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Abstract

Our aim is to prove the boundedness of fractional integral operators on weighted
Herz spaces with variable exponent. Our method is based on the theory on Banach
function spaces and the Muckenhoupt theory with variable exponent.
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1 Introduction

The boundedness of fractional integrals on function spaces is one of the important prob-
lems not in harmonic analysis but also in potential theory and in partial differential
equations. Among the development of variable exponent analysis the we can list up bound-
edness of fractional integrals on function spaces with variable exponent. Capone, Cruz-
Uribe and Fiorenza [1] have proved the boundedness on Lebesgue spaces with variable
exponent, provided that the exponents satisfy the log-Hélder continuous conditions. The
conditions on variable exponents have been established by the study of the boundedness
of the Hardy-Littlewood maximal operator on spaces with variable exponent [2—8]. Cruz-
Uribe, Fiorenza, Martell and Pérez [9] have also proved the boundedness of fractional
integrals by virtue of the extrapolation method.

Every Herz space has an interesting norm involving both local and global information
and has been studied in harmonic analysis. Lu and Yang [10] have proved the bounded-
ness of fractional integrals on Herz spaces. Inspired by the study of variable exponent
analysis and on Herz spaces the first author has defined Herz spaces with variable expo-
nent [11, 12]. Later he has proved the boundedness of fractional integrals on Herz spaces
with variable exponent [13]. Almeida and Drihem [14] have also independently proved the
boundedness.

Based on the Muckenhoupt theory [15] the modern harmonic analysis has been greatly
developed. Recently the generalized Muckenhoupt weights with variable exponent have
been considered [16—20]. In particular, Cruz-Uribe, Fiorenza and Neugebauer [17] and
Diening and Hésto [18] have independently proved the equivalence between the Muck-
enhoupt condition and the boundedness of the Hardy-Littlewood maximal operator on
weighted Lebesgue spaces in the variable exponent setting. We also note that Cruz-
Uribe and Wang [21] have obtained the boundedness of fractional integrals on weighted
Lebesgue spaces with variable exponent applying the extrapolation theorem.
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In this paper we define weighted Herz spaces with variable exponent and prove the
boundedness of fractional integrals on those spaces under proper assumptions on weights
and exponents. Our argument is based on the theory on Banach function spaces and on
the Muckenhoupt theory with variable exponent. The authors have also considered other
problems on boundedness of some operators on weighted Herz spaces with variable ex-
ponent in the recent preprints [22, 23].

In this paper we use the following symbols and notation:

1. For any measurable set E, |E| denotes the Lebesgue measure and xr means the

characteristic function.

2. Alocally integrable and positive function defined on R” is said to be a weight. We

write w(E) := |, £ w(x) dx for a weight w and a measurable set E.
3. Ifthere exists a positive constant C independent of the main parameters such that
A < CB, then we write A < B.

2 Preliminaries

2.1 Variable Lebesgue spaces

Based on the fundamental papers and books [2, 7, 8, 24] we introduce Lebesgue spaces
with variable exponent. Let p(-) : R” — [1,00) be a measurable function. The variable ex-
ponent Lebesgue space L”)(R”) is the set of all complex-valued measurable functions f
defined on R” satisfying

pp(f) 1= /R @ "% dx < oo

It is well known that the variable exponent Lebesgue space L”")(R”) becomes a Banach

space equipped with a norm given by

Il e = inf{k >0: ,0p<§) < 1}.

Denote by P(R") the set of all measurable functions p(-) : R” — (1, 00) such that

1<p :=essinfp(x), p*i=esssupp(x) < oo. (1)
xeR” xeRH
A measurable function p(-) defined on R” is said to be globally log-Holder continuous if
it satisfies

p®) —p)| S (%7 €R", |x -y <1/2), )

1
—log(lx—yl)

() ~poo| < (xeR") (3)

log(e + |x|)

for some real number p.. The set of p(-) satisfying (2) and (3) is denoted by LH(R"). It is
also well known that the Hardy-Littlewood maximal operator M, defined by

Mf(x):= sup é'/]glf@”d)’

B:ball,xeB

is bounded on L*)(R") whenever p(-) € P(R”) N LH(R") [3-6].
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2.2 The Muckenhoupt weights with variable exponent

Let p(-) € P(R") and w be a weight. The weighted variable exponent Lebesgue space
L7V (w) is the set of all complex-valued measurable functions f such that fw!/?) € LPO(R").
The space L7 (w) is a Banach space equipped with the norm

W ll sy 2= [P -

Below p'(-) is the conjugate exponent of p(-) given by 1/p(-) + 1/p'() = 1. Now we define
the Muckenhoupt classes. We begin with the classical Muckenhoupt A; weight.

Definition 1 A weight is said to be a Muckenhoupt A; weight if Mw(x) < w(x) holds for
almost every x € R”. The set A; consists of all Muckenhoupt A; weights.

The original Muckenhoupt A, class with constant exponent p € (1,00) established by
Muckenhoupt [15] can be generalized in terms of a variable exponent as follows.

Definition 2 Suppose p(-) € P(R"). A weight w is said to be an A, weight if

1
sup

_ ~1/p(-
Biball | B

[ x| o [ w77 x5 ) < 00

Our symbol A, slightly differs from that in [17, 18, 21] where the space L”" (w) is defined
as the set consisting of all f such that fw € L?)(R"). If p(-) equals a constant p € (1, 00)
in Definition 2, then we see immediately that the definition is equivalent to the classical
Muckenhoupt class A, [15].

Diening and Hésto [18] have pointed out that Definition 2 does not directly imply the
monotone property of the class A,(,. In order to obtain the property they have generalized
the Muckenhoupt class as follows.

Definition 3 Suppose p(-) € P(R"). A weight w is said to be an Ap(.) weight if
sup |B|PBlwxzll 1 ”W_IXB ||Lp/(')/p(l) < 00,
B:ball

where pp := (ﬁ fB zﬁ dx)7! is the harmonic average of p(-) over B. The set AP(A) consists of

all Ap(.) weights.

Based on the definition A,() Diening and Histo [18], Lemma 3.1, have proved the next

monotone property.

Theorem 1 Supposep(-),q(-) € PR")NLH(R") and p(-) < q(-). Then we have A, C AP(J C
Aq(-%

We next state the relation between the generalized Muckenhoupt conditions and the
boundedness of the Hardy-Littlewood maximal operator on weighted Lebesgue spaces in
the variable exponent setting.

Theorem 2 Suppose p(-) € P(R")NLH(R"). Then the following three conditions are equiv-
alent:
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(A) we Ap()-

(B) we Ap(.).

(C) The Hardy-Littlewood maximal operator is bounded on the weighted variable
Lebesgue space LPV)(w).

Cruz-Uribe, Fiorenza and Neugebauer [17] have proved (A) < (C). On the other hand,
Dlemng and Hasto [18] have proved (B) < (C). By Theorem 2 we can identify A, and

Ap(y, provided that p(-) € P(R") NLH(IR"). Combining Theorems 1 and 2 we get the mono-
tone property for the class A,(,), that is, the next corollary is true.

Corollary1 Ifp(-),q(-) € P(R") N LH(R") and p(-) < q(-), then we have
Al C A y C A

In order to state the boundedness of fractional integrals on weighted function spaces we
shall define the class A(p;(-), p2(+)) as follows.

Definition 4 Let 0 < 8 < n and pi(-), p2(-) € P(R") such that 1/p,(x) = 1/p1(x) — B/n.
A weight w is said to be an A(p;(-), p2(-)) weight if
< IBI

Iwxsl o [w™ xs] s

holds for all balls B C R”.

Lemma 1 Let 0 < B < n and p;(-), p2(-) € P(R") such that 1/p,(x) = 1/p1(x) — B/n. Then
w € A(pi(-), p2(-) if and only if w2V € Aty (1)

Proof Cruz-Uribe and Wang [21], Proposition 5.4, have proved a result similar to the
lemma. Komori and Matsuoka [25] have also considered the case with constant exponent.
We will prove the lemma by referring to [21, 25].

Note that

p() 1 1
20 - 1L
1+ mo* ;()

by the assumption on p;(-) and p,(-). Below we fix a ball B C R” arbitrarily. It is easy to see

that

201 I —(1+22)

3] ||(Wp2 ) ) 20 [ (w2) A" ], ary

L 1" L 1€

pr()1+2280)1 2201+ 23) 1

Pl( () )

|B| || XB” 1 J_ ”W XB ”L i?((;y

ﬁn Mt e f @)

holds.
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If we A(p1(-), pa(-)), then we have

?(->)71 _
0 gl [ 720)
L 70 L

Sl

1- ﬁ/n

—II wyxsll,,

= w s f;gl.

This implies that w”20) ¢ A
171()
If w20) ¢ A ), then, by (4), we see that
pl()

Iwxel o [w™ xe] s

(1231 1+20)-
o (e G I T e P

14+ PZ (1+p2 Yy
L 70 L 7o
< |B|1—ﬂ/Vl
holds. Hence we have w € A(p1(-), p2(+)). This completes the proof. O

2.3 Herz spaces with variable exponent

Let 2 C R” be a measurable set and w a positive and locally integrable function on . The
set L{;(;)(Q, w) consists of all functions f satisfying the following condition: for all compact
sets E C Q2 there exists a constant A > 0 such that

J

Let [ € Z. We use the following notations in order to define Herz spaces:

f@|"

- w(x) dx < oo.

Bi:={xeR":|x| <2},  R;:=B;\Bpy, Xii= Xry-

Definition 5 Let p(-) € P(R"), 0 < g < oo, and @ € R. The homogeneous weighted Herz

space K q(w) is the collection of f € Ja (R” \ {0}, w) such that

loc

o9 1/q
o k
|lf||j<;‘(’_‘§(w) = <k2 9 q”ka“Lp(_)(W)) < 00. (5)
=—00

Herz spaces with variable exponent were initially defined by the first author [11, 12]. The
weighted case has been recently studied by the authors [22, 23].

2.4 Weighted Banach function spaces

We introduce Banach function space and state fundamental properties of it based on the
book [26] by Bennett and Sharpley. We additionally show some properties of Banach func-
tion spaces in terms of the boundedness of the Hardy-Littlewood maximal operator. We
will also consider the weighted case based on [27] by Karlovich and Spitkovsky.
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Definition 6 Let M be the set of all complex-valued measurable functions defined on
R”, and X a linear subspace of M.
1. The space X is said to be a Banach function space if there exists a functional
| - llx : M — [0, 00] satisfying the following properties: Let f,g,f; € M (j=1,2,...),
then
(a) f € X holds if and only if ||f|lx < oco.
(b) Norm property:
i. Positivity: ||f]lx = 0.
ii. Strict positivity: ||f|lx = 0 holds if and only if f(x) = 0 for almost every
x e R"
iii. Homogeneity: [|Af|lx = |A| - |fllx holds for all A € C.
iv. Triangle inequality: ||f + gllx < Ifllx + llgllx-
(c) Symmetry: |Ifllx = Il
(d) Lattice property: If 0 < g(x) < f(x) for almost every x € R”, then ||g|lx < ||fllx-
(e) Fatou property: If 0 < fj(x) < fi.1(x) for all j and f;(x) — f(x) as j — oo for
almost every x € R”, then limj_.  ||fillx = I[fIx-
(f) For every measurable set F C R” such that |F| < 00, || xr||x is finite. Additionally
there exists a constant Cr > 0 depending only on F so that
Ji |h(x)| dx < Cr|lhllx holds for all i € X.
2. Suppose that X is a Banach function space equipped with a norm || - || x. The
associated space X' is defined by

X = {fe./\/l:|[f||x/ <oo},

where

Ifllx = SUP{ U S(x)g(x) dx| : llgllx < 1}.
g R”

The proof of the following fundamental lemma is found in [26].
Lemma 2 Let X be a Banach function space. Then the following hold:
1. The associated space X' is also a Banach function space.
2. (The Lorentz-Luxemburg theorem.) (X') = X holds, in particular, the norms || - ||y

and || - ||x are equivalent.
3. (The generalized Holder inequality.) If f € X and g € X', then we have

f [f@)g@)] dx < If lIxliglxc-
RVI
An easy application of the generalized Holder inequality gives us the following lemma.

Lemma 3 If X is a Banach function space, then we have that for all balls B,

1
1< —lxsllxllxsllx-
|B|
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Kovacik and Rakosnik [24] have proved that the generalized Lebesgue space L*)(R")
with variable exponent p(-) is a Banach function space and the associate space is L) (R")
with norm equivalence.

If we assume some conditions for the boundedness of the Hardy-Littlewood maximal
operator M on X, then the norm || - ||x has properties similar to the classical Muckenhoupt
weights.

Lemma 4 Let X be a Banach function space. Suppose that the Hardy-Littlewood maximal
operator M is weakly bounded on X, that is,

I xaarsilx S A7 lx (6)

is true for all f € X and all ) > 0. Then we have

1
sup — |l xallxllxzllx < oo. (7)
Biball | B

The proof of Lemma 4 is found in the first author’s paper [19], Lemmas 2.4 and 2.5, and
[28], Lemmas G’ and H.

Remark 1 If M is bounded on X, that is, |Mf|lx < ||fllx holds for all f € X, then we can
easily check that (6) holds. On the other hand, if M is bounded on the associate space X',
then Lemma 2 shows that (7) is true.

Below we define weighted Banach function space and give some of its property. Let X
be a Banach function space. The set Xj,.(R") consists of all measurable functions f such
that f xg € X for any compact set E with |E| < 0o. Given a function W such that 0 < W (x) <
oo for almost every x € R”, W € Xjo.(R") and W € (X")1o.(R"), we define the weighted
Banach function space

X(R", W) :={f e M:fW € X}.
Then the following hold.

Lemma 5
1. The weighted Banach function space X(R", W) is a Banach function space equipped
the norm

I x e, wy = W llx.
2. The associate space of X(R", W) is a Banach function space and equals X' (R", W),

The properties above naturally arise from those of the usual Banach function spaces and
the proof is found in [27].

Remark 2 Let p(-) € P(R"). Comparing the definition of X(R”, W) with weighted
Lebesgue spaces L*V)(w?")) and L7 O (w0 respectively, we obtain the following:
1. If wetake X = I#(R") and W = w, then we have LZO(R”, w) = LPO) (wP()),
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2. Ifwe take X = IZO(R") and W = wL, then we have LZ O(R", w™1) = LF'O(wr'0)),
Therefore Lemma 5 yields

(Lp(~) (Wp(-)))/ - (Lp(')(R”,w))/ - Lp’(-)(Rn’Wfl) - Lp’(<)(wfp/(-)).

The next lemma has been initially proved by the first author [12] in the case that X =
LPV)(R"), however, his argument depends on Diening’s work [6]. Cruz-Uribe, Hernandez
and Martell [29] have recently given its alternative proof based on the Rubio de Francia
algorithm [30-32]. As is mentioned in the authors’ preprint [22], the proof due to [29] is
self-contained and valid for general Banach function spaces X.

Lemma 6 Let X be a Banach function space. Suppose that M is bounded on the associate
space X'. Then there exists a constant 0 < 8 <1 such that for all balls B C R" and all mea-
surable sets E C B,

)
lxelx (@) .
Ixallx ~ \ 1B

Proof For the reader’s convenience we shall give the proof based on [29]. Let A :=

[|M]|x—x and define a function

Re@):=Y. (ngf) (geX), (8)
k=0
where
lgl (k=0),
ng =1 Mg (k=1),

MWMg)  (k=2).

For every g € X, the function Rg satisfies the following properties:

1. |g(x)| < Rg(x) for almost every x € R”.

2. |IRgllx <2|gllx, namely the operator R is bounded on X'.

3. M(Rg)(x) < 2ARg(x), that is, Rg is a Muckenhoupt A; weight. We note that the

constant 2A appearing in the right-hand side is independent of g and «.

We can write Rg(S) = [, s Rg(x) dx for every measurable set S C R” because Rg is a weight.
Thus by virtue of [33], Chapter 7, we can take positive constants C and § <1 depending
only on A and # so that, for all balls B and all measurable sets E C B,

Rg(E) _ C( IE| )5
Rg(B) = "\ ||

holds. Now we fix g € X" with ||g|x <1 arbitrarily. By virtue of generalized Hélder’s in-
equality we have

) )
[ Ixetogo)| s < re(e) < (1) -Reth) < €( 151 - LuslelRel

IEI®
S(ﬁ I xzllx-
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Therefore by the duality we get

E1’
cgeX,|glly < 1} < (ﬁ) I xallx.

Ixelx S sup{ ‘/ xe(x)g(x) dx
g R”

This completes the proof of the lemma. d

3 The main results

3.1 Remarks on boundedness of fractional integrals on Lebesgue spaces
Definition 7 Given p(-) € P(R") and a weight w, we say (p(-), w) is an M-pair if the max-
imal operator M is bounded on L”®)(w”")) and on P O (w0,

Let 0 < B < n. Then the fractional integral operator I? is defined by

IPf () :—/ |xf(;/|)n 5 dy.

Cruz-Uribe and Wang [21], Corollary 3.7, have obtained the following boundedness of 1#
on weighted variable exponent Lebesgue spaces.

Theorem 3 Let pl() c ’P(Rn) N LH(R”), 0 < /3 < n/pi- and o = (I’l/ﬂ), Deﬁne pz() by
1/p1(-) = 1Upi(-) = B/n. Then for all weights w such that (p,(-)/o,w°) is an M-pair, IP is
bounded from L0 (w10) to [P20) (w20)),

Let w € A(p1(-), p2(-)). Note that po(-)/o =1 + p»(-)/p}(-). Lemma 1 and the equivalence
W20 € Ay ) = Ape = WP € Ay, (0

imply that M is bounded on 1?20/ (wo?20)/7) and on L®200) (=0 @20)/0)")  Therefore,

(p2(-)/o,w”) is an M-pair whenever

weA(pi():p2(), pi(),p2() e P(R)NLH(R") and 0<pB<n/p].
Hence we have the following corollary.

Corollary 2 Let pi(-) € P(R") N LH(R") and 0 < B < n/p]. Define py(-) by 1/p,(-) =
1/p1(-) = B/n. If w € A(p1(-), p2(-)), then IP is bounded from LPO)(w?10)) to LP20) (w20)),

3.2 Boundedness of fractional integrals on Herz spaces

Let py(-) € P(R") N LH(R") and w”2") € A;. Then the monotone property yields w”>") e
A, (). Hence the Hardy-Littlewood maximal operator M is bounded on L1720 (wr20)), On
the other hand, by the definition of A, it is easy to see that w20) e Ap, () implies w20 e
Ay (- Thus M is bounded on 1720w 20), Therefore applying Remark 2, Lemma 6, and
the Lorentz-Luxemburg theorem we can take constants 81,8, € (0,1) such that

elogensy WXEl goosioy (1
20 wr20)) a2t 2 (| |) o

16 lm0ur0) ||xB||(L,,2 oy~ \IB



Izuki and Noi Journal of Inequalities and Applications (2016) 2016:199 Page 10 of 15

M ('E') (10)

X8l (1220 2 |B|

for all balls B and all measurable sets E C B. Now we take a positive number § so that
0 < B < n(8;, +83). Then we can take a real number « such that —#8; < o < nd, — 8 because
the choice of B shows —n8; < né; — 8. Using p,(-) and B, we additionally define p;(-) so
that 1/p>(-) = 1/p1(+) — B/n holds. We see that p(-) satisfies p1(-) € P(R”) N LH(R") and
0 < B < n/pt. Applying the monotone property again we have w”2() € A; C Aty (1)
Thus by Lemma 1 we get w € A(p1(-), p2(+)).

Therefore in the setting as above we can apply Corollary 2 to obtain the boundedness

of the fractional integral operator I# on Herz spaces.

Theorem 4 Let 0 < q; < gy < 00, ps(-) € P(R”) N LH(R"), w”>") € Ay, 81,8, € (0,1) be the
constants appearing in (9) and (10) respectively, 0 < B < n(8, + 83) and —nd; < o < nd, — .
Define p1(-) by 1/pa2(-) = 1/p1(-) — B/n. Then the fractional integral operator IP is a bounded
operator from 1(52?2) (wr20)) go I'(le’zl) (wr0)),

Proof Let f € k pl’zl)(wpl(')). Then, by the Jensen inequality, we have

n

0 2
T (Z o (Iﬁf)Xk||Z§2(->(wp2(->>>
k=—00
< Zz‘““kn (1) k| s o (11)

Let f;:=fx; for any j € Z. Then f = Z}‘f_ooﬁ So we have

o0

”IBf”KO!qz 720 Z aq1k|| Iﬁf Xk| wPZ('))

q1
= szk(zn W)t s

j<k-2
k+1 n
D 3R Oa(IEP )
k=—00 y=k-1

S (1)

-00 >k+2

=: L[1 + Uz + Ug. (12)

Step 1. We estimate U/;. By the definition of I? and the generalized Holder inequality, we
obtain

A0 <00 [ b= 7150 &y

S kb= ”ﬁ “LPI(‘)(wI’l(‘)) I Xj ”(LP](-)(WPl(‘)))’ Xi(x).
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By taking the L720)(w”>())-norm and using Lemma 4, we have

“ (Iﬁﬁ) Xk H[}fz(?(wl’z(‘))
52 ”f”uq ) (wP1() ||X;||UJ1 ) (wP1() )/||XBk||1}92< ) (wP2())
= 22 11l 110 () 1 X311 1210 uer 0y 27 1 X8 | a0 )

k -1
S 2P 1010 16 @O Oy 1 XN ) oty -

By (10), we see that

“ (Iﬂﬁ) Xk HLpz(-)(sz(A))

k
S 211 110 ) 161 10 Gur 3y 1 XB M i) a0y

llxs; I 0

k (@P2O) P20y

= 22 1fill 10 uan ) 1 X3l e 0y 18, 1 oty ”X’”—()
B (wP2t)y

k, j—k -
<2 Bondal )Hﬁ”ml(-)(wm(‘))||Xj||(1}71(~)(wp1(-)))/||XB/||(I}p2(.)(Wp2(.)))/' (13)

By the obvious inequality 2/ X5; (x) <P fB/)(x) and the boundedness of If : L7210 (ywP10)) —
L1720 (wP20)) we have

18, 1l 220 w20y S 272 (11 X8, | aruonry S 2721183 1) uan -

By using Lemma 4 again, we obtain

18,1 20 (a0 S 272 18 10 un0) S 2 P18 0 ity

j(n— -1
S 2}(}1 2 ” Xj"([,ﬂl(‘)(wpl(')))" (14)

Combining (13) and (14) and using Lemma 3, we get

” ([ﬂfj) Xk HLﬂz(-)(WPz(-))

kB ynda(i—k) oj(n—p) -1 1
< 292720 S O NF1 ) i) 18,1 50 0 18 1 0 iy

Y(k—j) -1
Z(ﬂ o2 1||.f||1}71 ) (wP10) (2 MHXB,”LPZ ) (wh2() ”XB}” 1p2() wpz())))

Nz(ﬁ ro2) (k) |lf||l,n1 ) (wP10))

Thus we get Ui $D 00 (O 5 29218702t ED | £ ) i) T Note that g — ndy +
a < 0. We consider the two cases ‘1< ¢q; <oo’and ‘0 < g <1’
If 1 < ¢; < 00, then, by using the Holder inequality, we obtain

o q
U < < Z (Z 2(1}2(/3m‘52+a)(/<1)|W||M1(.)(Wp1(l))>

k=—00 Y<k-2

3 s / ponsrratigyr) "'
k—j)q1/2 - —Nq. 12
Z < Z 2419 (B—ndy+a)(k—)q1 |lf| wp1(-))> ( Z 9(B-nd2+a)(k=j)g )

k=—00 \j<k-2 j<k-2
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Z Z 2jq19 (B-ndy+a)(k—j q1/2”f||
) (wP1()

k=—00 j<k-2

Z 20041”” . Z 9 (B-ndyar)(k—)q1/2

k<] 2

q1
S W oy

If 0 < g1 <1, then by using the Jensen inequality we obtain

S qn
u, 5 Z (Z Zajz(ﬁnszm)(k1)|W||LP1(-)(WP1(~))>

k=—00 Yy<k-2

Z Z 919 (B-nby-+a)(k 1q1|v‘||
) (w1()

k=—00j<k-2
o0
_ ajqy || £ (B-nda+a)(k—j)q1
- Z 2 ”’5' LP10) (1 () Z 2
j=—00 k<j-2

q
S W oy

Step 2. We estimate U,. Using Corollary 2 and -1 < k —j <1, it is easy to see that

k+1 q1
-y W(Z el o wp)
J=

k=-00 k-1
o] k+1 q
D evai
= Z (Z g 1)2a1|l]§||m(')(wpl<'>)>
k=—o00 \j=k-1

S W

Step 3. We estimate Us. Using the generalized Holder inequality, we have, for every j, k €
Z withj>k+2,

PG| <2 [ o)y

S Y P i 110 o0, X 0)-

740

By taking the L720)(w”2())-norm and (9), we have

[ (T25) x| s ) (15)

SY P Uwl im0 1 e ot DXk a0 0

||Xk||Lpz ) (wP20))
S 2P0 101 5100240, D Dm0y -2
||X1||Lpz ) (wP2())

S Y DL ED il 161 i 210, 107 2200 20 (16)
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By the definition of A(p;(-), p2(-)), we obtain

16150 250, 12672000020 S 1083100 168 200020

S wxs

A0 1w xa Il 1200

< ojn(1=Bin)

Hence we have

“(Iéﬁ)XkHuumuwz0)
81 (k—
< PO ol g0 v, DX 200
< j(=n+p)ondi(k=j)ojn(1-p/n) Wl e

= 271D | fw |y

Therefore we see that

nd Q
= 3 20 ( 10l omr )

k=—00 >k+2
< Z zaq1k<2 onby(k / Wl )
>k+2
o q1
<) (Z 2oy Mwnm(.)) :
k=—00 Yj>k+2

Note that o + né; > 0. We consider the two cases: ‘1< ¢q; <00’ and ‘O <¢q; <1’
If 1 < q; < 00, then by using the Holder inequality we obtain

o0 q
5 3 (X 22l

k=—00 Yj>k+2
S ( )k=j)q1/ ( Yk=ay/ a'd
a+ndy)(k—=j)q1/29aq1j | £ q1 a+néy)(k—j)q;/2
< 3 (S aeomezmigu ) $ 2 i)
k=—00 Yj>k+2 j>k+2

j q 1) (k=j)q1/2
< 20tqu”ﬁw||l;l(l) Z o (a+nd1)(k=j)q1

k<j-2

"M8

3

j=—

q
Sy

If 0 < 1 <1, then by using the Jensen inequality we obtain

b Q
Us < Z (Z 2(“*”81)(1‘")2“’|[]§w||m<.))

k=—00 “j=k+2

Z ZZD‘“”‘SI —lfhzaqu”fW” o
1

k=—00j>k+2
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o0
j q1 81)(k—j
< Z 2aqu|lﬁwlll}71(') Z o (a+ndy)(k=j)q1
j=—00 k<j-2

< q1
~ ”f' k;it(ll)(wpl('))'

Consequently we have proved the theorem. d

3.3 The non-homogeneous case

In this paper we have defined the weighted Herz space with variable exponent and proved
the boundedness of the fractional integrals on the spaces in the homogeneous case. Our
argument is also valid for the non-homogeneous case.

Definition 8 Let p(-) € P(R"), 0 < g < 00, and « € R. For non-negative integer &, let

Ry (k=1),
o | R (k=1)
By (k=0).
The non-homogeneous weighted Herz space K;I(’g(w) is the collection of f € Lfo(g (R", w)
such that
00 1/q
o k
"f”K;‘(’_%(w) = kZO: 2¢ q”fXCk ||Lp(A)(W) < Q.

Theorem 5 Let 0 < q; < g < 00, pa(-) € P(R") N LH(R"), w2") € Ay, 81,8, € (0,1) be the
constants appearing in (9) and (10) respectively, 0 < B < n(81 + 8,), and —né; < o < né, — .
Define p1(-) by 1/pa(-) = 1/p1(-) — B/n. Then the fractional integral operator IP is a bounded
operator from 1(;‘2"8 (wP21)) go K pl,?-l) (wr0)),

Remark 3 In the main theorems we have assumed that w”2() € A; to obtain the bound-
edness of I#. One may think that the condition w”>() € A, is too strong. In this paper we
could not prove the main theorems under weaker conditions on w.
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