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1 Introduction

For more information, see papers [1-8]. In [1], the authors consider a certain matrix el-
liptic differential operator and some spectral characteristics of this operator. The spectral
characteristics of non-self-adjoint elliptic differential operators are considered in [2, 3, 6—
8]. In this paper, we generalize the operator in [4, 5] and consider its spectral properties
by generalizing the distance function p() to the function w?(£).

This paper consists of five sections. Section 1 is devoted to introduction and definitions.
In Section 2, we consider the operator (Pu)(t) = — % (0?(t)gq(t) %) on the one-dimensional
space H = L2(0,1). Using different techniques, in Theorem 2.1 and Theorem 2.2, we prove
estimates (2.3) and (2.4) (note that assumption (2.2) is not used in Theorem 2.2). We con-
sider the operator P on the £-dimensional space H, = L?(0,1)* and then prove Theorem 3.1
in Section 3. In Section 4, we prove the vanishing limit argument theorem, that is, we show
that lim;_, . arg A; = 0. Finally, in Section 5, we find the asymptotic distribution formula for
the eigenvalue function N(7) = card{j: |Aj| <t} as T — +o0.

Formulation and notation: In this paper, 7, denotes the weighted Sobolev space
Wzl,w(O, 1)¢ = Wzl,w(O, 1) x - x W%yw(O, 1) (£-times) of vector functions u(t) = (1 (¢),...,
u,(t)) on (0,1) with finite norm

1 2 1 1/2
|u|+=(/(; 2(t) CedHfo \u(:)@) .
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Here |d:l(tt) ZC[ and |u(t) 2Cg stand for the norm in the space C* (the above definition of the
norm has been previously used in [1, 4, 5, 9]. Of course, this could also be done in matrix
language at the cost of greater notational complexity). By #, we denote the closure of
C§°(0,1) in the space H, with respect to the above norm, where C3°(0,1) denotes the space
of infinitely differentiable functions with compact support in (0,1). Note that if £ = 1, then
H = Hy, H = H;, and H = 7-.£1. We now consider a non-self-adjoint differential operator
of type (Pu)(t) = —%(a)z(t)q(t) d’;(tt)) acting on the space H, = L*(0,1)* with Dirichlet-type

boundary conditions. Here w(t) € C'(0,1) is a positive function that satisfies the following

conditions:
at*(1-1)f <|?@®)] <M, (11)
(@) ()] = MeFa—gE, (12)

where0 <o, 0<f,6=0ifa #lande; >0ife=1,ande; =0if f #1land e, >0if B =1.

Suppose that g(t) € C%([0,1], End C*) is a matrix function such that for each € [0,1], g(¢)
has ¢ distinct nonzero simple eigenvalues (11(£), ..., t¢(t) in the complex plane such that
w;(t) € C*[0,1] forj=1,..., <.

Note that in Section 4, the latter assumption enables us to diagonalize the matrix func-
tion g(¢) for each ¢ € [0,1]. Moreover,let ® = {z € C: |argz| < ¢}, ¢ € (0, 7) be some closed
angle with vertex at zero. We now consider p1(2),..., u,(t) € R, and py41(2),..., pne(t) €
C\ ®. In other words, for ¢ € [0,1], the eigenvalues 1;() are on the positive real line R,
forj=1,...,vand are out of the closed angle ® in the complex plane C forj=v+1,...,%.

In all remaining sections, we need to extend the domain of operator P to the closed

domain
. d du
D(P) = N W31e(0,1)" s 01’ € Hy, — | 0*q— | € Hy {.
( ) {L{EHL/ 2,10(:( ) wU € My dt(a) th)e g}
Here the closed domain refers to the following sesquilinear form:

1 PR
v = / (OO V(D) dt
0

connected with P by ¢[u,v] = (Pu,v) (for more explanation, see the representation theo-
rems in Chapter 6 of [10]). In this article, W7 .(0,1)* x --- x W3, (0,1) (¢-times), where

2,loc

sz,loc(O, 1) is the space of the functions u(z) (0 < ¢ < 1) satisfying

2 1-¢ 1
E / |u(i)(t)|2dt<oo Ve € (O,—).
i=0 Y€ 2

2 On the resolvent estimate of the differential operator P on H=L2(0,1)

In this section, we need to reduce the operator (Pu)(t) = —%(wz(t)q(t)d’;—(:)) acting on

the £-dimensional space H; = L2(0,1)* to the operator (Pu)(t) = —%(wz(t)u(t)%) acting

on the one-dimensional space H = L2(0,1). In fact, the matrix g(¢) exchanges to a one-
dimensional function u(¢) satisfying the following conditions:

wu(t) e C?[0,1], w(t)eC\® Vtelo,1]. (2.1)
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Since we work on the small oscillation of the argument of the function (), as in [2],
without loss of generality, we can assume that the oscillation of this function in the interval
[0,1] does not exceed %, that is,

|arg{u(t)n ™ (&)} < % (V1,12 € [0,1]). (2.2)

Theorem 2.1 Let (Pu)(t) = — % (w0 ()(2) %) be a differential operator acting on the space
H = L,(0,1). If (2.1) and (2.2) are satisfied, then for sufficiently large in modulus ) € @,
the inverse operator (P — M) exists and is continuous in the space H = L,(0,1), and the
following estimates hold:

|@ -2 <MAl™ (A e ®,|l>C), (2.3)

Hw(t)%(P— A < M2 (e, >C), (2.4)

where M, C > 0 are sufficiently large numbers depending on ®.

Proof Step 1. In this step, we prove assertion (2.3). We need to extend the domain of P to
the closed set

D(PP)={ue HN W316c(0,1) : 01’ € H, (a)2(t),uu’)/ €H}.

loc

Forall A = |A|e® € ® and u = |u|e” € C\ ®, we can choose y € (-, ] such that cos(y +
a) < 0 and cos(y + B) > 0. Now we define ¢’ as follows:

—Refe” A )
(= min{ %,Re{e"”a} }

So we have:
¢ <Refe” u(t)}, dIx <-Rele”r}, ¢>0,t€[0,1],1€ . (2.5)
For u € D(P), by integrating two sides of ¢’ < Re{e” u(¢)} we have

C, (}wz(t)lu’(t)\2 dt<Re fé e w2 () (0 (t)|? dt=Re{e'” (Pu,u)}

Here the symbol (,) denotes the inner product in H.
By multiplying the inequality ¢’|A| < —Re{e?” A} by fol lu()|? dt = (u,u) = ||u])*> > 0 we
have

1 .
c’|)»|/(; ‘u(t)|2dt§—Re{e”’k}(u,u).

For ¢’ = 1+, from the above inequalities we have:

1
M’

1 1 ) )
/wz(t)|u/(t)|2dt+|k|/ |u(t)|* dt < MRe[e” (Pu, u) — €7 M(u, u)}
0 0

= MRe{e” (P - A)u, u}
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< M| [lull | (P = rDu|

= Mlull| (P - AD)u|. (2.6)

Since fol w* ()|t (£)|* dt > 0, we have

|x|f01|u(t)\2dt§M||u||H(P—u)u|| 2.7)
or

M lull < M||(P = M)u.
The above relation ensures that the operator (P — AI) is one-to-one, which implies that
ker(P — AI) = 0. Therefore, the inverse operator (P — AI)™! exists, and its continuity follows

from the proof of estimate (2.3) of Theorem 2.1. To prove (2.3), we set u = (P — AI)7f,
f € H.By (2.7) we have:

1
ol [ |- a1y ae < )2 - a1 |02 - 20|
Since (P — AI)(P — MI)7'f = I(f) = £, it follows that

1
Al fo (P =207 f P de < M||(P = AD)f | |f1.
Therefore,
M| @ =2D7 ) < M| @ - 2D7 P ),

which implies |A|||(P — A1)71(f)|| < M]|f]|. Since A # 0, we have ||(P — M) (f)|| < M|A|7Yf].
The final result is

| —aD™| < Mixl™

This estimate completes the proof of assertion (2.3).
Step 2. In this step, we prove inequality (2.4). Since || fol lu(t)]? dt > 0, from (2.6) we
have

1
/O o (@) )| dt < Ml|ull]| (P - ADul).

By setting u = (P — AI)”\f, f € H, in the last inequality we have

2

/ L ‘ (b a1y 0| de < M| -2 ][ 2D@= 21,
0

Since (P — AI)(P — M)7Yf = f, we get

1 d 2
/o () ’ Z(P=2D7f)| de = M| @217 F1f1,
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and by (2.3) we have [|(P — AD)7Yf|| < M||f][|A]7}, so

2

1
/ (¢ ‘ %(P A7 @)| dt < MMATHIF)P.
0

Therefore,

2

1
/ w2(t)‘i(1>—u)-5’(t> dt < M*|A7HIFII,
0 dt

that is,
d 2
o520 <My
So
d 1 _1
ot 5210710 < v 0

Now we claim that in spite of dropping assumption (2.2), assertions (2.3) and (2.4) of

Theorem 2.1 are valid.

Theorem 2.2 Let (Pu)(t) = —%(wz(t)u(t) dz(f)) be a differential operator acting on the
space H = L,(0,1). If (2.1) is satisfied, then for sufficiently large in modulus A € ®, the in-
verse operator (P — LI)™! exists and is continuous, and the following estimates hold:

|P=an7| = Molal™ (%€ 12> Ca), (2.8)

Ha)(t)%(P— A7 < M;Mr% (A€ ®,|A|>Co), (2.9)

where Mo, My, Co > 0 are sufficiently large numbers depending on ®.

Proof Step 1. In this step, we prove assertion (2.8). We need to construct nonnegative func-

tions ¢a)(2),...,¢()(t) and new functions fa)(£),. .., f(,)(t) with the following properties:

,U«(l)(t): ey /L(p)(t), go(l)(t), ey (p(p)(t) € C*[0,1],
0<¢p®), o)+ - +¢,H=1 (0=<t=<1),
d
Ewm(t) € CP(0,1),  pp(e) = u(t) Ve esuppyg,
,u(j)(t) eC\d Vte [0,1],j= 1,...,0,

1 T .
|arg{ ) (0)ug) ()] < n (V1,82 € suppgg),j=1,..., p.

Considering Theorem 2.1, by (2.3) and (2.4) set

_d(, av(t)
(A(;‘)V)(f)——%(w (B (8) It ),
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acting on the space H = L,(0,1), where
D(Ay) = {ve HN W} (0,1): (0*OpgV) € HY.

By Theorem 2.1 the operator (A() — AI) has a continuous inverse for 0 # A € ® and satisfies

d 1
Ay —aD™|| <My al™, Hw(t)%(A(,«) — A7 <Myl (2.10)
Let us introduce the operator
P
T() = Z o) (Ag — M) ;) (2.11)

J=1

in the space H. Here ¢y; is the operator of multiplication by the function ¢;(f). Conse-
quently, it is easily verified that

(P-ADTOW=6+L+L +L,

where

p

L==Y"(*Oulpp);),(Ag - AD " pgv,
j=1

o
’ d -
IL=- sz(t)u(%))tamm - Ao,

j=1
14 d /
Iz =- Z o) (wz(t)M%(A(j) - )»1)_190(,')\/) ,
j=1 t
P
Ii=-1)_ gp(Ag — D) ggv.
j=1

Since w()(t) = u(t) Vt € suppy;, we can replace w(t) by () in I3. Then using
7 w(zl.)(t) =1, it follows that

0 ’
d
L+ly=-) g [(mz(t)ME(A(,-) - u)1<p(,)v> +AMAg - )J)lgo(j)vi|
-1 !
P

o
= Z(p(/)(A(/) - M)A - )J)_l(p(j)V = Z€0(2,')V =V.
j=1 j=1

Now if we suppose that I} + I = G(A)v, then (P — AI)T(A)v = v + G(L)v, so
(P-ADT(\) =1+G(A). (2.12)

Since w&)[ € C*(0,1), by (2.10) we can estimate I3, I, as follows:

P
1
Il <MY "[(Ag = AD) ™ egv] < MIAZ v,
j=1
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0
d 1
ILl <MY= (Ag = A gyv| < MIAI2 ).
j=1

Using these estimates, we have

1
|G| < 11l + 1]l < MIA v + M2,

For sufficiently large number Cg > 0 such that |A| > Cg, we have |A| ™ < |A|’%, )

1
[Go)| <™ 2. (2.13)

1
2

theorem in the operator theory, we conclude that I + G(1) is invertible. So by (2.12) we
have that (P — AI)T(A) is eversible and

By choosing suitable A we conclude that |G(1)|| < 5 < 1. Using this and the well-known
(TW) (P2 = (1+GH) ™. (2.14)

We add +I and —I to the right side of the (2.14) and consider F(A) = (I + G(A))™' - I
(T) (P =ADT =F() +1. (2.15)

In view of |G(A)|| < % <1 and (2.13), by applying the geometric series for F(A) we have

SO
|EQ) | =M™ A

By (2.10) and (2.11) we have

P
70| =D epAg - AD e | < Ki|[(Ag - A0,
j=1
that is,
17| < Kid Al ™ = Kyl (2.16)

Now by (2.15) and (2.16) we have
|@=2D)7| = | T | (T+FQ)) | < KalalH(1+M" A1) < Ka|A™ + Ko a7 M4

As before, for sufficiently large number Cg > 0 such that |A| > Ce, we have [A|A|! =
A7 < AT s0

[P =AD" < Kalal™ + Ko A" M A = Mo AT (IAl = Co, 1 € D).
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Step 2. To prove assertion (2.9), by replacing w(¢) % (A — A instead of (Aj) —AI)™ in
the T (1) and using the previous calculations, we have

o
, d _
T'(\) = Z(p(j)%(z‘l(j) - Al) l(p(j)

j=1

a)(t)i(A(j) - )J)_l )

=Kz

that is,
| T/ < KMy A2 = KyIAL2.

By similar calculations we have

w(t)%(P AT =T W(I+F' (W),

where [|[F'()|| < M{"|x|™}, and hence

d -1

= [T+ F®)].
Therefore,

d
Hw(t)E(P ) < KGIAE (L MUY = KGIA S + KA 2 My

. Lo _1
since [A|"2|A|™! < |A|~2, and, consequently,

d
Ha)(t)%(P—M)‘l < K}IAI2 + KM A2 = Ml |a] 2. .

3 On the resolvent estimate of the operator on H; = L2(0, 1)*
In this section, we consider the operator P on the £-dimensional space H; = L?(0,1)*. In
fact, the conditions in this section are more general than in the previous one.

Theorem 3.1 Let (Pu)(t) = —%(wz(t)q(t)d’é—(:)) be an operator acting on the space Hy =
L%(0,1)* with Dirichlet-type boundary conditions. Here w(t) € C(0,1) is a positive function
that satisfies conditions (1.1) and (1.2). Let ® = {z € C: |argz| < ¢}, where ¢ € (0,7) is a
closed angle with vertex at zero. Let q(t) € C*([0,1], End C*) be such that the matrix function
q(t) has ¢ distinct nonzero simple eigenvalues 11;(t) € C*[0,1] (1 <j < {) for each t € [0,1]
that are arranged in the complex plane C in the following way: pi(t),...,u,(t) € R,,
Mvi1(8), ..., e(t) € C\ @. Then for sufficiently large in modulus ). € @, the inverse operator
(P — MY exists and is continuous in the space Hy = L*(0,1), and the following estimates
hold:

|@ =D <MA™ (L e d, |l >C), 31

d
Ha)(t)%(P— A7 < M/2|A|’% (A e @,[A] > C), (3.2)

where the M, C > 0 are sufficiently large numbers depending on ®.
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Proof Step 1. In this step, we proof assertion (3.1). First, note that the conditions we con-
sider on the eigenvalues 1;(t) of the matrix function g(¢) guarantee that we can convert

the matrix to the diagonal form
q(t) = U@QABOU™(¢), where U(t), U (t) € C*([0,1],End C*)

and A(£) = diag{u1(¢),..., ne(t)}. Consider the space H, = H@® - - - ® H (£-times) and let us

introduce the operator
B(1) =diag{(P, - AD),..., (P - M)} (3.3)

acting on H, where (Pv)(¢) = —%(a)zu,» d;(;)) and

. , d du
D(P)) = {ve?—[ﬂ Wéloc(o,l);wu €H, E(aﬂu,E) EH}.

According to the results that obtained in Section 2, the operator B(1) exists and is con-
tinuous for sufficiently large modulus of A € ®. Consider the operator I'(A) = UB(A)U ™},
where (Uu)(t) = U(t)u(t) (u € Hy). Consequently, it follows that

(P— AT (M)u = —% <w2q(t)% (L[(t)B(A)L[l(t)u(t))) =Ty +Ty+Ts,

where

d d _ d d _
T, = -7 <w2q(t)u(t)£B(A)L[ 1(t)u(t)> = <w2LI(t)A(t)%B()L)LI lu(t))

d 2 d ~1 7 2 d -1
-_uz = - A—B(\
udt <a) A(t)dtB(A)U u) U't)w o7 MU u

d
= UBMU u - LI’(t)sz%B()»)LI‘lu +UU 'y,

d
T = —— (0*qU' BV U ),
dt
and
Ts = -AU@)BMU  u.
Using (2.3) and (2.4), have (P — AT (L) = + TY + T3, where T9 = (?)'qU'B(\)U™! and

1T < M2,
Now by the Hardy-type inequality we estimate the operator Ty as follows:

1
/ t—1+s/(1 _ t)—1+5’2 |y(t) |2 dr
0

1
<M(ep ) [ o ar

1
+M(ey, €3) / 1 -0y (0)| de Yy e H, e, e, 0.
0
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Since |g(&)U'(£)|ce_, ot <M, by (1.2) we have the following inequality:

1
| @) Pl o) 2 ar

1
SMZ/ tot—2+2sl(1_t)ﬂ—2+25 2|W,(t)|ZC( dt
0

1
< s [ 0100 o ((B0) )

2

+ M|(Bu)ly,,, W =B(u.

Now by (1.1) and estimate (2.3) it follows

1
| e20) Pl d

1
<M /0 | (BOIu)®)), | dt + M| (BGIw) |5,

<M\ Mulf, (red,rl>C).
Then || T9|| < M'|A|2 for sufficiently large in modulus of A € ®; consequently,
P-ADT() =1+FQ), [E@)| < M|A"2 (Aed,Al>C). (3.4)

1

Proceeding as at the end of Section 2 (e.g, see (2.12)) from ||[F(1)|| < M|A|"2 it easily fol-
lows that I + F(A) is inversible and then that (A — AI)T"(A) is inversible, that is,

(P-2DT() ™ = (1+FE() ™.
Then by adding —I and +/ to the last relation we have
(I+FQ) " =(I+F() " —I+1.

Since [|[F(A)|| < M|A|‘%, in a calculation as in Section 2, take y(A) = (i + F(A))™! —I. Then
y() satisfies

[y =M™ (he @, 141> C). (3.5)
Consequently,

(P-AD) =TI +y() (3.6)
since

() =UBMU™, B =diag{(P,-AD,...,(P - AD)'}. (3.7)



Sameripour and Yadollahi Journal of Inequalities and Applications (2016) 2016:207 Page 11 of 14

PutP;=A;,j=1,...,¢,asin (2.10). By (3.5)-(3.7) we have || (P, — A]) | < M|A| ™, j=1,...,¢,
and it follows that |[T'(L)|| < M|A|™% so

[@=2D7 | = [T (7 +y@)]

< MIAT L+ MIATY) =ML

Step 2. Now we prove estimate (2.9). Since ||a)%(P,' A < MIM’%,]' =1,...,4, for
I'1 (1), we can get the corresponding estimate ||y (1) < M; |A|‘% , and this implies

d
”wa(zﬁ D7 < I | (I + ) |-

Since [|1(3)|| < M;j|A|™, we have | (P, A1) [l (P~ AL || < MIAI"2 (1 + M; A7),
which implies ||a)%(Pj -AD)Y < M|A|‘% for (A € @, |A| = C), so that the proof of the
fundamental Theorem 3.1 in the general case H, = L2(0,1) is completed. O

4 Vanishing limit arguments
Denote by A, Ay, ... the eigenvalues of P that belong to the angle

d={zeC:|argzl<p}, ¢e(0,m).
We want to find the limit of the sequence {A;} as j — oo.

Theorem 4.1 Suppose that for every closed angle S C &\ R, with origin at zero, there exists
a number C(S) > 0 such that for all A € S with || > C(S), the inverse operator (P — AI)~!
exists and is continuous. Then

argh; — 0 (j— o0).

Proof Assumetheset K = {argA;:j =1,2,...} hasanonzero limit point ¢; € [-¢, +¢]. Then
there exists a subsequence {A;, } such that

lim arg A;, = ¢1.
k—00

We consider the closed sector S C @ \ R, such that the ray
I'={ze Cargz=¢} CS.

By the definition of the limit and our assumption there exists N € N such that Vk > Nj,
Aj, € S.Since A, — o0 (n — o0) for C(S) > 0, there exists N € N such that |A; | > C(S) for
k>N,.

Now if k > max(Ny, N»), then A, € Sand |A;,| > C(S), so that the latter condition implies
that (P— A, I)™ exists and is continuous, which in turn by definition implies that %;, is not
an eigenvalue of P (since by Theorem 2.1 this 4, is the resolvent of P, that is, cannot be
an eigenvalue of P), so A;, ¢ ®, which is a contradiction. Hence, we must have

arghj = 0 (j— o0). g
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5 On the asymptotic distribution of eigenvalues of the differential operator P
onH;

Theorem 5.1 Let A = + i1 fol a)‘l(t)uj_%(t) dt and N(t) = card{j : |Aj| < 1} be a distri-

bution function. Then we have the following asymptotic formula:

N(t) ~ At?  as — +o0.

Proof Weknow that for an arbitrary kernel operator 77 and an arbitrary bounded operator
T2 )

tr 1T =tr Tp 1y, |T1 T2 < |T1h| T2l

(see [10]).
Using these relations, from (3.3) and (3.4) we get

+00

w(P-an" =) - ! — =T + O[T W) [y ()

J=1

’

l
tr () = t UBQA)U ™ = tr B(A) = Ztr(P, Y
j=1

T, < nul|u|Bo)|, =MA™  (red,|r>C).

Now if A — oo, then

+00 V4
> - 1 == > (@ - aD™T + O(IA™). (5.1)
e T =

Let A1, A2,...and Aj1, Ajo,... be the sequences of the eigenvalues of the operators P and

P; (forj=v+1,...,10), respectively. So

+O(IA™), A= o0,x€ . (5.2)

IfW={zeC:|argz| < ¥}, ¥ € (0, ), then we can take the index j, such that, for j > j,
larg Aj| < ¥, largAjxl > fork=v+1,... L (5.3)
Suppose that the eigenvalues of the operators P and P; satisfy the following conditions:

M), Ay €Ry and  Ayyi(2),..., () € C\ s

)»];1,...,)»1',1, € R+ and )\j,v+l"~rkj,li € C\ o.

So we can change the sum Y ;_; to 3", and the sum Y75 to Y/ in (5.2):

+00

Sy
= +O(IA™), A — +oo,A € 0D,
Pt e
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Multiplying both sides of the last equation by ﬁ , T > 1, using the contour integral method
(see [9], Chapter 4), and from (5.3) integrating with respect to A € W, we get that

+00 1 14 +00 1

Z :ZZ +O(JA]™), A — +oo.
- A.+)u1 — = }\+)\j’]<

Jj=jo k=1 j=jo

Replace A by 7 in the previous relation, we have

+00 1 vV +00 1
= +0(n™), n— +o00
§n+)\7‘ ;]:21”-'—)%1( ( )

(remark that here, as before, by applying the contour integral method we can change the
negative sign to the positive sign in the denominator of the last relation). We now use the
countable discreteness of the eigenvalues of the operator P, and then we can change the

above series to the following integral:

+00 JIN] v +00 IN]
/ © _ / K +0(n™), n— +oo, (5.4)
0 n+t Py 0 n+t

where

N(1) = card{j: |)»I/{ < r},

Ni(z) =card{j: Mjp <7}, k=1,...,v.

By considering the previous conditions concerning the functions w? (), ux(¢) and by apply-
ing the theorems of Chapter 7 of [10] we can derive the following formula for the functions
Ni(7), k=1,...,v:

1
Ni(t) ~¢t?2, T — +00,

where

1! -4
o= [ oot Ode k=1,
T Jo

By (5.4) we have
/m dN(t) < /+°° dN(7)
~ , X — +00.
0 X+T 0 X+T

j=1

Now applying for this last relation the Shakalikov multiray Tauberian theorem (see [6]),

we get

N(t)~ Y Nilr), 1— 00,
k=1
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where Ni(t) ~ ckr% with ¢; as before. Consequently, the following asymptotic formula is
valid:

N(r)~Ar%, T — 400,

where
A=Y g= Z/l o ()t
= Cr = — w . .
k yay A M
k=1 j=1
This completes the proof of the theorem. d
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