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Abstract
In the article, we present certain p,q € R such that the Wilker-type inequalities
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hold for all x € (0,7t /2).
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1 Introduction
The well-known Wilker inequality (sinx/x)? + tanx/x > 2 for all x € (0, 7/2) was proposed
by Wilker [1] and proved by Sumner et al. [2].

Recently, the Wilker inequality has attracted the attention of many researchers. Many
generalizations, improvements, and refinements of the Wilker inequality can be found in
the literature [3—-10].

Pinelis [11] and Sun and Zhu [12] proved that the inequalities

—2 < puy’sinhy

. 2 2
sinx tanx
(—) +—— —2>ix’tanx and <.y ) +
x x sinhy

Y
tanhy
hold for all x € (0,7/2) and y > 0 if and only if A < 8/45 and p > 2/45.

Wu and Srivastava [13] provided polynomials P;(x) and P,(x) of degree 2n + 3 (n € N)
with explicit expressions and coefficients concerning Bernoulli numbers such that the
double inequality

. 2
sinx tanx

Pi(x)tanx < (—) + —— —2 < Py(x)tanx

x x

holds for all x € (0,7/2).
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Yang [14] proved that p = 5/3 and g = log2/[2(logw — log2)] are the best possible pa-
rameters such that the double inequality

1 . 1
(«/cos2l’x+8 +cosl"x> P Ginx (VCOSqu+8 +cosqx) la
<—<

4 x 4

holds for all x € (0, 7/2).
Very recently, Yang and Chu [15] proved that the Wilker-type inequality

2 (sinx kp+ k (tanx\? 91
- >
k+2\ «x k+2\ «x <

holds for any fixed k > 1 and all x € (0,77/2) if and only if p > 0 or p < [log2 — log(k +
2)]/[k(log —log2)] (-12/[5(k + 2)] < p < 0), and the hyperbolic version of Wilker-type
inequality

2 (sinhx\*  k [tanhx\? 91
+ > (<
k+2 x k+2 x
holds for any fixed k > 1 (< —2) and all x € (0, 00) if and only if p > 0 or p < -12/[5(k + 2)]

(p<0orp=>-12/[5(k+2)]).
More results of the Wilker-type inequalities for hyperbolic, Bessel, circular, inverse

trigonometric, inverse hyperbolic, lemniscate, generalized trigonometric, generalized hy-
perbolic, Jacobian elliptic and theta, and hyperbolic Fibonacci functions can be found in
the literature [16—28].

The main purpose of the article is to establish the Wilker-type inequalities

2q (sinx\? p (sinx\?
— ) + — ) >
p+2q\ x p+2g\ x

() G o

for all x € (0,77/2) and certain p,q € R. Some complicated analytical computations are

and

carried out using the computer algebra system Mathematica.

2 Lemmas

In order to prove our main results, we need several lemmas.

Lemma 2.1 (See [29,30]) Let—oo<a<b<oo,f,g:[a,b] - R be continuous on [a, b] and
differentiable on (a,b), and g'(x) # 0 on (a, b). Then both of the functions

f(x)—f(a) fx)—f(b)
@—-g@ " gw-g0)

are increasing (decreasing) on (a,b) if f'(x)/g'(x) is increasing (decreasing) on (a,b). If
f'(x)/g (x) is strictly monotone, then the monotonicity in the conclusion is also strict.
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Lemma 2.2 (See [31]) Let A(t) = Y pop axt’ and B(t) = Y 1o bit* be two real power series
converging on (—r,r) (r > 0) with by > 0 for all k. If the nonconstant sequence {a/bi} is
increasing (decreasing) for all k, then the function t — A(t)/B(t) is strictly increasing (de-
creasing) on (0,7).

Lemma 2.3 (See [32]) Let n € N, and B, be the Bernoulli numbers. Then the power series
formulas

2n

1 1 221
2n-1 2n-1
E X , cotx = — — E —— | Bay|x ,
— 2 )' I 2n| — (2 ),| 2n|

1 1 o (2m-1)2% )
==+ ) 7 |By,|x*"?,
sin?x &2 ; (2n)! B2l
cosx 1 o= n@2n+1)2272
- = 77" B q2n-1
sinfx A3 ; (271 +2)! 1Bz

hold for x € (—m, 1), and the power series formulas

(22n 1)22n

|Byyx®", | B2

1 2 (21 -1)(22" - 1)2%"
=2

cos2x (2n)!

tanx = Z

n=1
hold for x € (- /2,7/2).
Lemma 2.4 (See [33]) Let B, be the Bernoulli numbers. Then the double inequality

2(2n)! 221 2(2m)!
o <|Bul< o7 5
(27.[)2;1 22n—1 -1 (27.[)2;«1

holds for all n € N.
From Lemma 2.4 we immediately get the following:
Remark 2.1 Let B, be the Bernoulli numbers. Then the double inequality

2271-1  (2n)? |Bay-2] 2273 (2m)?
<
221 2p(2n—1)  |By,| 2273 -12u(2n-1)

holds for all # € Nand n > 1.

Lemma 2.5 Let n € N, B, be the Bernoulli numbers, and a, and b, be respectively defined
by

a, =221’ -3n-2, (2.1)

|BZn—2|
|B2n| )

by=(2n-3)2"" +2n* + n+4 - n(2n-1)(2*"2 - 1) (2.2)

Then the sequence {b,/a,} is strictly increasing for n > 3.
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Proof Let n> 3 and

b b
Uy = 2L 2" (2.3)
Apsl  Apn

Then from (2.1)-(2.3) and Remark 2.1 we get

C@n-12"2 4202 +5n+7  (n+1)2n+1)(2%71 ~1) |By,|
2w o2 _7p -7 2232 22 —7n—7  |Byysol
n-32%+2n> +n+4 n(2n-1)(22"3 -1) |By,_s|

+
227 _2p? —3p—2 227 _2p? —3n—2 |By,|

2
> [4 x 2% — (61® + 70 + 51 +11)2%" — (2n* = 21 - 7) ]
Appl
m% (6m* +5n—39)2% + (20n* + 70m + 134)2*" — (32n* + 11211 + 112)
+ . (2.4)
22n+2 Ayl
Let
wy =4 x 2% — (6r® + 70 + 51+ 11)2*" — (2n*> - 21 - 7). (2.5)
Then we clearly see that
u3 =315>0, (2.6)
wh,y — 161 = (187° + 3n° = 17n +15)2°"*% + (30> — 341 — 105) > 0 (2.7)
for n > 3.
It follows from (2.6) and (2.7) that
u’>0 (2.8)
for all n > 3.
It is not difficult to verify that
a,>0 (2.9)
and
(6 + 51— 39)2% + (201> + 701 + 134)2*" — (321 + 1121 + 112) > 0 (2.10)
for all » > 3.
Therefore, Lemma 2.5 follows easily from (2.3)-(2.5) and (2.8)-(2.10). O

Lemma 2.6 Let n € N, B, be the Bernoulli numbers, u, be defined by (2.3), and c,, and v,
be respectively defined by

[Bay—2|

cn=2n(2"" - 1) - 2n(2n —1)(2*"° -1) Bl
2n

(2.11)
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C c
Yy = L T (2.12)
Apsl an

Then v, > u, for all n > 3.
Proof 1t follows from (2.1)-(2.3), (2.11), and (2.12) that

2[(6m% +5n—2)2%" + 4n +5] n(2n-1)(22"3 1) |By,_s|
+
Aplyil 22" _2p2 —3n—2 |By,l
(m+1)2n+1)(2¥1 -1) |By,|
22142 _2p2 —7n—7  |Bousal

Vn— Uy = —

(2.13)

From (2.13), Remark 2.1, and the inequality 72 > 9 we get

8 104 15,496

Vi p =y = 2% o %0 2.14
3T *TM T 3045 5T 71,102,145 (2.14)

105

23,139,208 2,511,041,224

Tanr o onE | V7T = , (2.15)
4,326,527,205 1,319,700,084,885

Ve —Ue =

Vy — Uy
20612 + 51— 2)2%" + 4n + 5]
o Aplnil
n(2n-1)(2*3-1)221_1 (27)?
" 221 _9n?2 —3n—-2 221 2u(2n-1)
m+1)2n+1)(2¥1-1) 221 (2m)?
w222 77 2211 (2n+1)(2n+2)
2[(612 + 51 — 2)2%" + 4n + 5]
Apdpsl
7% (612 + 51 —39)2% + (2012 + 70n + 134)2%" — (32n* + 1121 + 112)
+ 22n+2 anG541
2612 + 51— 2)2%" + 4n + 5]
T Aplnsl
81 (612 +5n—39)2% + (2012 + 70n + 134)2%" — (32n* + 1121 + 112)
+ 22n+2 AnGpil

_ (61% + 51— 335)2" + (180n° + 5981 +1,166)2%" — 9(321° + 1121 + 112)

2n+2
anﬂnﬂz n+

(2.16)

Note that

a, >0, (1801 +598n +1,166)2>" — 9(32n° + 1121 + 112) > 0, (2.17)
and

61> +5n—335>6x 82 +5 x 8 —335 =289 (2.18)

forall » > 8.
Therefore, Lemma 2.6 follows easily from (2.14)-(2.18). O
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Lemma 2.7 Let n € N, and w, be defined by

wy =32 x 2% — (48n° + 206n” +165n + 2,183)2*"

+(3,284n” +5,5261 + 4,716)2*" - (1,3201> + 1,9807 + 1,320).

Then w, >0 forall n > 5.

Proof Let
wh =32 x 4" — (48n° +2061" +165n + 2,183).

Then we clearly see that

wy = 2%"w + (3,284n% + 5,526 + 4,716)2*" — (1,3201> + 1,980n + 1,320), (2.19)

w} =18,160 > 0, (2.20)

wi | — 4w’ = 144n° + 474n* — 611 + 6,130 > 0 (2.21)
for all n > 5.

Inequalities (2.20) and (2.21) lead to the conclusion that

wy >0 (2.22)
for all n > 5.
Note that
(32847 + 5,5261 + 4,716)2*" — (1,320 +1,980n + 1,320) > 0 (2.23)
forall » > 5.
Therefore, Lemma 2.7 follows from (2.19), (2.22), and (2.23). (]

Lemma 2.8 Let n € N, and u,, and v, be defined by (2.3) and (2.12), respectively. Then
v3 = 37u3/35 and v, < 37u,/35 for all n > 4.

Proof 1t follows from (2.1)-(2.3), (2.11), and (2.12) that

35v, - 37u,

2[8 x 24 — (121n% —1961* — 1651 + 92)22" — (4n* — 144n — 189)]
(227 — 212 —3n —2)(22"+2 _ 242 —7n —-7)

332n + D(n+ 1)1 —1) |By| 33121 —1)(22"2 — 1) |Byys|

+ . 2.24
22142 _92p2 _7n—7  |Bouol 221 _2p2 —3n—2  |By,l ( )
From Remark 2.1, (2.24), and the inequality 72 < 10 we get
288
35v3 —37u3 =0, 35vy — 37Uy = ———, (2.25)

145
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35v, - 37u,
2[8 x 24 — (121° — 1961 — 1651 + 92)2>" — (4n> — 144n — 189)]
<7 (22" 212 — 31— 2)(22"% — 212 — Tn—7)
332n +1)(m+1)(221 —1) 22+1 _1 (27)?
222 _Qp? _Tpn—7 22n+l (2 +1)(2n + 2)
N 33n(2n -1)(2¥3-1) 223 (2m)?
22n _2p? —3n—-2 223 _12n(2n+1)
2[8 x 2% — (121® — 19612 — 165n + 92)2%" — (4n?* — 144n — 189)]

Anln+l
3372 (612 + 51 + 11)2% — 2(10> + 151 + 12)2%" + 81> + 121 + 8
* 4 A2
2[8 x 24 — (1213 — 1961 — 165n + 92)2%" — (4n* — 144n — 189)]
=T Appsl
33 x 10 (612 + 5m + 11)2% — 2(10m> + 151 + 12)2*" + 81> + 121 + 8
S Ay 2"
Wy
T g 22

where w,, is given in Lemma 2.7.
Therefore, Lemma 2.8 follows easily from Lemma 2.7, (2.25), and (2.26).

Let

A(x) = (x — sinx cos x)(sinx — x cos x)? cos &,
B(x) = (sinx — xcosx)(x — sinxcos x)2,
C(x) = x(x sinx — 2x% cos x + sin® xcosx) sin® x

=x° sinzxcosx(

sin?x  tanx
5 2).
x x

Then from the Wilker inequality and Lemma 2.3 we clearly see that

A(x) >0, B(x) >0, Cx)>0

for all x € (0,77/2) and

AW 2"IBalan s, Blx) i 2% |Bonlby s,
sin® x cos? x o (2n)! ’ sin® xcos? x o (2m)! ’

C(x) _ i 22n|32n|cn xzn
xcos? x (2n)!

’

3
s =3

where a,, b,, and ¢, are respectively given by (2.1), (2.2), and (2.11).

Page 7 of 13

(2.26)

(2.27)
(2.28)

(2.29)

(2.30)

(2.31)

Lemma2.9 Letq € R, A(x), B(x), and C(x) be respectively given by (2.27)-(2.29), and f (x) :

(0,7/2) — R be defined as

_ gB(x) + Clx)

fx) A0

(2.32)
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Then the following statements are true:
(1) if g = =1, then f(x) is strictly increasing from (0,7 /2) onto (2q +12/5,3 — 2/4);
(2) ifq> -1, then f(x) is strictly increasing from (0,7 /2) onto (2q + 12/5, 00);
(3) ifq <-37/35, then f(x) is strictly decreasing from (0,7 /2) onto (—00,2q +12/5).

Proof Let ay, by, cu, uy, and v, be respectively defined by (2.1)-(2.3), (2.11), and (2.12).
Then from (2.30)-(2.32) and Lemma 2.5 we have

> o2 s (gbn + cn)x"
= = 2.33
Sfx) S (2.33)
bn+ n+ bn n
I N IR =qu, + Vy, (2.34)
Apn+l ay
Uy, = bin b (2.35)
Apsl  Apn
for all » > 3.
Note that
b 12
0y =228 _og4 =, (2.36)
as 5
. . C(x)-B(x) 2
1 =1 —— =3- — =-1), 2.37
. ir}j,l,f (x) Jm . =D (2.37)
B C
lim f(x)= lim w =+00 (g>-1), (2.38)
x5 x—=57 Ax)
B C
lim f@)= fim OO Lo, (2.39)
x—> 57 x=>57 Ax)

We divide the proof into two cases.
Case 1 g > —1. Then it follows from (2.34) and (2.35), together with Lemma 2.6, that

qbn+1 + Cnl qbn tCn
Ani1 an

>V, —u, >0 (2.40)

for n > 3.
Therefore, parts (1) and (2) follow from (2.33), (2.36)-(2.38), (2.40), and Lemma 2.2.
Case 2 g < —37/35. Then (2.34) and (2.35), together with Lemma 2.8, lead to

by +C bs + ¢ 37
e 4—q 3 35V3——M3:O, (2.41)
ag as 35
Dyl + b, + 37
qPn+1 + Cp1 _ qbu + Cy <V, - Lu, < 0 (242)
Apn+l ay 35
for n > 4.

Therefore, part (3) follows from (2.33), (2.36), (2.39), (2.41), (2.42), and Lemma 2.2. [

Let p,g € R, x € (0,7/2), and the functions x — S,(x), x — T,(x), and x — W, ,(x) be
respectively defined by

1- (T)p (p 7!0), So(x) :}H)I(I)Sp(x) — IOg L’ (243)

S =
() sinx
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(tanxyq _

t
T,() =~ (q40),  To(x)=lim T,(x) = log —, (2.44)
q q—0 X
and
S, (x)
W, (x) = 2.
pq Tq(x)
Then we clearly see that
5,(0) = 7,(0%) =0,
1-(sinxyp
gm, pq#0,
S S-S50 |EEEE, pro,g=0
Wha@) = o= oS =1 e (245)
o) Ty(x) = T,(07) Ty P=0470,
log(gh=)
loz(ia%x)’ p=4=0
. 1
Wpq(07) = 5, (2.46)
_ 2 p
Wm(z ) = g[(_) —1} (»#0,4<0), (2.47)
2 plL\rm

- . - 2
Woq 2 :;‘L%Wp,q B} =q10g; (g<0).

Lemma 2.10 Let x € (0,7/2), and W), 4(x) be defined by (2.45). Then the following state-
ments are true:

(1) Wp4(x) is strictly decreasing on (0,7/2) if g > -1 and p + 2q +12/5 > 0;

(2) W,q() is strictly increasing on (0,7/2) if =37/35 < q < ~1l and p < n*/4 - 3;

(3) Whyq(x) is strictly increasing on (0,7 /2) if g < —37/35 and p + 2q +12/5 < 0.

Proof Let pg #0 and x € (0,77/2). Then (2.43) and (2.44) lead to
Sp®)7" [sinx—xcosx (sinx )™ il '
= - — cos? ™ x
Té(x) x—sinxcosx \ «x
2P sin? 9 xcos? x

T (x—sinxcosx)? AW/ &) +p), (2.48)

where A(x) and f(x) are respectively given by (2.27) and (2.32).
(1) Ifg>-1and p +2g +12/5 > 0, then from Lemma 2.9(1) and (2) and from (2.48) we
have

[ Sp) :|/ %1771 sin?~ 17! x cos? x

12
) A(x) (p +2q+ E) <0 (2.49)

(x — sinx cos x)?

for x € (0,7/2).
Therefore, Lemma 2.10(1) follows easily from (2.45) and (2.49) together with Lemma 2.1.



Chu et al. Journal of Inequalities and Applications (2016) 2016:187 Page 10 0of 13

(2) If -37/35 < g < -1 and p < 72/4 — 3, then (2.48) and Lemma 2.9(1) lead to

S,x) 7 a7 P Lsi? T xcos x C(x) — B(x)
> - - W) p+—
T)(x) (x — sinx cos x)? A(x)
K0P L sin? "1 x cos? x

2
- A 3-—)=0 2.50
g (o — sinx cos x)2 ) (p * 4 ) - 250

for x € (0,7/2).

Therefore, Lemma 2.10(2) follows from (2.45) and (2.50) together with Lemma 2.1.

(3) If g < -37/35 and p + 2q + 12/5 < 0, then Lemma 2.9(3) and (2.48) lead to the con-
clusion that

|: Sp) j|/ x4 gin? 77! x cos? x

12
T{;(x) A(x) (p +2q + E) >0 (2.51)

(x — sinx cos x)?

for x € (0,7/2).
Therefore, Lemma 2.10(3) follows from (2.45) and (2.51) together with Lemma 2.1. O

Remark 2.2 It is not difficult to verify that (2.48) is also true if pg = 0.

3 Main results

Let
E = (p,q)‘qz—l,p+2q+%20}, (3.1)
E; = (p,q)‘—:—Z<q§—1,p§%2—3}, (3.2)
Es = (p,q)‘qf—i—;pﬂw%SO}, (3.3)
D1 ={(p,q)|pap +29) >0}, Dy ={(p.q9)pa(p +2q) <0}, (3.4)
Ds={(p.q|p>04q<0},  Di={(p.q)lp<0,g<0}, (3.5)
G =E,ND,,  Gy=E,UE;ND,, (3.6)
Gs=E ND,,  Gy=E,UE;NDy, (3.7)
Gs=E NDs,  Gg=E,UE3ND,, (3.8)
G;=EiND;,  Gg=E,UE3NDs. (3.9)

Then (3.1)-(3.9) lead to

G ={p:qlp>0,g>0} U{(p.9)0<p<-2q9,q>-1}

12
U{(p,q)‘q>0,—g §p+2q<0}, (3.10)
7.[2
Gy = G = {(p,q)‘pf T _3,q5—1}

ORI )‘”2 3 0,0<—2 prog+ 2 <0 (3.11)
Q)| — —-3<p<0,g<-——,p+2q+— , .
9| p<0g=-gop+2q+ <
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Gs={(.9lp<0,p+29>0}U{(p,q)| -1 <q<0,p+2q>0}

12
U{(P’Q)I—154<0,—2q—g§p<0}, (3.12)
12
G4=Gs={(p,q)‘0<p§—2q—g}, (3.13)
Gs={(p.9)lp>0,-1<q<0}, (3.14)
12
G7={(p,q)’—lfq<0,—2q—§§p<0}. (3.15)

Theorem 3.1 Let Gy, Go, G3, and G4 be respectively defined by (3.10)-(3.13). Then the
Wilker-type inequality

2 1 p t q
4_ (X + p anx >1 (3.16)
p+2g\ x p+2q\ x

holds for all x € (0,7/2) if (p,q) € G1 U Gy, and inequality (3.16) is reversed if (p,q) € Gs U
Gs.

Proof Let W, ,(x) be defined by (2.45). We only prove that inequality (3.16) holds for all
x € (0,7/2) if (p,q) € G1 U Gg; the reversed inequality for (p,g) € G3 U G4 can be proved
by a completely similar method.

We divide the proof into two cases.

Casel (p,q) € G;. Then (3.1), (3.4), and (3.6) lead to

12
q>-1, p+2q+g >0, (3.17)
prq(p +2q)>0. (3.18)
It follows from (2.45), (2.46), Lemma 2.10(1), and (3.17) that

1-(snxy g
q1-CFF 1 (3.19)

Wra® =, (tns)s 1" 2

for x € (0,7/2).

Therefore, inequality (3.16) follows easily from (3.18) and (3.19).

Case? (p,q) € Gy. Then from (2.45), (2.46), Lemma 2.10(2) and (3), (3.2)-(3.4), and (3.6)
we clearly see that

) q1-CFy 1
WygX) = = oo > —
P p(|E)-17 2

(3.20)

and

pq(p +2q) <0. (3.21)

Therefore, inequality (3.16) follows from (3.20) and (3.21). O
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Theorem 3.2 Let Gs, Gg, G7, and Gg be respectively defined by (3.11) and (3.13)-(3.15).
Then the Wilker-type inequality

7w\’ [ sinx\” 7\’ (tanx\?
Y (=) s (2 ) <1 (3.22)
2 x 2 x
holds for all x € (0,7/2) if (p,q) € Gs U Ge, and inequality (3.22) is reversed if (p,q) €
G7 U Gg.

Proof Let W, ,(x) be defined by (2.45). We only prove that inequality (3.22) holds for all
x € (0,7/2) if (p,q) € G5 U Gg; the reversed inequality for (p,q) € G; U Gg can be proved
by a completely similar method.

We divide the proof into two cases.

Case 1 (p,q) € Gs. Then from (2.45), (2.47), Lemma 2.10(1), (3.1), (3.5), and (3.8) we

clearly see that

1— (sinx) r
i1 2)

and

p>0. (3.24)

Therefore, inequality (3.22) follows easily from (3.23) and (3.24).
Case? (p,q) € Gg. Then (2.45), (2.47), Lemma 2.10(2) and (3), (3.2), (3.3), (3.5), and (3.8)
lead to the conclusion that

ql-C2Y g2\’
Wp’q(x):;m <;|:(;> —1:| (3.25)

and

p<0. (3.26)

Therefore, inequality (3.22) follows easily from (3.25) and (3.26). a
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