx € 9T1" if ¢, has a finite angular derivative
at X := y~'(x), where y'(w) = 2=, w e IT*.
The following Julia-Carathéodory theorem for the upper half-plan is proved in [13].

Proposition 2.2 For ¢ € S(I1%), the following statements are equivalent:
(a) @(00) =00, and ¢'(c0) exists;
(b) sup,cp+ Inlw( < 00;
Imz

(c) limsup,_, e < 00
Moreover, the quantities in (b) and (c) are equal to ¢’ (00).

Elliott and Wynn [13] gave the following characterization of bounded composition op-
erators by means of angular derivatives.

Theorem 2.3 Let o > —1 and ¢ € S(I1*). Then C,, is bounded on A2(I1*) if and only if ¢
a+2

has a finite angular derivative ¢'(00) = A € (0,00). Moreover, ||C,|| =

For z € IT*, let 7, be the function on IT* defined by

(W) := L_
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In [1], the authors showed that t{ € A%(IT*) if and only if 25 > & + 2. In this case,

—

- G (2.4)

|=
where C is a constant. Thus, ﬁ — 0 uniformly on compact subsets of I1* as z — aTl*.
z

3 Main results

3.1 Path component of composition operators

In this subsection, we give a sufficient condition for composition operators C, and Cy, to
be in the same path component under the operator norm topology. To this end, we recall
the definition of Hilbert-Schmidt operators on A%(IT*). A bounded linear operator T on
a separable Hilbert H is Hilbert-Schmidt if

o0 o0
2 2 2
ITIRs =Y I TellE = D [(Teyen)n|” < o0
j=1 jim=1

for any (or some) orthonormal basis {e,} of H. As is well known, the value of the sum
above does not depend on the choice of orthonormal basis {e,,} of H, and || T|| < || T ||us-
We know that every Hilbert-Schmidt operator is compact; see [6] for more details. Let
C(A%(I1*)) be the space of all bounded composition operators on A%(IT*) endowed with
norm topology. The following theorem is due to Choe-Koo-Smith [1], Theorem 7.6.

Theorem 3.1 Leta > —1and ¢,y € S(IT*). Then C, — Cy, is Hilbert-Schmidt on A%(I1") if

and only if
1 1 a+2 )
T N dAO( )
fm[lmw(z) ’ Imwz)} 7B L) <00
| 2R)-Y(2)
where o (z) := |w(2)—ﬁ|'

Write C, ~ Cy if C, and Cy, are in the same path component of C(A%(IT*)). For ¢ € [0,1],
we put ¢; = (1 — t)p + t. It is easy to see that ¢, € S(IT*). In order to give a sufficient
condition of path connected of two compositions, we need the following lemma.

Lemma 3.2 Let o > -1 and ¢,y € S(I1*). Assume that C, — Cy is Hilbert-Schmidt on
A2(T1%). Let ¢ = (L — )¢ + tyr for ¢ € [0,1]. Then C,, — C,, is Hilbert-Schmidt on A(TT*)
foranys,t € [0,1].

Proof Since ||Cy, — Cy, llus < |Cy — Cy, llus + |Cy — Cy, s, it is enough to prove that C, —
C,, is Hilbert-Schmidt on A2(IT*) for every ¢ € [0,1].
Fix t € [0,1] and put 0:(2) := 0 (¢(2), 9:(2)). Then

‘w(z) @(2)

9(2) - p:(2)

_ ’(p(Z) - [A-1)e(2) + t¥(2)] ‘
)

¢(2) = [1 - D)e(2) + tr(2)]

oy(z) =
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_ to(z) — ¥ (2))
0(2) - Y (2) - [1-elz) - 1 -1)Y(2)]

to(z)
< —0-100 <o(2) (3.1)

forallz e IT*.
Now, note that ﬁ < ﬁ + ﬁ for any £ on the line segment connecting z and w. Thus,

we have

1 1 1

Im ¢,(2) = Ime(z) * Imy(2) (3.2)

for all 0 <¢ <1.By(3.1) and (3.2) we have

Gtz(z) 1 1 o+2 )
— Lt dA, < dA, (2).
/1"[+ (Im (pt(z))oz+2 A (Z) ~ /1:“ (Im(p(z) + Im I/I(Z)> o (Z) A (Z)

Similarly,

ﬂ < ( 1 1 )a+2 ,
/1‘-1+ (Imw(z))a+2 dAa(Z) ~ /]‘[+ Imgo(z) + 71“]1[/(2) o (Z) dAa(z),

So, we conclude by Theorem 3.1 that C,, — C,, is Hilbert-Schmidt on A2 (IT*). O

Now, we give our first main result on sufficient conditions of path connected.

Theorem 3.3 Let o > -1 and ¢,y € S(IT*). Assume that both C, and Cy, are bounded on
A2(1*) and C, — Cy is Hilbert-Schmidt on A2(I1*). Then C, ~ Cy.

Proof Suppose that C, — Cy, is Hilbert-Schmidt on A2(IT"). Since

[Co Il < 11Cy, = Coll + ICy Il < 11Cy, = Cyllns + I1Cyll, £ €10,1],
by Lemma 3.2 we obtain that C,, € C(A%(IT*)). We will show that ¢ € [0,1] — C,, is a
continuous path in C(A2(IT*)). Since [|C,, — Cy, |l < [ICy, — Cy, llns, it is sufficient to prove
that

%I_I)Isl ”th - C(ﬂs ”HS =0.

Given ¢,s € [0,1], t #s, put 0,4(2) = 0 (p:(2), ¢5(2)), t,s € [0,1] and z € [T*. From (3.1) we
have

01,5(2) < 010(2) + 05,0(2) < 20(2). (3.3)

From [1], Theorem 7.5, we know that

1 1 a+2
Cy, — Cyillfis 2 (2) dA,(2).
1 =Coths~ [ | o ] 409
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Put

1 1 a+2
D, 4(2) = + 2(z), zell*
o) (Imsot(z) Imws(z)) %)

for short. By (3.2) and (3.3) we have

1 1
Img(z) ' Imy(2)

oa+2
Dui(2) S ( > 0X(z) = Po1(2), zell'.

Since C, — Cy, is a Hilbert-Schmidt operator, ®(; is integrable by Theorem 3.1. Again
0:5(z) = 0 in I1* as ¢t — s, and we conclude by the dominated convergence theorem
that

lim | C,, = Cy,lls =0,
which completes the proof. 0

Remark It follows immediately from the theorem above that
+ Given C, € C(A2(IT")), the set N(¢) := {Cy : |C, — Cy |lus < 00} is the a
path-connected set in C(A2(IT*)) containing Cy.
+ The set N(p) is ‘convex’ in the sense that if Cy, € N(¢), then {Cy, }scf01] € N(@).

3.2 Cancellation properties of composition operators
In this subsection, we study cancellation properties of composition operators on A2 (IT*).

The following lemma is cited from [1], Corollary 4.7.

Lemma 3.4 Let a > -1 and ¢, € S(I1*). Assume that both C, and C, are bounded on
A%(T1%). Then C, — Cy, is compact on A%(I1") if and only if

. Imz Imz
Z£%+[m + W]O’(z) =0. (34‘)

Here lim,_, 37+ g(2) = 0 means that supp ¢ [g| — 0 as the compact set K C I1* expands
to the whole of IT* or, equivalently, that g(z) — 0 as Imz — 0" and g(z) — 0 as |z| — oco.
The following theorem shows that there is no cancellation property for the compactness

of double difference of composition operators.

Theorem 3.5 Let o > -1, a,b € C\{0}, and a + b # 0. Assume that ¢; € S(I1*) and ¢; are
distinct for j =1,2,3 and each Cy, is bounded on A%(I1*). Then T := a(Cy, — Cy,) + b(Cyy —
C,,) is compact on A%2(I1*) if and only if both C,, — C,, and C,, — C,, are compact on
AL(ITY).

Proof The sufficiency is trivial, and we only prove the necessity. Assume that T' = a(C,, —
Cy) + b(Cy, — Cy)) is compact. We will get a contradiction if either C,, — C,, or Cy, — Cy,

is not compact. Without loss of generality, we assume that C,, — C,, is not compact. Let

(2)=¢s(2) , .
0;5(2) == |Z;(z)_%| forj,s=1,2,3 and s #}.




Wang and Pang Journal of Inequalities and Applications (2016) 2016:206 Page 8 of 16

Since C,, — C,, is not compact, by (3.4) there are € > 0 and a sequence {z,} C IT* such

that z, — 9I1* (n — o00) and

Imzn Imzn
- 3.5
|:Im(p1(zn) ' Im(p2(zn):|012(zn) >e .

For eachj=1,2,3, since Cy; is bounded on A2(IT*), we have ||C;§1,KZ|| = 1Cy INIK | for any
z € IT*, where CJ is the adjoint of C,;. Due to Co Kz = Ky, this is equivalent to

Imz
Im ;(2)

<C forallzelIl",

where C is some positive constant. Duo to this and the fact 01, < 1, taking a smaller € if

necessary, formula (3.5) gives that

012(2,) 2 € (3.6)
and
I
Mi(z,) = — >
Im@l(zn)
or
Imz,
Ms(z,) = ——— .
) = e ~

Without loss of generality, we assume that M,(z,,) 2 € (the proof for the case M;(z,) 2 €
is similar); thus, Imz, ~ Im@,(z,). For j = 1,2,3, we define g;,(z) := r;‘i(Zn)(z) = L

B (z—gj(zn))k
o i — 7 m _ Pm(zn)—Pm(zn) :
with 2k > o + 2. For m,j =1,2,3, m #}, let x;, = oen oo Notice that
|xm | _ (pm(zn) - (Pm(zn)
" ¢j(zn) — Om (Zn)
_ |on(z) — ¢i(2n) s ©(@n) = Pm(2n)
B (pj(zn) — Om(zn) @j (2n) = Om(zn)
= Oj(2,) +1<2 (3.7)
and
’xm ‘ _ ©m(2n) — Om(zn)
" (/)j(zn) — Om(zn)

@j (zn) - % (zn)

2] (zn) —Pm (Zn)

|:(pm(zn) - (pm(zn)i|
(pj(zn) - @j(zn)

Om(Zn) — Om(2n)
<2— =
(pj(zn) - (pj(zn)
= 23’,‘,”:1~ (3.8)



Wang and Pang Journal of Inequalities and Applications (2016) 2016:206

By (2.4) and M(z,) 2 € we have

82| _ Climg, (z,)]2k-2 _ (im 7,)2k-a-2
leanl — le—paGlt 7 2 pala)lt
Thus,
”gz,n” — 0 uniformly on compact subsets of IT* as n — o0.
LDo.n
By (2.1) we have
2 ” Tg',n ”2 .
| Tgnlzn)|” S j=1,2,3.

~ (Imz,)*+?’

Thus, using the fact that M, (z,) > €, we obtain

o 2 -
1201~ (1 (2)) 22 (1m 2, | T ()
lgo,l
ol a+b(0@) —0@) S b 02(20) - 02(zn) |
2 lal*|1- o /==
a \¢(zy) — ¢2(z4) a\ g3(z,) — @2(z,)
a+b v |b k 2
> 1_ 2 _ 1= 2
~ |: a |x1,n| ‘a‘|x3,n| :|
a+b & b P 2
>11-2 2 ) —20=|(y3 .
219 220" 2| 2|03

Page 9 of 16

(3.9)

(3.10)

Since T is compact, we have 1222l _, 0 (51 — 00). Therefore, at least one of 91, and 3,

g2, ll
does not converge to 0.

Suppose yi, — 0 but y3, - 0. Then @ > C 5 0 for some subsequence, which

Im g3 (z)

we still denote by {z,}. Since Imz, ~ Im@,(z,), Ms(z,) := Imzy__ ~ ¢ 5 0. Therefore,

Im @3(z,)
Im ¢5(z,,) < Imz,. Similarly to (3.9), we have

g3,n
llgz.nll

— 0 uniformly on compact subsets of [T* as n — oo.

From (3.8) we have

Imz,

~ a2
— XYy,
Imey(z,) "

%3, S92

which implies xin — 0 as n — oo. By (3.10) and M3(z,,) > C we obtain

Igs .l -
””gig' ””2 > (Imgs(2,)) " (tmz,)*"? | Tgs n(2)|
> el @t (sog(zn) —ws(zn)>k . g(ws(zn) - gog(zn)>k ’
b \gi(za)—gs(z) ) b\ @alza) — 93(2)

T . _
1 7g3, I — 0 as 1 — oo. Since ©3(2n)=¢3(2n 3

llgsull 01(zn)-¢3(@n)

Since T is compact, we have

a (gog(zn) —gos(zn)>k
+-|—————) —0.
b 902(2;1) — @3 (Zn)

=x7, — 0, we have
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Note that this holds for any 2k > & + 2, which implies a + b = 0. This is a contradiction to
the assumption a + b # 0. Therefore, y7,, does not converge to 0.
Taking a subsequence of {z,} if necessary, we have M;(z,) > C > 0, which implies

Im ¢ (z,) < Imz,. Similarly to (3.9), we have

gl,n
g1l

— 0 uniformly on compact subsets of IT" as n — oc.

Notice that

1 _ §01(Zn) _Wl(zn)
! (pj(zn) —¢1 (Zn)

_ 1 (Zn) - ¢ (Zn)
@1(zn) — 1(2,) + @j(2n) — @1(20)

B 1
B j(zn)—¢1(zn)
1+ ¢1(zn)~¢1(2n)
and
$1(2) — 92(24)
01,2 (Zn) = |
@1(zn) — @2(zn)
_|91(z0) = 92(20) || 1(20) — 1(20)
1 (Zn) - ¢ (Zn) 1 (Zn) - (pZ(Zn)
_ (/)l(zn) - (/)2(2;1) 1
= | %3,
®1 (Zn) —¢1 (Zn)
By formula (3.7) we have

|x§n| <2
Therefore, if limsup,_, . |} ,| = 1, then there exists some subsequence {z,,} such that

<P2(an) - (pl(zn[) 0.

(%1 (znl) - ¢ (zn[)

Then 01,3(z,,) — 0, which contradicts (3.6). Hence, we have limsup,,_, ., |x},| S 1. From
(3.10) and the fact that M;(z,) > € we have

Tor,. |1
(1m r(en)) > Teaan)| < L8l
llg1,
Thus, we get
2 —k —\k 2
1Tnl” o | @ <¢1(zn)—<p1(zn)> L0 (‘pl(zn)_(pl(zn)> 4
lguall> ™ [a+b\ py(z,) — g1 (2) a+b\ g3(z,) - p1(zn)
a k b k >
1 1
= -1
u+b(x2’”) * a+b(x3’”)
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for all 2k > o + 2. Then

a 1 Nk b 1 Nk
— (& +——(x -1—0.

a+b(2’”) a+b( )

Since limsup,,_, |x§,n| < 1, we obtain ﬁ —1=0. Namely, = 0, which contradicts our
assumption. Therefore, the compactness of T = a(C,, — C,,) + b(C,; — Cy,) implies that
both C,, — C,, and C,; — C,, are compact. The proof is complete. O

The following theorem involves the lower estimate of the essential norm for a linear sum
of some special composition operators on A2 (IT*). Here the essential norm of an operator
means the distance to the space of compact operators. To state the result, we need to
introduce some notation. For ¢ € S(IT*), if C,, is bounded on A2(IT*), then ¢(00) = oo and
0 < ¢'(00) < 00 by Theorem 2.3. Let

D[, 0] := (p(00),¢'(00)) € {00} x (0,00).
For ¢ > 0, let

R. oo := {z ell":Imz=—-¢ Rez}.

)

Note that R, o, is a nontangential curve having oo as the end point. Let
S(IT)C = {(p € S(l'[*) :Imz > cImg(z) for each z € IT'},

where c is a constant.

The following lemma can be found in [1], Lemma 5.2.

Lemma 3.6 Let ¢, € S(IT*). Assume that C,, Cy, are bounded on A%(IT1*). Then

. : ¢@)-¢@) |1 ifDlp,o0]=Dly, 0],
llm llm —_— = .
£=0% 2~00.2€Re00 (2) — Y (2) 0, otherwise.

Now we give a lower estimate of the essential norm of a linear sum of composition op-
erators induced by symbols in S(IT*),.

Theorem 3.7 Let a > -1 and ¢; € S(I1*),, j = 1,2,...,N. For each j = 1,2,...,N, assume
that C,, is bounded on A%(T1*). Then we have the inequality

2 2

> X 4

e (uv)€{oo}x(0,00) Dlgj,00]=(u,)

N
E a,-C(pj
Jj=1

forany ay,ay,...,ay € C.
Proof Letay,ay,...,an € C. Since C;/,KZ = Kw/.(z), we have

2 2

N N N 2

aC, | = E a;,C*| > lim lim E a,C k| .
Z 79 - 779 £—>0% 2—00,2€R; o || & [t
j=1 e j=1 e j=1
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Meanwhile, we have

Zgﬂ/{( 2Imz >a+2>25' k(‘pj(z) W}(Z))
/ ~ /

¢i(2) - pi(2) I ¢;(2) - pi(2)

N

§ :— *
ajC(pjkz

j=1

Using Lemma 3.6, we have

lim lim

9@ -9 _ {L Dlg;, 00] = Dlgx, o0},
£—0% z—00,2€Rs 00 q)j(z) — (Pk(z)

0, otherwise.
Thus, we obtain

2

> E E]‘ﬂk,

e Dlg;,00]=Dlgy,0]

N

Z 4;Cy

j=1

which is the same as the desired inequality. The proof is complete. d

Asan immediate consequence, we have a necessary coefficient relation for the compact-

ness of linear combination of composition operators.

Corollary 3.8 Let« > -1and ¢; € S(IT*).,j=1,2,...,N. Assume that each Cy is bounded
on A2(I1*) and a; € C. Iij\:[l a;C,, is compact on A%(T1Y), then

Z ﬂj=0,

Dlgj,00]=(uv)
(u,v) € {00} x (0,00).
Especially, we have the following useful corollary.

Corollary 3.9 Let o > -1 and ¢,y € S(IT*).. Assume that C,, C, are bounded on A%(IT*)
and a,b € C\{0}. IfaC, + bCy, is compact on A%(I1*), then the following statements hold:
@) a+b=0;
(b) ¢'(00) = ¥'(00).

3.3 Composition operators induced by a one-parameter semigroup
In the last subsection, we consider the strong continuity of the composition operator semi-
group induced by a one-parameter semigroup of holomorphic self-maps of IT*. We first
recall some definitions and notation.

A one-parameter semigroup of holomorphic self-maps of IT* is a family {¢; };>0 C S(IT*)
satisfying

(1) @o(z) =z forall ze IT*;

(2) @rs5(2) = @ 0 05(2) for all s,£ > 0 and z € IT*;

(3) (t,2) = ¢u(2) is jointly continuous on [0, 00) x IT*.
We know that the continuity of (¢, z) - ¢,(z) on [0, 00) x IT" is equivalent to the continuity
of t — ¢,(z) for each z € IT*. By [14] the holomorphic function G : IT* — C given by
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is the infinitesimal generator of {¢;}, which characterizes {¢;} uniquely and satisfies

0¢(2) _G
ot

(¢e(2)), zel*,t>0.

Let G be the infinitesimal generator of the one-parameter semigroup {(¢;), };>0, where

(pr)y =y topoy,and y(¢) = iif—g, y~H(w) =2, r € D, we I1*. From [14] we also have
> - @)y (¥ (2)
G(((pt)y(y 1(z))) = %, zeIl*, t>0.
From [15] we obtain
~ 2% .
G(y™(2)) = ——=G), zell". (3.11)

(z+i0)?

Assume that {C,, };>0 is the bounded composition operator semigroup on A%(IT*) induced

by the one-parameter semigroup {¢;};>0 C S(IT*). The linear operator A defined by

D(A) = {f € AL(IT") : lim CW‘C w exists},

t—0

and

» feDA),
t=0

af ot Gl =f Gt
t—0 t dat

is the infinitesimal generator of the semigroup {Cy, };>0, where D(A) is the domain of A. If

{Cy, }e>0 satisfies
fm ICf =1 =0, f € AL(TT"),

then we say that {C,, };>¢ is strongly continuous.
The following theorem gives some characterizations about the boundedness of {C,,},
t>0.

Theorem 3.10 Leto > -1, and let {¢,};>0 be a one-parameter semigroup with infinitesimal
generator G, where {¢:}>0 C S(IT*). Then the following are equivalent:

(a) Foreacht >0, C,, is bounded on A%(IT").

(b) Forsomet >0, C,, is bounded on A%(IT").

(c) The nontangential limit § := Zlim,_, @ exists finitely.

Moreover, if one of these assertions holds, then ||Cy, || =e 2 foreacht> 0.

Proof (a) < (b). Since (a) implies (b), we only prove the converse. We now assume that
there exists £y > 0 such that Cyyy 1s bounded on AZ(IT*). Then g¢;,(c0) = 0o, and (pgo(oo)
exists finitely. From [15], Lemma 2.1, we know that ¢,,(c0) = oo if and only if (¢, ), (1) = 1.
From [16], Theorem 5, we know that all members of the semigroup {(¢:), };>0 have com-
mon boundary fixed points, that is, (¢;), (1) = 1 for each ¢ > 0. Then, by [17], Theorem 1,
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we have ((pt);/(l) = (((pto); (1))%. For each ¢ > 0, since

- 1=(p)yw) 1= (), W)+ W]
T T T i (), I = w]

yw o Z
w=1y (@), )W) o gy(2)

we have

(#2);, (1) = ¢;(00). (3.12)

Then we obtain

t

21(00) = (i), ) = (g} (00)) 0,

which implies that ¢}(co) exists finitely. So C,, is bounded on A2(IT*) for each ¢ > 0 by
Theorem 2.3.

(a) & (c). Foreach ¢ > 0, C,, isbounded on A%(IT*) if and only if ¢ (00) = 00, ¢} (00) exists
finitely by Proposition 2.2 and Theorem 2.3. From [15], Lemma 2.1, we have (¢;), (1) = L if
and only if ¢,(00) = 0o. Also, by (3.12), C,, is bounded on A%(11") if and only ifggot)y(l) =1,

((pt);,(l) exists finitely, which is equivalent to the finite existence of Zlim,,_,; Gw)

T-w
by [17], Theorem 1, where G is the infinitesimal generator of the one-parameter semigroup

{(¢t)y}t20~ By (3.11) we have

,weD,

G, 2GLw) . Glw)
T T A G 2w e ) 1
=/ lim @ =/ lim @, (3.13)
z—00 Z + 1 z—>00 7z

which implies (a) < (c).
For each ¢ > 0, if one of the conditions holds, we obtain ¢](c0) = € from (3.12), (3.13),

and [17], Theorem 1, where § = Zlim,,_, o, ?, w e IT*. By Theorem 2.3 we have

(a+2)8t
[Coll =€ 2,

which completes the proof. O

Next, we prove the strong continuity of composition operator semigroups induced by
one-parameter semigroups of holomorphic self-maps of the upper half-plane.

Theorem 3.11 Let o > -1, and let {¢;};>0 C S(IT*) be a one-parameter semigroup on I1*.
Foreacht > 0, assume that C,, is bounded on A2 (I1*). Then {C,, };» is strongly continuous
on AZ(IT").

Proof Due to the denseness of Span{k, : z € I1*} in A%(IT*), it is sufficient to prove

}in(l) ICpk; — k.|l =0, zell".
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By the property of reproducing kernel of A%(IT*) and the Cauchy-Schwarz inequality we

have
@ = (. K" < IFIPIEC. (314)
Because
Cekz = kell* + (| Cpkz + Kel|* = 2(IICpkc|® + (1K 11%),
we have
Corkz = kel < 2(1+ |Cy, II7) = 1Cy ke + k1.
By Theorem 2.3 we have ||C,, ||*> = ¢,(00)**2. Thus, we obtain
ICyke: = el < 2(1+ (#(00)) ") = 1y + K1 (3.15)

Taking f = k, o ¢; + k, in (3.14), we obtain

IK; 0 gu(2) + I 11

Cpk, + k> > 3.16

ICpke + K l> = an (3.16)

Combining (3.15) and (3.16), we obtain
212
”C(ptkz _ kz”2 5 2(1 + ((p;(oo))ll+2) _ |I<Z © (pt(z) +4”[<Z|| |
1K

Since 2(1 + (¢,(00))**?) — 4 and % — 4 as t — 0, we obtain

liII(l) ICyk, — k.|l =0, zeTIl".

t—
The proof is complete. O

As an application, we have the following corollary by using standard arguments as in
[15], Theorem 3.3. We omit its proof to the reader.

Corollary 3.12 Let o > -1, and let {¢;}1>0 C S(I1*) be a one-parameter semigroup on I1*.

Assume that each C,, is bounded on A%(I1"). If G is the infinitesimal generator of {¢;}, then
the infinitesimal generator A of {C,,} has the domain of definition

D(A) = {f e AL(IT") : Gf e AZ(TT")}
and is given by

Af = Gf'.
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4 Conclusion

This paper studied the path component of composition operators spaces and the continu-
ity of composition operator semigroups. In addition, the paper showed that the cancella-
tion of double difference cannot occur in our settings. The results obtained extend some
classical results on the unit disk to the upper half-plane. Due to the unboundedness of the
half-plane, some special new techniques are used to overcome obstacles.
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