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Abstract

In this paper, we get a criteria of weak Poincaré inequality by some integrability of
hitting times for jump processes. In fact, integrability of hitting times on a subset F of
state space £ implies that the taboo process restricted on E \ F is decay, from which
we get a weak Poincaré inequality with absorbing (Dirichlet) boundary. Using it and a
local Poincaré inequality, we obtain a weak Poincaré inequality by the decomposition
method.
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1 Introduction and main results

During the recent years, a lot of progress has been made in the understanding of func-
tional inequalities and their links with the convergence rates of Markov processes. As we
know, the convergence rates of a Markov semigroup and the corresponding functional
inequalities can be determined by each other. To describe the convergence rates slower
than exponential, Rockner and Wang [1] introduced the following weak Poincaré inequal-
ity (WPI):

Var, (f) < a(r)D(f.f) + r®(f), feDD),r>0, (1.1)

where Var, (f) = ||f — u(f)||3, o is a nonnegative decreasing function on (0, 00), D(f,f) =
—u(fLf), L is the generator of a Markov semigroup P; on L2(1), and ® : L2(u) — (0, 00)
satisfies ®(cf) = c>®(f) and ®(P,f) < ®(f) for any ¢ € R and f € L?(u). They proved that
the L2-convergence rate of a Markov semigroup and the corresponding weak Poincaré
inequality can be determined by each other. We restate the results as follows. Let (P;);>¢
be the Markov semigroup determined by the Dirichlet form (D, D(D)). Assume that (1.1)
holds. Then

|Pf -], <e@[@() + If13], t>0, (1.2)

where &(¢) = inf{r >0 : —%a(r) log(r) < t}. Conversely, in the reversible case, (1.2) implies
the weak Poincaré inequality (1.1) for a(r) = 2rinfso %5 ~I(sexp[l — s/r]). In this paper, we
2 . 2

choose ®(-) = ||+ 700y =t I - I

Recently, much literature was devoted to the relationships of the Poincaré-type inequal-
ities and Lyapunov conditions used in the ‘Meyn-Tweedie’ theory (see [2, 3]). Cattlaux
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et al. [4] went a step further by showing the equivalence between the (usual) Poincaré in-
equality, Lyapunov conditions, and the existence of exponential moments for hitting times
for reversible diffusion processes. Now it is interesting to look at more general moments
of hitting times and other processes. Mao and Xia [5] obtained a criterion for spectral gap
by hitting times for jump processes via decomposition method. Cheng and Wang [6] stud-
ied the algebraic convergence rates for diffusion processes on Riemannian manifolds with
boundary by using a Lyapunov condition. In the present paper, we use some integrability
of hitting times to get a type of weak Poincaré inequality for jump processes, which can
be used to study the convergence rates for jump processes in the sense of ||P; — 77 || o—2-

Let (g(x),q(x,dy)) be the g-pair of a regular reversible g-process with transition ker-
nel P;(x,dy) on a probability space (E, &, ). Denote by ,& the set of bounded functions
on &. For f € ,&, denote by L and P, the generator and semigroup, respectively, where

Lf(x) = ¢ q(x, dy)(f(y) —f (%)), and Pf (x) = [, : f()P:(x, dy). The Dirichlet form D is defined

by D(f.f) = 3 L e g 1(dx)q(x, dy)(f (y) - f ()%, where f € D(D) = {f € L*(u) : D(f,f) < o0}.
Now, we introduce two inequalities used in this paper.

Taking F € & such that u(F) > 0, we have the inequality

,u(fZ) <ap(r)D(f,f) + r|[f||§o, feDD),flr=0,r>0, (1.3)

which is said to be a weak Poincaré inequality with Dirichlet boundary (WPID).
A local Poincaré inequality (LPI) restricted on F is satisfied if

Varﬂp(f) = CDF(f’f)) f € D(DF): (1~4)

where Dr(f,f) = %fof 1r(dx)q(x, dy)(f(y) - f(x))* and pp() = M;E(Tff)
M(F) =inf{Dp(f,f) : we(f) = 0, we(f*) =1}. (1.5)

Then A;(F)~! is the smallest constant such that local Poincaré inequality restricted on F
holds.

This paper is organized as follows. In Section 2, we prove that some integrability of
hitting times on a subset of state space is sufficient for the WPID (1.3). In Section 3, we
show how to use LPI and WPID to get WPI.

The following is the main result of this paper.

Theorem 1.1 Fix F € & with u(F) > 0. Assume that a local Poincaré inequality restricted
on F is satisfied for a reversible q-processes with q-pair (q(x), q(x, dy)). Let tr := inf{t > 0 :
X € F} be the hitting time of F. If there exist a decreasing function & : [0,00) — (0, 00) such
that £(t) — 0 as t — 00, E,&(tp)™ =: ¢ < 00, and M := sup,r q(x, F) < 00, then we have
the weak Poincaré inequality

Var,, (f) < a(r)D(f,f) + r|[f||go, feDD),r>0, (1.6)

Jora(r) < (1+ 567 (E) +

In this theorem, we get a criterion of weak Poincaré inequality by integrability of hitting
times and a local Poincaré inequality on a fixed subset for jump processes. Since the subset
is fixed, it is different from the criterion of WPI in Theorem 4.3.1 of [7].
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2 The hitting time and weak Poincaré inequality with Dirichlet boundary
In this section, we prove that some integrability of hitting times on a subset F implies that
the taboo process restricted on E \ F is decay, by which we get a weak Poincaré inequality
with Dirichlet boundary.

Denote pP;(x, H) = Py[X; € H, t < t¢]. Then Py (x, dy) satisfies the backward Kolmogorov

equation (see [8])

¢ ,dy \ F
rPi(x, H) = / e 1W)=s) / %FPS(% H)ds + e 1, (x), «xeF°.
0

So the g-pair of pP,(x,dy) is (rq(x), rq(x, dy)) with pq(x, H) = q(x, H \ F) and rq(x) = q(x)
for x € F¢ and 0 otherwise; P, is a Markov semigroup,

FPf(x) = fF C FP(x, dy)f(9),  f e L*(F ).

Its generator rL is defined as

FLf (x) = /

F

. Q(xx d)’)f()’) - Q(x)f(x); f € L2 (Fc) M)'

Here (-, -) denotes the inner product in L(F¢, ). We can prove that the generator ¢L is self-
adjoint in L2(F¢, ). Then pP; is reversible with respect to 1. We also define the Dirichlet

form

D) = —GLf.f)
_ / w(dx)g () (x) - / 1dx) g d)f R ). 2.1)
F¢ FC¢xF¢

Lemma 2.1 Ifthere exist a decreasing function & : [0,00) — (0, 00) such that £(t) — 0 as
t — o0 and B, &(tp)™ =: ¢ < 0o, then WPID holds for ap(r) < §7(%).

Proof

(f,rPf)]| = ‘ /F (A (e )
< W1 [ (dP, [z > 1

< oy [ WAE o) 1600

= cllf oo (e 6 (©), (2.2)

where the last inequality holds since & (¢) is decreasing.

Since ¢P; is reversible with respect to p, by (2.2) we have

IEPe2f I3 < cllf oo qre & (8)-
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Set n(t) = c&(2t). Then
IEPS N < I e gre,1(2)-
By [9] this implies the nonergodic weak Poincaré inequality
W17 ey < FEWEDEf) + 7IIf oo ey 7> 05 (23)

for
-1 afr
ra(r)<2n—(r)=§ (z)
For every g with g|r =0, let f = g|pc. Thus,

2,y = lgll2s If Nl oo e ) = gl oo-
Besides, by (2.1) we have

D(g,g):=—(Lg,Q)

= /E (dx)q(x)g? (x) - / w(dx)q(x, dy)g(x)g(y)

ExE

- / (dD)g0g ) - f (A dy)g@)g()
F¢ F¢xF¢
= eD(f, f).
By (2.3) it follows that
n(g?) < ra(r)D(g,g) + rligl’,, g€ D(D)glr=0,r>0.
Thus, (1.3) holds for ar(r) < ra(r) < S‘I(E). O

3 The relationship of WPID and WPI
In this section, we show how to use the local Poincaré inequality and weak Poincaré in-
equality with absorbing boundary to obtain a weak Poincaré inequality.

3.1 The relationship of WPID and WPl when F is a singleton
First, we consider the case that F is a singleton. Assume that F = {#} and u(0) > 0. For
convenience, we denote ((0) =: up and f(0) =: fy.

Lemma 3.1 Foranyr >0, define
a(r) :=inf{C > 0 | Var,(f) < CD(f.f) + r|f%.f € D(D)}
and

ap(r) :=inf{Cy > 0| u(f*) < CoD(f.f) + rlfI%.f € D(D),f(0) = 0}.
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Then

0l9<L>M0 50{(}")50@(1). (3.1)
Mo 4

Proof (a) For the upper bound of «(r), noticing that Var,(f) = inf, u((f - ¢)*) and ||f -
folloo <2||flloo, for any f € D(D), we have

Var, (f) < 1((f - £)%)
<as(r)D(f = fo.f —fo) + rllf —foll%
< ag(r)D(f.f) + 4r|f|%.

Then, by the definition of a(r) we have
r
a(r) <ag (—) (3.2)
4
(b) On the other hand, for any f € L2(E) with f; = 0, we have

Var, (f) = u(f?) = w(f)? = w(f?) - nlflg))?
> 1(f?) = w(F?) (1)) = i (f*) o-

Thus,

1 (f?) o < Var,(f) < a(r)D(f.f) +rlfI%

and
i(f?) < —aDE.f) + IR
T Mg mo

Then, by the definition of ay(r) we have

1
ae(i> < —a(). (3.3)
Ko Mo
Thus, by (3.2) and (3.3) we have Olg(i)ﬂg <a(r) <ap(3)- |

3.2 The relationship of WPl and WPID for general F
For a general set F, we consider the relationships of «(r) and af(r) by the decomposition
method and the conclusions given in Section 3.1.

Thinking of F as a point 6, we construct another state space E and g-process with g-pair
(g(x), g(x, dy)) as follows: E=1{p}UF°and &= o({6},& N F°).Foranyx € F* and H € &,
define

q(x,F) +q(x, H\ {6}), 6 €H,

e H) =
1 H) q(x, H), 0 ¢H,
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and, forx =0 and H € &,

. L
10,1 - — fF s d)a( H\ (60)),

and, for x € E, g(x) = g(x, E). Then (g(x), q(x, dy)) is a reversible g-pair on (E, & ) with re-
spect to the probability measure (i, where, for any H € &,

w(F) + u(H\ {6}), 6ecH,

AlH) = {;L(H), 6 ¢ H.

Denote

A

Go(r) :=inf{Cy | () = CoDF.f) + rlfI%.f € D(D).F(6) = 0}
and
&(r) = inf{C | Var u(f) < CD(f.f) + rllf I%.f € DD)},
where D(f,f) = 1 [; ; (dx)§(x, dy)(f(y) - f(x))? is the Dirichlet form of the g-pair (§(x),

§(x,dy)) in L*(E, &).

It is easy to see that &y(r) = ¢r(r). By Lemma 3.1 we have a nice relationship &g(t) o <
&(r) < &s(3). So we obtain the following lemma.

Lemma 3.2

af(ﬁ)um <a() < aFG). (3.4)

Next, we first prove the relationships between &(r) and «(r).

Lemma 3.3

(3.5)

M(F

N Mg \ .
a(r) <a(r) < (1 + )a(r) + )

Proof (a) For the lower bound, given an arbitrary function f on E, set

| f®), xeF,
f(x)_{f(x), x € F°.

By the definition of «(r), for this function f, we have

Var, (f) < a(r)D(f,f) + 7l | 7oz, )-

By a simple calculation we get u(f) = [L(}Af), w(f?) = ,[L(;ﬂ), and D(f,f) = b(f,f). Noticing
that |[f | o g,w) = If | e i 2)» We have

Var,;(f) <a(nD(f,f) + r”f”iw(é,ﬁ)'
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We obtain
ar) <a(r). (3.6)
(b) On the other hand, for any function f on E, we set

glx) = {“F(f)’ vek,

f), xeF
and
2> _ /LF(f)r X = 9!
S = {f(x), x € F°.

It is easy to see that u(g) = /l(f) = u(f). Thus, we have

Var, () = u((f - u(f)’)
= w((f-2%) + (g - nN)?)
=

(F) Var,, )+ Var, (]? )
W(F) A A
< () De(f,f) + a(r)D(f . f) + r”f”ioo(fg,,;)
" 21(F) /Fxp“(dx)‘l(xidy)(f(w @)

v [ nana () - neth)

1

3 [ uaamano) —f(x))2> e P oo (37)
2 FC XFC

For each x € F¢ with g(x, F) > 0, we set

q(x, dy)
q(x,F)’

wi(dy) =

Let 1 < p,g < oo such that }7 + %1 =1 to be determined later. Then we have

/F (@) E) () - ur()’
< [ it DIp( G - 100 +ali ) - )]
< [ ntanats [p [z -0 +a [ uan(o —wm)z]
F¢ F F

<p / w(dx)g d)(F ) ()’
FxF¢

qMF
+
2x:(F) Jrx

g, dy)(f ) —f ). (3.8)
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Combining (3.7) and (3.8), we have

1 2
Var, 1) = g [ pldnlatedn)(F0) 1)

1

ra); [ namatman (o))

tp / (dx)q(x, dy) (F ) - f (%)
FxF¢
+ 2??/([;) i Fu(dx)q(x,dy)(f(y) —f(x))2} +7lf1I%
1+ gMra(r)
21(F)

< max:p&(r), }D(f:f) +V|lf||go'

Recall that p™' + ¢! = 1. Let p; be the solution to the equation

1+ I%Mp&(r)

palr) = A1(F)

Then we have

~ (MF)+Mp)a(r) + 1+ V(i(F) + ME)a(r) +1)2 — 4a1 (F)é(r)
- 201 (F)a(r)

bo
So we obtain Var, () < a(r)D(f,f) + r||f |%,, f € D(D), r > 0, where

a(r) < poc(r)

_ Ma(F) + Mp)a(r) +1+ V(O (F) + Mp)a(r) +1)% - 4a (F)a(r)

2)1(F)
(M(F) + Mp)a(r) +1
W) 39
Combining (3.6) and (3.9), we have
N Mr \ . 1
a(r)<a(r) < (1 + AI(F))Q(V) + ) O
So by (3.4) we get
r Mrp r 1
OlF(m)M(F)SO[(r)S (1+ m)@p(z) +m. (3.10)

Recall that by Lemma 2.1 we have ap(r) <& ‘1(5). Then Theorem 1.1 follows from Lem-

ma 2.1.
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