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Abstract

In the article, we establish several inequalities for the Ramanujan constant function
R(x) ==2y —¥r(x) — (1 —x) on the interval (0, 1/2], where 1 (x) is the classical psi
function and y =0.577215-- - is the Euler-Mascheroni constant.
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1 Introduction
For x > 0, the classical gamma function I'(x) and the psi function ¥ (x) are, respectively,
defined by

I’(x)—/0 et dt, Y(x) = Ok
they satisfy

IF'(x+1) =xI'(x), 1/f(x+1):1//(x)+;c,

s x—1 ’ = 1 7 _ = 1
w(x):;m_% 1//(x)=n2=02m» w(x)__zngoj(n+x)3’

1
v =-, w(i) = -2log2-y,

where y =1lim,_, o (}_y_; 1/k —logn) = 0.577215- - - is the Euler-Mascheroni constant.

It is well known that the gamma and psi functions have many applications in the areas of
mathematics, physics, and engineering technology. Recently, the bounds for the gamma
and psi functions have attracted the interest of many researchers. In particular, many re-
markable inequalities for the psi function ¥ (x) can be found in the literature [1-15].

Let x € (0,1/2]. Then the Ramanujan constant function R(x) [16] is given by

Rx) ==2y —y(x) -y (1 -x). 1.1)

© 2016 Chu et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13660-016-1140-y
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-016-1140-y&domain=pdf
mailto:chuyuming2005@126.com

Chu et al. Journal of Inequalities and Applications (2016) 2016:196 Page 2 of 9

Very recently, Wang et al. [17] proved that the double inequality

R%(x) i
(1+x—-x2)R(x) -1 < sin(mrx

) < (1 +x - xz)R(x) (1.2)

holds for all x € (0,1/2].
The main purpose of this paper is to improve inequality (1.2).

2 Lemmas
In order to prove our main results we need several lemmas, which we present in this sec-

tion.

Lemma 2.1 (See [18,19]) Let—co<a<b<oo,f,g:[a,b] - R be continuous on [a, b] and
differentiable on (a,b), and g'(x) # 0 on (a, b). Then the functions

fx) —f(a)
gx) —g(a)

and

S &) -f(b)

gx) - g(b)
both are increasing (decreasing) on (a, b) if f'(x)/g'(x) is increasing (decreasing) on (a, b). If
f'(x)/g (x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2 (See [20]) The double inequality

x2+1 x2+2

<IMx+1)<
1 X+2

holds for all x € (0,1).

Lemma 2.3 (See [21], Section 3, in the proof of Theorem 5, pp. 2500-2502) Let x €
(0,7/2), k,n € N, the sequence {ax}32, and function F,(x) be, respectively, defined by

2
ap=—, a = 3 (2.1)
7 7
2k +1 1
= - _ k>1), 2.2
e 2(k+1)n2ak 16k(k+1)712ak1 (k=1) @2
sinx SV gp(m? — 4a?)k
Fy(x)= = Lo ) (2.3)

(7.[2 _ 4x2)n+1
Then F,(x) is strictly decreasing from (0,7 /2) onto (ans1, (1 =Y j_o axmw ) /m?2).

Lemma 2.4 Let k,n € N, {ay )2, be defined by (2.1) and (2.2), and {bi}32,, be defined by

1
by =0, b =—, (2.4)
%4
2k -1 1

- 2(k + 1)m2 k- 16k(k + 1)

bra Sbir (k=1). (2.5)

Then aj = 8(k + 1)by,1 for all k e N.
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Proof We use mathematical induction to prove Lemma 2.4. From (2.1), (2.4), and (2.5) we
clearly see that Lemma 2.4 holds for k=0 and k = 1.
Suppose that kg > 1 and

ay =8(k +1)brn (2.6)

holds for all k < k. Then it follows from (2.2), (2.5), and (2.6) that

2ko +1 1
T = 5 ko + 72 0 T T6kg (kg + D2 07
2ko +1
" (ko + )2

X 8(/(0 + 1)bk0+1 - X 8/(()ka

1
16k0(k0 + 1)7‘[2
= 8(ko + 2)byys2 = 8[ (ko + 1) + 1]bikys1)41- (2.7)

Equation (2.7) shows that (2.6) also holds for k = ko + 1. Therefore, Lemma 2.4 follows
from (2.7) and the induction hypothesis (2.6). O

Lemma 2.5 The double inequality

R 1 2 422 12— ., 4.2
2 T ) sl )+ Sgas (7 )
1 2 16-57 3
<COSX < E(nz —4x%) + 5 (% - 4?) 68 (% - 4a?) (2.8)

holds for all x € (0,7/2).

Proof Letx € (0,7/2), k,n e N, {ax}2, and {bi}72, be, respectively, defined by (2.1), (2.2),
(2.4), and (2.5), F,(x) be defined by (2.3), and f;,(x) and g,(x) be defined by

Jful(x) = cosx — Zbk(nz - 4-x2)k, gn(x) = (n2 — 4x2)n+1. (2.9)
k=0

Then it follows from (2.1)-(2.5), Lemma 2.4, and equation (2.9) that

2 + 1-32 2k _
4= 12-7 ’ - 1 ’ f2(0%) _ D ieobxm _ 16 571’ (2.10)
16m> 1673 2(0%) 6 167°
+ 1- n 2k
0 _1-Siobir® o1
gn(0+) 7T2n+2
) S0 A(3) 012
gn(x) gn(x) _gn(f)
fie) S8k + Dbia(n? - 42 F, i (x) 2.13)
g.(x) 8(n +1)(7w? — 4x2)" T 8m+1) ’
From Lemma 2.1, Lemma 2.3, (2.12), and (2.13) we clearly see that
n lim 2% SO S (2.14)

8(n+1) xom2 gu(x)  gax) 0" gu(x)

forall x € (0,7/2).
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Equations (2.9) and (2.11) together with inequality (2.14) lead to the conclusion that

@y _cosx- > ko bi(m? — 4x?)k . 1-Y7 o b 2.15)
8(n +1) (772 — 42yl p2nt2
for allx € (0,7/2).
Letting n = 2, then inequality (2.8) follows easily from (2.4), (2.10), and (2.15). O

Remark 2.1 We clearly see that both the first and the second inequalities in (2.8) become
to equations if x = 7/2. If x = 0, then the first inequality of (2.8) also holds and the second

inequality of (2.8) becomes to equation.

Lemma 2.6 Let n € N and R(x) be the Ramanujan constant function given by (1.1). Then
the double inequality

n-1

2k +1 1
Z k+x)(k+1- )+2¢(1)—21/f<n+5)

k=0
-1

2k +1
kZ e R  (ORS AU CRR (2.16)

holds for all x € (0,1/2] and n > 1.
Proof Letne N, x € (0,1/2], and
h,(x) =29 1) -y (n+x)—Y(m+1-x). (2.17)

Then (1.1) and (2.17) together with the mean value theorem lead to

o (8) = R — 1 &1 . 2k +1 218)
= x_kXZ(;k+x_kX:0:k+l—x Z(k+x)(k+1 ) ‘
H@x)=-y'n+x)+yy'n+1-x)=1- 2x)1//”[n +x+60(1- 2x)] <0 (2.19)

for x € (0,1/2], where 6 € (0,1).
It follows from (2.17) and (2.19) that

29(1) -2y (n + %) =hy, (%) < hy(x) < h,y(07) =29 (1) — ¥ (n) — Y (n + 1). (2.20)

Therefore, Lemma 2.6 follows from (2.18) and (2.20). O
Lemma 2.7 Let A(t) and B(t) be defined by

8(320£3 — 1,936¢2 + 1,292¢ + 945)2
3(1 — 4£)(9 — 4£)(25 — 4£)(—1,280¢* + 9,728¢3 — 18,208¢2 + 8,896¢ + 3,375)

(2.21)

At =
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and
236 4 12 4
B(t) = + - - . (2.22)
3(125-28t) 1-4t 9-4t 25-4¢

Then 0 < A(t) < B(t) for t € [0,1/4).
Proof We clearly see that

A(t)>0,  880£%— 6,488t + 10,207 > 0 (2.23)
and

-1,280¢* +9,728¢> — 18,208¢ + 8,896 + 3,375 > 0 (2.24)

for t € [0,1/4).
Therefore, Lemma 2.7 follows from (2.23) and (2.24) together with the elaborated com-
putations result

32¢(1 — 4¢)(880¢2 — 6,488¢ + 10,207)

A(t) - B(t) = - . 2.25
® ® (125 — 28¢)(-1,280¢* + 9,728¢3 — 18,208£2 + 8,896¢ + 3,375) ( D)
Lemma 2.8 Let B(¢t) be defined by (2.22). Then
T
B(t) < —————. 2.26
© cos(x/tr) ( )

fort €[0,1/4).

Proof From (2.22) we clearly see that B(0) = 1,176/375 = 3.136 < 7, which implies that
inequality (2.26) holds for ¢ = 0.
Let ¢ € (0,1/4). Then /¢ € (0,7/2) and the second inequality in (2.8) leads to

k14 b4 16 - 51
tw) < —(1-4t) + —(1 - 4t)* 1-4t)°. 227
cos(«/_n)<4( )+16( )2+ T ( ) (2.27)
It follows from (2.22) and (2.27) that
T
B(t) - ——
© cos(+/trr)
236 4 12 4
< + - -
3(125-28f)  1-4f 9-4t 25-4t

b
- 16-5
T -4t + (1 -42)? + 227 (1 - 4¢)3

= (4(1 - 46)[(1,024 - 3207)£> + (3,8647 —12,416)¢* + (32,128 — 9,7507)¢
+264,600 — 84,3757 ])

/(3(9 - 4¢)(25 — 4£)(125 - 281)[(64 — 207)£* + (97 — 32)¢ + 4]). (2.28)

Page 5 of 9
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Note that
1-4¢
( ) >0, (2.29)
(9 — 4£)(25 — 4£)(125 — 28¢)
s 97 — 32 97 - 16
(64 —20m)t" + (9 —32)t + 4 > 2 +4= 2 >0, (2.30)

(1,024 — 3207)¢> + (3,864 — 12,416)t> + (32,128 — 9,7507)t + 264,600 — 84,3757

1,024 - 3207 32,128 — 9,750
< + + 264,600 — 84,3751

64 4
=272,648 —86,817.5 x m =-97.2202- - - (2.31)
for t € (0,1/4).
Therefore, Lemma 2.8 follows from (2.28)-(2.31). O

3 Main results
Theorem 3.1 Let R(x) be the Ramanujan constant function given by (1.1) and C(x) be de-

fined by
B 2[320(3 —x)° - 1,936(3 —x)* + 1,292(2 — x)* + 945]
O = a0 -4 — 2P 25— A ] G0
Then
4log2 < 1 -4 +4log2 < R(x) < C(x) (3.2)
x(1—x)

forx € (0,1/2].

Proof Let n =1, then the first inequality of (2.16) leads

R = — +2[¢(1)_1/,(§)}: : +2[w(1>—w(3)—2]
T x(1-x) 2 x(1—x) 2

—4+4log2>4log2

T x(1-x)

for x € (0,1/2].
Let n =3 and x € (0,1/2), then (3.1) and the second inequality of (2.16) give

2

R <y S . e

P (k+x)(k+1-x)

2

2k +1 3] 1
:Z(—2+21/f(1)—2|:1//(1)+§i|—§

k+3)?—-(3-%)

k=0

1 3 5 10
= + + —_—
=G FGee  E-Goar 3

2[320(5 — %)° — 1,936(3 —x)* +1,292(5 — x)* + 945]

3[1—4(% —x)Z][9_4(% _x)21[25_4(% —x)2] = C(?C).
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If x =1/2, then (1.1) and (3.1) lead to

1 1\ 378
R(=)=4log2=27725---<C[ =)= =28. O
2 2) 135

Theorem 3.2 Let R(x) be the Ramanujan constant function, given by (1.1), and the function
A(t) be defined by (2.21). Then the inequality

R2(x) 1y
Q+x-x2)R(x) -1 <A|:(§ —x> ] .

forall x € (0,1/2].

Proof Let C(x) be defined by (3.1). Then from (3.2) and 4log2 = 2.7725- - - > 2 together
with

M immeya! e -x)y+ (- 2)ly
oy (A +x—-a2)y-1]2

>0

for y > 2 and x € (0,1/2] we clearly see that

R*(x) C*(x)
< . (3.4)
Q+x—x)Rx) -1 (A+x-x2)C(x)-1
for x € (0,1/2].
Elaborated computations give
C%(x) 1y
=A||l=- . 3.5
A+ x—a)Cx) -1 [(2 "” 33
Therefore, Theorem 3.2 follows from (3.4) and (3.5). a
Theorem 3.3 Let R(x) be the Ramanujan constant function given by (1.1). Then
b4 125log2 - 81
R 3.6
() > (1 +x — x2)sin(wx) * 41 +x —x2)(6 +x —x2) (36)
forx € (0,1/2].
Proof 1t is well known that
PN -%) = —— (3.7)

sin(7rx)

forx € (0,1).
It follows from Lemma 2.2 and (3.2) that

T

2
Y - (1 +x—x )R(x)

ST -x) - (1+5-22)R() = I‘(xx+ 1) I‘[(ll—_xl +1]

- (1 +X— xz)R(x)
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2+2 (1-x2+2 )
S Py e Sl Gl )[x(l—x)

4(1-log2)x(1 —x)(7 + x —x%) — (241og2 — 13)

+410g2—4:|

= 3.8
6 +x —x2 (3.8)
for x € (0,1/2].
Note that
1 29 29
1—x)(7+x-a*)<—-x =22 3.9
x( x)( +x x)_4x4 16 (3.9)
for x € (0,1/2].
It follows from (3.8) and (3.9) that
b4 125log2 - 81
—(1+x—aHR(x) < ———"" = 3.10
sin(mx) ( A ) () < 4(6 +x —x2) (310)
for x € (0,1/2].
Therefore, Theorem 3.3 follows easily from (3.10). O
Corollary 3.1 Let R(x) be the Ramanujan constant function given by (1.1). Then
R(x) > il 4log2 - 224 _ il +0.18058872
(1 +x —x2) sin(mrx) g 125  (1+x—x2)sin(rx)
forx€(0,1/2].
Proof Corollary 3.1 follows easily from (3.6) and
1 1 125
4(1+x-2")(6 +x-x%) <4 x <1+ —)<6+ —) =
4 4 4
for x € (0,1/2]. a

Remark 3.1 Let A(t) and B(¢) be, respectively, defined by (2.21) and (2.22). Then it follows
from Lemmas 2.7 and 2.8 that

1 2 1 2 T T
AG) [l o) | e
2 2 cos[m (3 —x)]  sin(wx)

for x € (0,1/2].
Therefore, inequality (3.3) is an improvement of the first inequality given by (1.2).

Remark 3.2 We clearly see that inequality (3.6) is an improvement of the second inequal-
ity given by (1.2).
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