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Abstract

A complex matrix X is called an {i,...,j}-inverse of the complex matrix A, denoted by
Al if it satisfies the ith, ..., jth equations of the four matrix equations (i) AXA = A, (ii)
XAX =X, (iii) (AX)* = AX, (iv) (XA)* = XA. The eight frequently used generalized inverses
of A are AT, AU A0.24 A1.23) A0 A1) A02) and AV The {i,...,j}-inverse of a
matrix is not necessarily unique and their general expressions can be written as
certain linear or quadratic matrix-valued functions that involve one or more variable
matrices. Let A and B be two complex matrices such that the product AB is defined,
and let A~ and B be the {i,...,j}-inverses of A and B, respectively. A prominent
problem in the theory of generalized inverses is concerned with the reverse-order law
(AB)(-) = BU-D AU-) Because the reverse-order products B% A%~ are usually not
unique and can be written as linear or nonlinear matrix-valued functions with one or
more variable matrices, the reverse-order laws are in fact linear or nonlinear matrix
equations with multiple variable matrices. Thus, it is a tremendous and challenging
work to establish necessary and sufficient conditions for all these reverse-order laws
to hold. In order to make sufficient preparations in characterizing the reverse-order
laws, we study in this paper the algebraic performances of the products Bl Al
We first establish 126 analytical formulas for calculating the global maximum and
minimum ranks of B4+ Al for the eight frequently used {i,...,j}-inverses of

algebraic properties of these matrix products.
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1 Introduction
Let A € C"™*" be a general matrix. The Moore-Penrose inverse of A, denoted by AT, is
defined to be a matrix X € C"*" satisfying the following four Penrose equations:

() AXA=A4, (i) XAX=X, (i) AX)*=4X, (v) (XA)*=XA. (1.1)

The concept of the Moore-Penrose inverse was independently described by Moore in [1]
and Penrose in [2]. It is well known that A* always exists for any A and is unique; see,
e.g., [3-5]. Moreover, a matrix X is called an {i,...,j}-inverse of A, denoted by A7, if
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it satisfies the ith, ..., jth equations in (1.1). The collection of all {;,...,j}-inverses of A is
denoted by {A®7}, The eight frequently used generalized inverses of A are

AT, A(1,3,4), A(LZA), A(1,2,3), A(lA), A(1,3)’ A(LZ), A(l) . (1'2)

Generalized inverses of matrices are common tools to deal with singular matrices, and
now become fruitful and core parts of matrix theory and applications.

Before proceeding, we introduce the natation used in this paper. The symbol C"*"
stands for the collection of all m x n complex matrices. The symbols r(A), Z(A), and
A (A) stand for the rank, the range (column space, and the kernel (null space) of a matrix
A € C"™*", respectively. I, denotes the identity matrix of order m; [A, B] denotes a row
block matrix consisting of A and B. We use E4 = I,, — AA" and F4 = I, - A"A to stand for
the two projectors induced by A.

In matrix theory, a fundamental matrix operation is to find the inverse of a square matrix
when it is nonsingular, or to find generalized inverses of the matrix when it is singular. It
is a common fact that for a pair of nonsingular matrices A and B of the same size, the
product AB is nonsingular as well, and the ordinary inverse of AB can be expressed as
(AB)™! = B'A7L. This basic algebraic equality is called the reverse-order law of the inverse
of the product of two nonsingular matrices in linear algebra. This law shows that if both
A~ and B! are given, we can use their product B1A™! instead of (AB)7}, so that this
law can be used to simplify various matrix expressions that involve inverse operations of
products of nonsingular matrices. Because generalized inverses of matrices are extensions
of ordinary inverses of matrices, it is natural to accordingly construct a reverse-order law

(AB)(i ,,,,, ) = Bl )A(i ,,,,, i) (1.3)

for the {i,...,j}-inverses of the product of two singular matrices of A and B. In these cases,
people were naturally interested in establishing necessary and sufficient conditions for the
reverse-order law to hold since Penrose defined in the 1950s the four matrix equations in
(1.1). Different to the situations for nonsingular matrices, the reverse-order law in (1.1)
have many forms due to the multiple choices of {i,...,;}-inverses. The two well-known
forms of (1.3) are (AB)" = B'A" and (AB)"Y = BWAW; which were recognized and studied
in the literature since the 1960s; see, e.g., [6—23]. Because the {i, ..., j}-inverse of a matrix is
defined from the four matrix equations in (1.1), it is straightforward to see that the reverse-
order law in (1.3) holds if and only if some/all of the following four matrix equations:

ABBU) A-D) AB = AB, (L4)
Bli-oh) A liof) g BBl o) = Bliesl) flireoi) (1.5)
(ABBU-D AW-)* = ABBU-) Al (1.6)
( Bl A (i) 4 B)* = BN Al g B, (1.7)

hold. Because A and B/ are not necessarily unique, (1.4)-(1.7) are four nonlinear
matrix equations with respect to A%/ and B, Thus to characterize (1.3) is in fact to
solve the four matrix equations in (1.4)-(1.7). This is really a challenging work on solving
nonlinear matrix equations, and we need to make essential preparations in order to finish
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this algebraic task. In fact, reverse-order laws have belonged to the main objects of study
in the theory of generalized inverses, which have leaded to some essential developments
of the theory from the theoretical point of view. In particular, it greatly prompted estab-
lishments of many expansion formulas for calculating the ranks of matrices and their op-
erations, and these rank formulas, as demonstrated below, now are widely used in matrix
theory and applications. Note from (1.3) that the products B') A% are building blocks
for the constructions of the reverse-order laws and their variations. Hence it is necessary
to study the constructions of the products B®) A/ and their properties from the view-
point of matrix-valued functions.

In order to reveal more deep and fundamental connections between both sides in (1.3),
we consider in this paper some fundamental algebraic properties of the products on the
right-hand side of (1.3). This paper studies a particular class of matrix rank optimization
problems and establishes analytical formulas for calculating the maximum and minimum
ranks of 64 possible products B A®-) on the right-hand side of (1.3), and use the rank
formulas to investigates the performance of the products. Recall that the rank of matrix
is a conceptual foundation in linear algebra and matrix theory, which is the most signifi-
cant finite nonnegative integer in reflecting intrinsic properties of matrices. But it is really
a technical task for people to establish thousands of influential and effective matrix rank
formulas in the development of matrix theory and to use the formulas in the intuitive and
rigorous investigations of matrices and applications. The intriguing connections between
generalized inverses of matrices and rank formulas of matrices were recognized in the
1970s, and a seminal work on rank formulas for matrices and their generalized inverses
was presented in [24]. The present author first introduced matrix rank formulas into the
analysis of reverse-order laws of generalized inverses of matrix products in [25]. Over the
last 40 years the theory of matrix ranks and its applications have grown into an active
area of research in its own right, while a great wealth of literature was devoted to this sub-
ject and great successes were achieved during this approach. Now matrix rank formulas
have become a magic weapon of simplifying and establishing various complicated matrix

expressions and matrix equalities that involve generalized inverses of matrices.

2 Preliminaries

Recall a basic fact about matrix that A = 0 if and only if 7(4) = 0. Thus, two matrices A
and B of the same size are equal, namely, A = B, if and only if 7(A — B) = 0. Further, assume
that S; and S, are two sets consisting of matrices of the same size. Then the following two

assertions hold:

SSNS 0 < min r(A-B)=0; (2.1)
AeSy,BeSy
5SS, < maxminr(A-B)=0. (2.2)
A€S) BES)

These implications provide a highly flexible framework for characterizing equalities of
matrices via ranks of matrices. If certain formulas for calculating the rank of A — B are de-
rived, we can use the formulas to characterize relations between two matrices A and B, and
to obtain many valuable results. This method, called the matrix rank method, is available
for studying various matrix expressions involving generalized inverses of matrices. Per-
haps, no methods in linear algebra, as described above, is more elementary than the rank
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method in characterizing equalities of matrices. We see from (2.1) that the reverse-order
law in (1.3) holds if and only if

min r[(AB)(i""‘j) — Blirol) gl )] =0, (2.3)
(AB) (i) Al Blir)

while the four equalities in (1.4)-(1.7) are equivalent to

min _r[ABB")A%-)AB - AB| =0, (2.4)
Al Blivs)

min r[B(i ,,,,, D A\od) A BBUr) A ) _ Blireof) gl )] =0, (2.5)
Albe)) Bl

min V[(ABB(i ..... ) ))* — ABB) gl )] =0, (2.6)
Alb)) Bl

min r[(B(i ,,,,, A o] )AB)* — B 4l )AB] -0. (2.7)
Albo)) Bl

Thus, if certain formulas for calculating the minimum ranks are given, we can derive nec-
essary and sufficient conditions for (1.3) to hold from the rank formulas. This ideas was
first introduced by the present author in [25] when characterizing reverse-order laws for
the Moore-Penrose inverses of products of matrices, and have widely been used by many
authors in the investigation of various types of reverse order law. To establish analyti-
cal formulas for calculating maximum and minimum ranks of matrix-valued functions is
tricky and challenging work because of the integer property of the rank of matrix, and
only pure algebraic methods are available to handle this kind of matrix rank optimization
problems.

We next briefly introduce the mathematical foundations of our algebraic approaches
to make the paper self-contained. The results in the following lemma are well known or
follow from the definitions of {j, ..., j}-inverses of a matrix; see, e.g, [5, 11, 12].

Lemmal Let A € C"™*". Then the following results hold.
(a) The general expressions of the last seven generalized inverses of A in (1.2) can be
written in the following parametric forms:

AW = AT 4 FyVEy, (2.8)
AL = AT L ATAWE,, (2.9)
AW~ AT 4 FyVAAT, (2.10)
AW = AT 4 WE,, (2.11)
AW — AT L F Y, (2.12)
AY) = (AT + F4V)A(AT + WE,), (2.13)
AV = AT 4 FyV + WE,, (2.14)

where the two matrices V, W € C"™™ are arbitrary.
(b) The following matrix equalities hold:

AAG3Y = AA023) = AADY = AAT, (2.15)
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APYA = AL2YA = AVYA = AT A, (2.16)
AADPY = AADY = AADY = AAY = AAT + AWE,, (2.17)
A2 4 = A4 = A0V 4 = ADA = ATA + FA VA, (2.18)

where the two matrices V and W are arbitrary.
(c) The following matrix set inclusions hold:

AT e A0V} {4} c {aWY, (2.19)
AT e {A03Y) (A1) c {AD), (2.20)
AT e {A0V) c {AMY) c (4], (2.21)
AT e {A®V) (A1) c {AD), (2.22)
AT e (AP} c (A1} < AV}, (2.23)
AT e (A2} c (AP} c (A0}, (2.24)
(d) The following matrix set equalities hold:
(A9 = ()™ a7 = () ), 225)
((A029) ) = (@) ™), @)} = f(a0)™), (2:26)
[A) = (@)™ ) @0 = ()™, 227)
()} = fan)™). (228)

In order to establish and simplify various matrix equalities composed of generalized
inverses of matrices, we need the following well-known rank formulas for matrices to make

the paper self-contained.

Lemma 2 ([24]) Let A € C"™*", Be C"™* and C € C*". Then

r[A,B] = r(A) + r(E4B) = r(B) + r(EgA), (2.29)
r |:Ié:| =r(A) + r(CF4) = r(C) + r(AF¢), (2.30)
r |:Ié §:| =r(B) + r(C) + r(ERAF(). (2.31)

Lemma 3 ([24]) Let A € C"™*", B e C"*k, and C € C"*". Then the following results hold.
(a) r[A,B]l=r(A) < Z(B) C #(A) < AATB=B < E,B=0.
(b) r[£]=r(A) & Z(C*) S #(A") & CATA=C < CFy=0.
(c) r[A,B] =r(A) + r(B) & Z(A) N Z(B) = {0} & Z(EaB)*] = #(B*) & Z[(EpA)*] =
Z(A*).
(d) r[é] =r(A) + r(C) & Z(A*)NZ(C*) = {0} & Z(CF4) = #(C) & Z(AFc) = Z(A).

() r[22]=rA)+r(B) + r(C) & Z(A) N Z(B) = {0} and Z(A*) N Z(C*) = {0}.



Tian Journal of Inequalities and Applications (2016) 2016:182 Page 6 of 51

Lemma 4 ([24]) Let A € C"™*" and B € C"*P. Then the following results hold.
(a) The rank of AB satisfies the expansion formulas

(AB) = r(A) + r(B) - n+ r[ (I, - BB") (I, - A"A)], (2.32)

r(AB) = r(A) + r(B) — n + r[ (I, - BBY) (I, - AVA)] (2.33)

for all AV and BV,
(b) The rank of AB satisfies the inequalities

r(AB) < min{r(A), r(B)} < min{m, n, p}, (2.34)

r(AB) > r(A) + r(B) - r[A*, B] > max{0, r(A) + r(B) - n}. (2.35)

(c) The following statements are equivalent:
(i) r(AB)=r(A) + r(B) — n.
(i) (I, —BB"HI,-ATA)=0.
(i) (I, — BBY)(I, - AV A) = 0 for all AV and BV,
(iv) A (A) € Z(B).
(v) AN (B*) € Z(A7).
(d) The following statements are equivalent:
(i) AB=0.
(ii) r(A)+r(B)=n-r[{I,-BB)(I,-ATA))].
(iii) Z(B) C A (A).
(e) If r(AB) = r(A) + r(B) — n, then r[A*,B] = r(A) + r(B) — r(AB) = n.
(f) IfAB =0, then r[A*,B] = r(A) + r(B).

Lemma5 LetA € C"",M € CP*",and B € CP*1. Then the following rank equalities hold:

r(B'MA') = r(B*MA") = r(B"MA*) = r(B*MA*), (2.36)

r(BB'MA'A) = r(BB*MA") = r(BB'"MA*A) = r(BB*MA*A) = r(B*MA*).  (2.37)

Because the rank of a matrix is a finite nonnegative integer, the ranks of matrix-valued
functions are always bounded no matter what variable matrices in them are taken. In par-
ticular, the maximum and minimum ranks of a given matrix-valued function do always
exist when variable matrices in the function run over certain feasible sets. In this case, it
is desirable to establish analytical formulas for calculating the maximum and minimum
ranks of the matrix-valued function over the feasible matrix sets, and use the maximum
and minimum ranks to characterize some algebraic properties of the matrix-valued func-
tion. One of such optimization problems is to find the possible maximum and minimum
ranks of the Schur complement D — CA®/) B with respect to A%/, In the past decades,
some effective algebraic methods for dealing with ranks of matrices were developed, and
many new matrix rank formulas were obtained. Especially, a comprehensive result on es-
tablishing rank formulas of D— CA®) B was given in [26]. As basic tools used in Section 3,

we need the following matrix rank formulas.
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Lemma 6 ([26]) Let A € C"*", B € C"*X,and C € C*". Then the following rank equalities

hold:

and

Egﬁ) r(A*¥B) = min{#n + r(A*B) - r(A),r(B)},

. A34) R\ _ o A%
A%‘,é,’l) r(A%*YB) = r(A*B),

:(rllil’)i) r(A(l'M)B) = ;(rizzlﬁ) r(AA(l’“)B) = min{r(A),r(B)},

min r(A“*¥B) = min r(AA"*YB) = r(A) + r(B) - r[A, B],

A12,4) AL24)

j&%{) r(A(l’z’?’)B) = E}%) r(AA<1'2'3)B) = r(A*B),

A7) < i a2 ) (a8,

LY RY = mi
fﬁ% r(A B) = mln{n, r(B)},

n(lir} r(AYB) = r(A) + r(B) - r[A, B],
A 1,4

max r(A(l’S)B) =min{n + r(A*B) - r(A),r(B)},
Al

in (A3 B) =
%gr(A B) =r(A*B),

L2 p) _ L2 R) _ i
%2’12))4 r(A"?B) = A(la}z))(r(AA B) = min{r(A),7(B)},

min r(A%?B) = minr(AA“?B) = r(A) + r(B) - r[A, B],
Al2) AlL2)

D pR) - mi
rilg)x r(A B) = mln{n, r(B)},

m(ir)lr(A(l)B) =r(A) + r(B) - r[A, B],
A 1

(1,3,4)\ _ s *) _
jggz) r(CA™Y) = min{m + r(CA*) - r(A),r(C)},

: (1,3,4)\ _
Ar(xgg)r(CA ) = r(CA¥),

jg%) r(CA(LM)) :Ell%) r(CA(l'“)A) =r(CA¥),

Ar(rﬁizg) r(CA(l’M)) = Ar(rﬁizg) r(CA(l’“)A) =r(CA*),

max r(CA"?¥) = max r(CA®*YA) = min{r(4),(C)},
A1,23) A41,23)

min r(CA(l’Z’B)) = min r(CA(l'Z'B)A) =r(A) + r(C) - r[A*,C*],

A123) A1,2,3)

max r(CA™) = min{m + r(CA*) - r(4),7(C)},
AQ

: (1,4)\ _ *
;I(lll,g r(CA ) = r(CA ),

(2.38)
(2.39)
(2.40)
(2.41)
(2.42)
(2.43)
(2.44)
(2.45)
(2.46)
(2.47)
(2.48)
(2.49)
(2.50)

(2.51)

(2.52)
(2.53)
(2.54)
(2.55)
(2.56)
(2.57)
(2.58)

(2.59)
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max r(CA(l‘B)) = min{m, r(C)}, (2.60)
AL3)
rr(llig r(CA(LB)) =r(A) +r(C) - r[A*, C*], (2.61)
A,
max r(CA(1’2)) = max r(CA(l’Z)A) = min{r(4),r(C)}, (2.62)
AL2) AML2)

3 (L,2) _ i 1,2) _ _ * vk
Ll(lllgr(CA ) = min r(CA™A) = r(A) + r(C) - r[A*,C*], (2.63)
max r(CA(l)) = min{m, r(C)}, (2.64)
A
m(il?r(CA(l)) =r(A) +r(C) - r[A*, C*]. (2.65)
A

Lemma 7 ([27]) Let
q(X1,X3) = (A1 + BLX1C1)D(A; + Bo X, Cy)

be a quadratic matrix-valued function of appropriate sizes. Then the following rank equal-

ities hold:
A1DA, |
)ng(xr[Q(Xl,Xz)]=min r[A1DA,,A\DBy,B1], r | C1DA,; |,
1,42 C2 |
A1DA, B A1DA, ADB
P P4 B DAy DB | (2.66)
C2 0 ClDAg C1D32
A1DA,
)r(n;P r[q(X1,X2)] = | CuDA, | + r[A1DAy, A\DBy, B] + max{sy, s}, (2.67)
1,42 CZ
where

C2 0 ’
GDA, 0

S1=r

(4,04, Blj| |:A1DA2 B, A,DB,
—-r

A DA, B,
C 0 C 0 0 ]_

—-r ClDAz C1D32
G 0

Sy=7r

[ 4,04, AlDBz:| |:A1DA2 ADB, B,
—-r

A1DAy, A1DB,
CiDA, CDB, CDA, CDB, 0j|

Lemma8 LetS and T be two sets consisting of appropriate sizes. Then the following results
hold.
(a) The following implication holds:

S2T = PSQ2PTQ. (2.68)
(b) The following rank inequalities hold:

maxr(X) > max r(Y), min7z(X) > min r(Y). (2.69)
Xe§S YePSQ XeS YePSQ
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(c) The following implications hold.:

SO2T = maxr(X)>maxr(Y) and minr(X)<minr(Y). (2.70)
XeS YeT XeS YeT

Proof Result (a) is obvious from the fact that the matrix equality S = T implies the matrix
equality PSQ = PTQ. The two rank inequalities in (2.69) follow from the well-known rank
inequality r(S) > r(PSQ). The implications in (2.70) are obvious. (]

Lemma 9 Let A € C"™*". Then the following rank inequalities hold:

_ T (1,3,4) (1,4) MY = mi
r(A) = r(A ) < jggz) r(A ) < 2(112’13)( r(A ) < Iil(zll)x r(A ) = min{m, n}, (2.71)
r(A) = r(A") < max r(A"*Y) < maxr(A"?) < maxr(AY) = min{m, n}, (2.72)
A134) A@L3) AQ)
_ T (1,2,4) (1,4) MY — mi
rA)=r(A") < ,:H,az% r(AMY) < ZI}% r(A™) < rzl(zll)x r(A") = min{m, n}, (2.73)
_ il (1,2,4) (12) MY — mi
rA)=r(A") < ﬂ}gﬁ) r(Aa®™*Y) < ir}f}z))c r(A"?) < rﬁg)xr(A ) = min{m, n}, (2.74)
r(A) = r(A") < max r(A"*?) < maxr(A"?) < maxr(A") = min{m, n}, (2.75)
A123) AL3) AQ)
r(4) = r(A") < max r(A(l’Z’B)) < max r(A(l’Z)) < max r(A(l)) = min{m, n}. (2.76)
A4023) A402) A0
Proof The proof follows from (2.19)-(2.24) and (2.50). O

3 Main results
Let A € C™" and B € C"**. In order to characterize performances of the product
BN Al e first give their parametric forms of the products

Blr) A o) (3.1)
for the eight commonly used generalized inverses A and B, respectively. From

(2.8)-(2.14), the 63 parametric expressions of (3.1) corresponding to A®/ and B%/ can
be written as

B AW = B AT 4 BTF, WE,, (3.2)
B'AWY = BTAT + BTATAWE,, (3.3)
BT AW3) — BTAT + BTF,WAAT, (3.4)
BT AW _ BT AT L BTWE,, (3.5
BT AW Z BT AT L BTF, W, (3.6)
BTAM = (BTA" + BIE,W)A(AT + WHEy), 3.7)
B'AY = B'A" + B'F4 Wi + B'WhE,, (3.8)
BY3YAT = BTAT 4 FRVERAT, (3.9)

BUAYAWSY = (BT 4 FyVER) (A" + FEAWE,), (3.10)
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BUAPA2Y _ (Bt 4 FyVE) (A" + ATAWE,),

)
)

B34 4 ( + FyVEg (A +WEA)

B3N A023) _ (B 4 FyVER) (AT + FyWAAT),
)

BYSIAMS) - (BT 4 FpVER) (AT + FaW),

BUSIARD - (BT 4 FpVER) (AT + FaWh)A(A" + WaE,),
BY3DAW = (B 4 FyVER) (AT + FaWh + WaE4),
B2t = Bt At 4 BYBVERAT,

BU2D A4 _ (BT 4 BIBVE,) (AT + Fs WEy),
= (B' + B'BVE;) (AT + ATAWE,),
BY294023) _ (BT 4 BTBVER) (AT + FyWAA"),

BY2YAMY = (B + B'BVER) (A" + WEy),

BY2YAYY = (BT + B'BVER) (AT + FAW),

BY2YAWD = (BT + B'BVER) (AT + FAWA)A(AT + W>Ey),
BY2YAW = (B" + B'BVER) (A" + EAW; + WhE,),

BU23 AT Z BT AT 4 FRVBBTAT,

B2 4038 _ (BT 4 FyVBB') (AT + FAWE,),

BU2I 4029 _ (B 4 FVBBT) (AT + ATAWE,),

BY23 4023 (BT 4 FyVBBY) (AT + FAWAAT),
B2 A0 — (BT 4 FgVBBY) (AT + WE,),

)

B4R = (B + FyVBBY) (A" + FyW),
B340 - (B" + FyVBB) (AT + EAWh)A(AT + WhE,),
BY2YAW = (B" + FyVBBY) (A" + Fa Wi + WhE,),
BYAT = BTAT + VERAT,

AW _ (B 1 VEg) (AT + FAWE,),
AW = (B" + VEg) (AT + ATAWE,),
A1) — (B + VEg) (AT + Es WAAT),
)= (B" + VEg) (A" + WE,),
= (B' + VEg) (AT + F4 W),
= (BY + VE) (AT + EAW1)A(AT + W5E,),
= (B" + VEg) (A" + FaW1 + WaE,),
BUIAT = BT AT 1 FaVAT,
BYAMY = (BT + FyV) (A" + FAWEy),

B2 - (B 1+ FyV) (AT + ATAWE,),
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(3.11)
(3.12)
(3.13)
(3.14)
(3.15)
(3.16)
(3.17)
(3.18)
(3.19)
(3.20)
(3.21)
(3.22)
(3.23)
(3.24)
(3.25)
(3.26)
(3.27)
(3.28)
(3.29)
(3.30)
(3.31)
(3.32)
(3.33)
(3.34)
(3.35)
(3.36)
(3.37)
(3.38)
(3.39)
(3.40)
(3.41)
(3.42)
(3.43)
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BYAMY = (BY + FpV)(AT + F4WAAT),
)= (B" + FgV) (A" + WE,),
A = (B' + FpV)(AT + E4W),
AV = (B + FV) (AT + FaWh)A(AT + W>Ey),
BYAW = (B" + FgV) (AT + FAW1 + WaEy),
BYAT = (B" + FgV1)B(B'AT + VLEgAT),
BY2AM3Y = (BT + FgV1)B(B' + VaEg) (AT + FAWEy),
AV2Y = (B" + FyV1)B(B + VoEg) (A" + ATAWE,),
A" = (B + FgV1)B(B' + VaEg) (AT + F4WAAT),
= (B" + FyV1)B(B" + V2Ep) (A" + WE,),
A = (B" + FgV1)B(B' + VaEg) (AT + EaW),
)

B( i )A 12) - (Bf + F]gVi)B(Bk + VzEB (Ak +FA Wl) At + WZEA),
BYAW = (B" + FgV1)B(B + VaEg) (A" + EAW; + WaEy),

BYAT = BTAT + FgviAT + VoERAT,

134
124

(BT + FBV1 + VzEB) (AT + FA WEA),

(B" + FpVi + VoEp) (A" + ATAWE,),

)

A2 = (B" + FgVi + VaEg) (A" + F4WAAY),
(BT + FBV1 + VzEB) (z‘lJr + WEA)
A" = (B' + FpVy + VoEg) (AT + Ea W),

)

AV = (B" + FgVi + VaEp) (AT + EAWA)A(AT + W1Ey),

B(I)A(l) = (B + FBV1 + VzEB) (14T + FA Wl + WzEA),
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(3.44)
(3.45)
(3.46)
(3.47)
(3.48)
(3.49)
(3.50)
(3.51)
(3.52)
(3.53)
(3.54)
(3.55)
(3.56)
(3.57)
(3.58)
(3.59)
(3.60)
(3.61)
(3.62)
(3.63)
(3.64)

where V, V1, Vo, W, Wi, W, are arbitrary matrices of appropriate sizes. From (3.2)-(3.64),

we further obtain the following results on the analytical expressions of

BB Al )A, Al )ABB(i""‘j),

ABB(i ,,,,, J )A(i ~~~~~ J ), B(i ~~~~~ J )A(l' ,,,,, J )AB, AB (6yeerf. )A(i ‘‘‘‘‘ J )AB.

(I) The products BB+ A% A can be written as the following four groups of

expression:
BBTAMMA

=BB'AW2Y 4 = BBT AWM 4 = BBI3Y AT A

— BB(1,3,4)A(1,3,4')A — BB(1,3,4)A(1,2,4)A — BB(1,3,4-)A(1,4)A —
— BB(I,Z,?))A(L3,4)A — BB(1,2,3)A(1,2,4)A — BB(1,2,3)A(1,4)A — BB(I,?))ATA

— BB(1,3)A(1,3,4)A — BB(1,3)A(1,2,4)A — BB(1,3)A(1,4)A

=BBTATA,

(3.65)
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BBTA(1,2,3)A

=BB'AYYA = BBTAMP A = BBTADA

_ BB(1,3,4)A(1,2,3)A — BB(1,3,4)A(1,3)A _ BB(1,3,4)A(1,2)A _ BB(1,3,4)A(1)A

_ BB(1,2,3)A(1,2,3)A _ BB(1,2,3)A(1,3)A _ BB(1,2,3)A(1,2)A _ BB(1,2,3)A(1)A

_ BB(I,S)A(I,Z,S)A _ BB(I,S)A(I,S)A _ BB(I,B)A(I,Z)A _ BB(I,B)A(I)A

=BB'A"A + BB'F, WA, (3.66)
BBM?ATA

— BR124 4 (134) 4 _ pp124 4 (124) 4 _ pp124 4 (14) 4

=BB"ATA = BBMWAL3M 4 = BBV AL2 4 = BBOY A A

=BB"WAA = BBYP AV A = BB ALY A = BB A A

= BBYATA = BBVAWH 4 = BBV A4 4 = BBU A4

=BB'ATA + BVERATA, (3.67)
BB(1,2,4)A(1,2,3)A

— BB(1,2,4)A(1,3)A — BB(1,2,4)A(1,2)A - BB(1,2,4)A(1)A

— BB(1,4)A(1,2,3}A — BB(1,4)A(1,3)A _ BB(IA)A(LZ)A _ BB(1,4)A(1)A

= BB 4123) 4 — g2 4(13) 4 = BB 412 4 = BRW AD 4

= BBWA®23) 4 - BBW AW 4 = BBV A2 4 = BBVAD 4

= (BB" + BVEg)(A"A + F4 WA), (3.68)

where V and W are variable matrices of appropriate sizes.

(II) The products A®-)ABB®/) can be written as the following four groups of

expression:

A3 ABBT
= AW2YABBT = AMYABBT = BBI3YATA
:A(1,3,4)ABB(1,3,4) :A(1,2,4)ABB(1,3,4) — A(1,4)ABB(1,3,4) — ATABB(I,Z,B)
:A(1,3,4)ABB(1,2,3) :A(1,2,4)ABB(1,2,3) — A(1,4)ABB(1,2,3) ZATABB(LS)
:A(I,S)ABB(I,S) :A(l,2,4)ABB(1,3) :A(IA)ABB(I,B)
=A"ABB', (3.69)

A3 ABBT
= AYABB" = AYYABB" = AVABB?
- AW23) 4 pp34) _ 413) 4 gp134) — 412 4gp134) _ o) 4 gg134)
- A123) 4 pp123) _ A(13) 4 pg123) _ A(12) 4 gR(123) _ A 4 gE1:23)
= AW ABB® = AW ABBY) = AV ABB®Y = AV ABBMY

=ATABB' + F,WABB', (3.70)
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ATABB(I,ZA-)
:A(1,3,4)ABB(1,2,4-) :A(1,2,4)ABB(1,2,4-) :A(1,4<)ABB(1,2,4-)
:ATABB(lA) — A(1,3,4)ABB(1,4) — A(1,2,4)ABB(1,4<) — A(1,4)ABB(1,4)
:ATABB(I,Z) — A(l,3,4)ABB(1,2) — A(1,2,4)ABB(1,2) — A(1,4)ABB(1,2)
= ATABBY = A8 A BRW = 4124 4BRW = 414 4 BRD
=A"ABB" + ATABVE;, (3.71)
A(l,2,3)ABB(1,2,4)
=A(L3)ABB(1,2,4) =A(L2)ABB(1,2,4) =A(1)ABB(1,2,4)
= AP ABBM = AWYABBMY = AL ABBMY = AW ABBMY
=A(1,2,3)ABB(1,2) =A(l,3)ABB(1,2) — A(I,Z)ABB(I,Z) — A(I)ABB(I,Z)
= AW23 4BRM = A3 4BBW = 412 4BBD = AW 4 BBV
=(A"A + F4WA)(BB' + BVEg), (3.72)
where V and W are variable matrices of appropriate sizes.
(IlI) The products ABB) A% and B®%-) At--) AB can be written as the following
groups of expression:
ABBY3YAT = ABBI?3 AT = ABBUWIAT = ABBTAT, (3.73)
ABBTA(L?)A-) — ABB(1,3,4)A(1,3,4-) — ABB(LZ,?))A(L?)A-) — ABB(1,3)A(1,3,4-)
=ABB'A" + ABB'E,WE,, (3.74)
ABBTA(LZA) — ABB(1,3,4)A(1,2,4) — ABB(1,2,3)A(1,2,4) — ABB(1,3)A(1,2,4)
=ABB'A" + ABBTATAWE,, (3.75)
ABBTA123) _ ABRL34) 4(123) _ 4 ppL23) 4123) _ 4 gR13) 4(12.3)
= ABB'AT + ABB'FAWAAT, (3.76)
ABB?A(L‘}) — ABB(I,SA)A(IA) — ABB(I,z,S)A(lA) — ABB(I,S)A(1,4)
= ABB'A" + ABB"WE,, (3.77)
ABB+A(L3) — ABB(1,3,4)A(1,3) — ABB(I,Z,S)A(1,3) — ABB(1,3)A(1,3)
= ABB'A" + ABB'F, W, (3.78)
ABB+A(1’2) — ABB(1,3,4-)A(1,2) — ABB(1,2,3)A(1,2) — ABB(1,3)A(1,2)
= (ABB'A" + ABB'FAW1)A(A" + WhEy), (3.79)
ABBTAW = ABBW3Y AW = ABB123) AW = ABB1S 4D
= ABB'A" + ABB'FAW; + ABB'W,E,, (3.80)
ABBY*Y AT = ABBYY AT = ABBYY AT = ABBYAT

=ABB'A" + ABVERAT, (3.81)
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and

ABB(1,2,4)A(1,3,4) — ABB(1,4)A(1,3,4) — ABB(I,Z)A(I,SA-) — ABB(I)A(1,3,4~)
= (ABB" + ABVER) (A" + FAWEy),
ABB(1,2,4)A(1,2,4) — ABB(1,4)A(1,2,4-) — ABB(],Z)A(LZA-) — ABB(])A(1,2,4-)
= (ABB" + ABVE) (A" + ATAWE,),
ABB(1,2,4)A(1,2,3) — ABB(IA)A(LZ,?)) — ABB(LZ)A(LZ,?)) — ABB(})A(I,ZB)
= (ABB" + ABVEg) (A" + F4,WAA"),
ABBYY ALY = ABBUY ALY = ABBI ALY = ABBW ALY
= (ABB" + ABVEg) (A" + WEy),
ABBY?Y A = ABBYY ALY = ABBMP A = ABBV AN
= (ABB" + ABVE) (A" + FaW),
ABBY*AMY = ABBMY A = ABBMP AL = ABBYAM)
= (ABB" + ABVER) (A" + FAW1)A(A" + WHE,),
ABBY?Y AW = ABBMAW = ABBM AW = ABBVAW

= (ABB" + ABVER) (A" + F4 Wi + W>Ey),

BT ALY AR = BT AL2Y 4B = BTAMY AB = BTATAB,
B(1,3,4)ATAB — B(l,3,4-)A(1,3,4)AB — B(l,3,4-)A(1,2,4)AB _ B(l,3,4)A(1,4)AB
=B'ATAB + F3VERATAB,
B(1,2,4)ATAB — B(1,2,4-)A(1,3,4<)AB — B(1,2,4-)A(1,2,4<)AB — B(1,2,4)A(1,4)AB
=B'ATAB + B'BVERATAB,
B(1,2,3)ATAB — B(I,Z,S)A(1,3,4)AB — B(1,2,3)A(1,2,4)AB — B(1,2,3)A(1,4)AB
=B'ATAB + F3VBBTATAB,
BYYATAB = BMW ALY AR = B ALY AR = BV ALY AB
=B'ATAB + VEzATAB,
BYATAB = BYIAMAB = BYI A AB = B AV AB
=B'ATAB + F3VATAB,
BUYATAB = BV ALY AR = B2 ALY AR = B2 A AR
= (B" + F3V1)B(B'ATAB + V,E3A"AB),
BYATAB = BVAYYAB = BUA2Y AR = BVAMYAB
=B'ATAB + F3VIATAB + Vo,EzATAB,
B'AY) 4B = BTAMPAB = BT A2 AB = BT AV AB

=B'ATAB + B'F,WAB,
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(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)
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B(1,3,4)A(1,2,3)AB — B(1,3,4)A(1,3)AB _ B(1,3,4)A(1,2)AB _ B(1,3,4)A(1)AB
= (B" + F3VEg)(ATAB + F,WAB), (3.98)
B(1,2,4)A(1,2,3)AB — B(1,2,4)A(1,3)AB — B(1,2,4)A(1,2)AB — B(1,2,4)A(1)AB
= (B" + B'BVEg)(ATAB + FAWAB), (3.99)
B(1,2,3)A(1,2,3)AB — B(1,2,3)A(1,3)AB — B(I,Z,S)A(I,Z)AB — B(I,Z,S)A(l)AB
= (B" + F3VBB")(A"AB + F4 WAB), (3.100)
BUYAL2IAR = BBV AL AR = BYY ALY AB = BV AN AB
= (B" + VEg)(A"AB + F, WAB), (3.101)
BYIAW2IAR = BYIAMIAB = B AP AB = BYIAVAB
= (B" + FsV)(AAB + FA\WAB), (3.102)
BYIAM2IAR = YDA AR = BRI AGDAB = BYY AV AB
= (B" + F3V1)B(B' + V,Eg) (A"AB + F, WAB), (3.103)
BYAMIAB = BUAWIAB = BOAM2AB = BVAVAB

= (B" + FgVi + VoEg) (A"AB + F4 WAB), (3.104)

where V, V1, Vo, W, W, W, are variable matrices of appropriate sizes.
(IV) The products ABBU) A%-D AB can be written as the following four groups of

expression:

ABBTA"YAB
=ABB'A"*YA = ABB'A"AB
= ABB"*YATAB = ABB"Y A AB = ABBMY A2V AB
= ABBY A AB = ABBY Y ATAB = ABBM*P A3V AB
= ABB®*I A0V AB = ABB*I AV AB = ABB"YATAB
= ABB"AYIAB = ABB™ AV AB = ABBYAMAB
= ABB'ATAB, (3.105)
ABB'A"*IAB
= ABB'AYYAB = ABB'A" AB
= ABB'AWAB = ABB"3Y AV AB = ABBM* A AB
= ABBYY AN AB = ABB"3YAVAB = ABBY*P A3 AB
= ABBY*I A" AB = ABBY? AV AB = ABBY*PAVAB
= ABB"IAYIAB = ABBYAMIAB = ABB" AP AB

= ABBY)AYAB = ABB'ATAB + ABB'F,WAB, (3.106)
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ABBYYATAB

= ABBYY AN AR = ABBM* A2V A

= ABBY*YAMAB = ABBYWAAB = ABBM A3 AB

= ABBYWAL2Y AR = ABBYYAMYAB = ABBYPATAB

= ABBYP ALY AR = ABBY? AL AR = ABBM2D ALY AR

= ABBYATAB = ABBVAM3YAB = ABBY AW 4B

= ABBY A AB = ABB'ATAB + ABVERATAB, (3.107)
ABB(1,2,4)A(1,2,3)AB

= ABBY?Y AW 4B = ABB A12 4B

= ABBY*YAWAB = ABBY A2 4B = ABBYYALD 4B

= ABBY"AM2AB = ABB"YAWAB = ABBM? A129) AB

= ABBYP A AB = ABBYY AV AB = ABBYAVAB

= ABBY A2 4B = ABBYAMDAB = ABBY AP AB

=ABBYAWAB = (ABB' + ABVEs)(AAB + F4 WAB), (3.108)

where V and W are variable matrices of appropriate sizes.
Equations (3.2)-(3.64) show that the matrix products in (3.1) are in fact a group of linear
or nonlinear matrix-valued functions with one or more independent variable matrices.
Because the products BU) A/ and their ranks may vary with respect to the choices of
the variable matrices in them, the investigation of B/ A% is more like a pure algebraic
work of characterizing performances of linear or nonlinear matrix-valued functions. As an
initial step of this algebraic work, we intend to establish analytical formulas for calculating
the global maximum and minimum ranks of (3.2)-(3.64) when V, V;, V5, W, Wi, and W,
run over the corresponding matrix spaces. Concerning the upper and lower bounds of the

ranks of (3.1), we have the following results.

Lemma 10 Let A € C"™" and B € C"*P. Then the following inequalities:

r(Bo-A%D) < min{r(A®?),r(B%")} < min{m,n,p}, (3.109)

r(B(i """ A) AU )) > max{O,r(A(i """ 2 )) + r(B(i """ 2 )) - n} > max{0,7(A) + r(B) - n} (3.110)

hold, where A%) and B%)) are the eight commonly used generalized inverses of A and B,

respectively.
Proof The proof follows from (2.34), (2.35), and Lemma 9. O
The upper and lower bounds of the ranks of (3.109) and (3.110), as shown below, are

attainable for certain choices of A% and BU?, Concerning the global maximum and

minimum ranks of (3.1), we have the following main results.
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Theorem 1 Let A € C"™*" and B € C"*? be given. Then the following 126 formulas for

calculating the global maximum and minimum ranks of (3.2)-(3.64) hold:

max r(B'A®*%) = min{r(B), m + r(AB) - r(4)},
A40,34)

min r(B*A(l’M)) =r(AB),
AL34)

max r(B'A"*Y) = r(4B),
AL2,4)

min r(B'A“*%) = r(AB),
A1,24)

max r(B'A%*?) = min{r(4),r(B)},
A01,23)

. T 41,23)) _ L Ta*
Ar(rll’lzg) r(B A ) =r(A) + r(B) r[A ,B],

max r(B*"A"") = min{r(B), m + r(AB) - r(A)},
A4)

min r(B'A%) = r(4B),
AL4)

T ALY _ i
2}12,13))(;’(3 A"Y) = min{m, r(B)},

n(llig r(BTA(l’S)) =r(A) +r(B) - r[A*,B],
Al

max r(BTA(l'z)) = min{r(A), r(B)},
A12)

n(llig r(BTA(l’Z)) =r(A) + r(B) - r[A*,B],
Al

FADY — i
r;l(all)xr(BA ) = min{m,r(B)},

m(ilglr(BTA(l)) =r(A) + r(B) - r[A*,B],
A

max V(B(I’SA)AT) = min{r(A),p +7(AB) — r(B)},
B134)

min r(BY*YA") = r(4B),

B(134)

" 3r4r)1A(1 " r(B(1’3’4)A(1'3’4)) = min{m, mp,m+p+r(AB) —r(A) - r(B)},
min _ r(BY3YAL3Y) = r(AB),

B1,34) 4(134)

max  r(BAYA02Y) min{r(A),p + r(AB) - r(B)},

B(1,3.4) »A(1‘2‘4)

min _ r(BY3YAY?Y) = r(AB),
B(1’3’4),A(1’2‘4)

(1,34) 4 (L23)\ _ s
3(1,3%?4)((1,2,3) r(B*PA%>%) = min { P r(A)},

. 1,3,4 1,2,3)\ _ *
B B A) < 4) ) A5

max r(B(1’3’4)A(1'4)) = min{m, mp,m+p+r(AB) —r(A) - r(B)},

B13.4) A(01,4)

(3.111)
(3.112)
(3.113)
(3.114)
(3.115)
(3.116)
(3.117)
(3.118)
(3.119)
(3.120)
(3.121)
(3.122)
(3.123)
(3.124)
(3.125)
(3.126)
(3.127)
(3.128)
(3.129)
(3.130)
(3.131)
(3.132)

(3.133)
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min r(B»YAM) = r(AB), (3.134)
B1L3.4) A(0,4)
ma B34 413)) = mi 1, p), 3.135
S r( ) = min{m, n,p} (3.135)
min _r(BY3YAY) = r(A4) + r(B) - r[A*, B], (3.136)
B1,3:4) p(1,3)
ma B13H412)) = min{p, r(A)}, 3.137
X r( ) {p,r(4)} ( )
min _r(B»*YAM) = r(A) + r(B) - r[A%, B], (3.138)
B(1,3,4)A(1,2)
(134) 4D — ms
Bu%ﬁm r(B A ) min{m, n, p}, (3.139)
min _r(B**YAY) = r(A) + r(B) - r[A*, B], (3.140)
B1,3,4) A1)
max r(B(l’M)AT) = min{r(A),r(B)}, (3.141)
B(1.2,4)
min r(B(l’M)AT) =r(A) +r(B) - r[A*,B], (3.142)
B(12,4)
max  r(BY*YA%Y) = min{m,r(B)}, (3.143)
B(1,2,4) 4(1,3,4)
min  r(BY*YAY3Y) = r(A) + r(B) - r[A*, B], (3.144)
B1,2,4) 4(134)
max  r(B&*YA®2Y) = min{r(A),r(B)}, (3.145)
B124) 4(1,24)
min r(B(1‘2'4)A(1’2’4)) =r(A) +r(B) - r[A*,B], (3.146)
B124) 4(1,24)
max _ r(B®*YA®*Y) = min{r(4),r(B)}, (3.147)
B(1,2:4) 4(1,2,3)
min r(B(1'2'4)A(1’2’3)) =max{0,7(A) + r(B) - n}, (3.148)
B1,2:4) 4(1,2,3)
max r(B(1’2’4)A(1'4)) = min{m, r(B)}, (3.149)
B1,2,4) A(1,4)
min  r(BY*YAM) = r(A) + r(B) - r[A*, B], (3.150)
B1,2.4) A(1,4)
max _r(B@*YASY) = min{m, r(B)}, (3.151)
B(1,2,4)A(1,3)
min r(B(1‘2'4)A(1’3)) = max{0,7(A) + r(B) - n}, (3.152)
B(1.2,4) 4(1,3)
max _r(B“*YA%Y) = min{r(A),r(B)}, (3.153)
3(1'2’4)A(1’2)
min _ r(B**YA"?) = max{0,r(A) + r(B) - n}, (3.154)
3(1'2’4)A(1’2)
max _r(B»*YAW) = min{m,r(B)}, (3.155)
B1.2:4) A1)
min _r(B**YAY) = max{0, r(4) + r(B) - n}, (3.156)
B1.2:4) A1)
max r(B"*YA") = r(AB), (3.157)

B(123)
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min r(B**¥A") = r(AB),
B1,23)

max  r(B**3A%Y) = min{r(B), m + r(AB) - r(4)},

B(123) 4(1,3,4)

min r(B<1'2'3)A(1’3’4)) =r(AB),
B1.23) 4(1,34)

max  r(BM*AL2Y) = r(AB),
B123) 4124)

min r(B(l'z'g)Aa'M)) =r(AB),
B1,23) 4(1,2,4)

(1,23) 4 (1,23)) _
B(l,z,rgr)li)((l,z,s) r(B A ) = mln{r(A), r(B)},

mi
B(1,2.3) 4(1,2,3)

max r(BS*IAMY) = min{r(B),m + r(AB) - r(A)},

B(123) »A(1‘4)

min r(B(l‘z's)A(l"L)) =r(AB),
B(I,Z,S)A(1,4)

B(Lgﬁal)a,/)l((l,a) r(B (1'2'3)‘4(173)) = min{m, r(B)},

. 1,23) 4 (13)Y _
B(l.zr,nsg(l,a) r(B A ) =r(A) +r(B) - r[A*,B],

1,2,3) 41,2) _ s
B(L;rsl)aj(l,z)r(B A )—mm{r(A),r(B)},

: (1,2,3) 4(1,2)\ _
B(LZ,IIBI)I’IIAI(LZ) r(B"*YAM?) = r(A) + r(B) - r[A*, B],

max r(B(l’Z’g)A(l)) = min{m, r(B)},
B1,2.3) 4()

B(l%i)r:cx(l) V(B(m'g)A(l)) =r(A) +r(B) - r[A", B],

(L4) AT — i
I;&))(V(B A)—mln{p,r(A)},

1131(111,3 r(B™MA") = r(A) + r(B) - r[A*, B],

max  r(BOP A3 Z min ),
BL4) A(134) ( ) { p}

: (1,4) 4(1,3,4)\ _
Ba.ﬂf}sm r(B"AYY) = r(A) + r(B) - r[A%, B],

sl r(BY9A12Y) = min{p, r(A)},

: (1,4) 4(1,2,4)\ _
o 4)1128,2,4) r(B"AYY) = r(A) + r(B) - r[A%, B],

B(Lglj(xl,zs) r(B(M)A(LM)) = min {P: V(A)},

min r(B(M)A(l’z’B)) = max{0,7(A) + r(B) - n},

BL4) 4(1,2,3)

max  r(BAMY) = min m,n,p},
B4) A(,4) ( ) { 4

r(B**9A029) = r(A) + r(B) - r[A*, B],
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(3.158)
(3.159)
(3.160)
(3.161)
(3.162)
(3.163)
(3.164)
(3.165)
(3.166)
(3.167)
(3.168)
(3.169)
(3.170)
(3.171)
(3.172)
(3.173)
(3.174)
(3.175)
(3.176)
(3.177)
(3.178)
(3.179)
(3.180)

(3.181)
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min r(BYAM) = r(A) + r(B) - r[A*, B], (3.182)
B4) A(1,4)
max _r(BYYA®) = min{m, n,p}, (3.183)
BL4) 4(1,3)
min _r(B"YA") = max{0,r(A) + r(B) - n}, (3.184)
B14) 4(13)
max r(B*A%?) = min{p,r(4)}, 3.185
S r( ) {p,r(4)} ( )
min r(B(M)A(l'z)) = max{O, r(A) + r(B) - n}, (3.186)
B1,4) A(1,2)
max 7(BY"MAD) = min{m, n, p}, 3.187
jmax ( ) {m, n, p} (3.187)
min r(B(M)A(D) = max{O, r(A) + r(B) — n}, (3.188)
B(L4) A1)
II?ZIB))(T(B(I'S)AT) = min{r(A),p +r(AB) — r(B)}, (3.189)
Bl
minr(B*A") = r(AB), (3.190)
BL3)
max r(B(l’B)A(1'3'4)) = min{m, np,m+p+r(AB)—r(A) — r(B)}, (3.191)
B(13) 4(1,3.4)
min__r(BYIAMY) = r(4B), (3.192)
B(13) 4(1,3,4)
max _r(B@YAL?Y) = min{r(A),p + r(AB) - r(B)}, (3.193)
3(1’3),14(1’2‘4')
min_r(B*YA*Y) = r(4B), (3.194)
3(1’3),14(1’2‘4)
max r(BYYAL2Y) = min{p, r(4)}, 3.195
oo ) = min{p, r(4)) (3195)
min__ r(B*AYY) = 1(A) + r(B) - r[A*, B], (3.196)
B(I,S)A(J,Z,B)
max r(B(l’B)A(M)) = min{m, n,p,m + p + r(AB) — r(A) - r(B)}, (3.197)
B1,3) 4(1,4)
min r(B»YAM) = r(4B), (3.198)
B1:3),4(1,4)
max _r(BSYAYY) = min{m, n, p}, (3.199)
B1,3) 4(13)
min r(B(1’3)A(L3)) =r(A) + r(B) - r[A%, B], (3.200)
B1,3) 4(13)
max (B ADY) = min ,r(A) g, 3.201
i ( ) {p,r(4)} ( )
min _r(B*AY?) = r(A) + r(B) - r[A*, B], (3.202)
B13) 4(12)
max_r(BYAY) = min{m, n, p}, (3.203)
B13) A1)
min r(B*YAY) = r(A) + r(B) - r[A*, B], (3.204)
BL3) A1)
max r(B?A") = min{r(4),r(B)}, (3.205)

B12)
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n(llizr} r(B"A") = r(A) + r(B) - r[A%, B], (3.206)
B
max__r(BS@PAYY) = min{m, r(B)}, (3.207)
B(LZ),A(MA)
min r(B(l’z)A(1'3’4)) =r(A) + r(B) - r[A*, B], (3.208)
B(LZ),A(L“)
max r(B<1'2)A(1'2’4)) = min{r(A),r(B)}, (3.209)
B(1,2) 4(1,2,4)
min r(B®?AY*Y) = r(A) + r(B) - r[A%, B], (3.210)
B(12) 4(1,2,4)
max r(B(l'z)A(l’Q’S)) = min{r(A), r(B)}, (3.211)
B12) 4(1,23)
min (B A"*Y) = max{0,r(A) + r(B) - n}, (3.212)
B(1,2) 4(1,2,3)
max _r(BYYAM) = min{m, r(B)}, (3.213)
B(1,2) 4(1,4)
min r(B(l‘Z)A(M)) =r(A) + r(B) - r[A*,B], (3.214)
B(1,2) 4(1,4)
max r(B(l'z)A(l’B)) = min{m, r(B)}, (3.215)
B1,2), A(1,3)
min r(B(l'z)A(m)) = maX{O, r(A) + r(B) - n}, (3.216)
B1,2) A(1,3)
max _r(B"?A%?) = min{r(4),r(B)}, (3.217)
B(1.2) 4(1,2)
min _r(B"?A®?) = max{0,r(A) + r(B) - n}, (3.218)
B(1.2) 4(1,2)
max r(BY?AY) = min{m,r(B)}, (3.219)
B12) 4(1)
min r(B(m)A(l)) = max{0,7(A) + r(B) - n}, (3.220)
B12) 4(1)
DoAY _ oo
rg(all)xr(B( A ) = mln{p, r(A)}, (3.221)
m(iP r(BYAY) = r(A) + r(B) - r[A*,B], (3.222)
B
max r(BYAYY) = min{m, n,p}, (3.223)
B1),4(1,3,4)
min r(BYAMY) = r(A) + r(B) - r[A*, B], (3.224)
B, 4(13,4)
max r(B(l)A(l'M)) = min{p, r(A)}, (3.225)
BM),A1,24)
min r(BYAY*Y) = r(A4) + r(B) - r[A*, B], (3.226)
BM),A1,24)
max r(BPAL>3) = min{p,r(A)}, 3.227
B(lm(l,xz,s) r( ) ! {p r )} ( )
min r(B(l)A(l’z’g)) = max{0,7(A) + r(B) - n}, (3.228)
B A123)
max r(BYA"Y) = min{m, n,p}, (3.229)

B A14)
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min r(BYAY) = r(A) + r(B) - r[A*, B], (3.230)
BM),A04)

max_r(BYA")) = min{m, n, p}, (3.231)
B A(L3)

min_r(BYA®) = max{0,r(A) + r(B) - n}, (3.232)
B AL3)

max_r(BYAY?) = min{p,r(4)}, 3.233
s r( ) {p.r(A)} ( )

min r(B(l)A(l'z)) = max{0,7(A) + r(B) - n}, (3.234)
B, 412)

max r(B(l)A(l)) = min{m, n, p}, (3.235)
BW,AM

min r(BYAY) = max {0, r(A) + r(B) - n}. (3.236)
BW,AM

Proof Note from (2.36) that #(B'A(+)) = r(B*A®7) holds for all A®), Applying (2.52)-
(2.65) to it yields

L3:4)) = mi —
;{11,23% r(B*A"Y) = min{r(B*), m + r(B*A*) - r(A)}

= min{r(B), m + r(AB) - r(A)},

: (1,3,4)) _ _
min r(B*A"Y) = r(B*A*) = r(AB),

(1,2,4)\ _ _
max r(B* A" = r(B*A*) = r(AB),

: 1,24)\ _ _
Ar(rﬁ;g) r(B*A ) = r(B*A*) =r(AB),

max r(B*A%*¥) = min{r(A),r(B*)} = min{r(4),7(B)},
40,23

min r(B* A" = r(A) + r(B*) - r[A%, (B*)"] = r(A) + r(B) - r[A*, B],
A123

n}a))cr(B*A(M)) = min{r(B*), m + r(B*A*) = r(A)} = min{r(B), m + r(AB) - r(A)},
A 1,4

. * 4 (1,4)\ _ * A%\ _
;r(lﬂg r(B A ) = r(B A ) =r(AB),

* A(1,3)\ _ ans * .
2}33))(;’(3 A" = mln{m,r(B )} = mm{m, r(B)},

min r(B*A(l's)) =r(A) + r(B*) - r[A*, (B*)*] =r(A) +r(B) - r[A*,B],

AL3)

rr(la))(r(B*A(l’Z)) = min{r(A), r(B*)} = min{r(A), r(B)},
402

min r(B*A(l'z)) =r(A) + r(B*) - r[A*, (B*)*] =r(A) +r(B) - r[A*,B],

AL2)

m(all)xr(B*A(l)) = min{m,r(B*)} = min{m, r(B)},
A

m(iglr(B*A(l)) =r(A) + r(B*) - r[A*, (B*) "] = r(A) + r(B) - r[A*, B],
Al

thus establishing (3.111)-(3.124).
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Note from (2.36) that r(B®)A%) = r(Bé) A*) holds for all B¥/). Hence, (3.125), (3.126),
(3.141), (3.142), (3.157), (3.158), (3.173), (3.174), (3.189), (3.190), (3.205), (3.206), (3.221),
and (3.222) follow from (2.38)-(2.51).

Applying (2.66) and (2.67) to (3.14), we obtain

max r(B(1'3’4)A(1’3) )
B(13:4) 4(13)

= max r[(BY + FgVEg) (AT + F4W)]

V,
P BlAT B'AT Fp B'A" B'F,
=min { r[B'A", B'Fy, Fs], r | EsgA" |7 T . ,
I, 0 EgA"  EgF,
L
(3.237)
min _ r(B*YAY)) = minr[(BY + FpVEg) (AT + FAW)]
B13.4) AL3) v,wW
BiAT
=r| EgA" +r[B'I'A"',B"'FA,FB]+max{sl,sz}, (3.238)
Ly
where
- , BiAT F
B'AT Fy B'AT Fy BF, ’
S =r —-r -r Im 0 )
I, O I, 0 0 .
L EgAT 0
- . B'AT B'F
B'AT B'E, B'A" B'Ey F . A
Sy =r . -r . -r EBA’ EBFA
EgA"  EpFy EgA" EgF4, 0
L I, 0
Simplifying the formulas by (2.29)-(2.31) gives
r[B'A",B'F4, Fp| = r[B'A",B',F5| = r[B'A",B",1,] = p, (3.239)
[ BiAt s
B'AY F
r| EgAT | =m, r|: ! (f:| =m+r(Fg)=m+p—r(B), (3.240)
— Im "
(BIAT BF Blat B! 0
T EFA}: A" I, B|-r(A)-r(B)
|- B BL A i 0 A 0
[0 o -BB
=r 0 I, 0 —r(A) —r(B) = n, (3.241)
|-ATA 0 0

[BTAT Fs B'F,
r

I 0 0 j| =m+r(Fg) + r(BTFA)

=m+p-r(A)-rB)+ r[A*,B], (3.242)
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[BIAT Iy
r| I, 0 |=m+r(Fg)=m+p-r(B), (3.243)
| EzAT 0
[BtAt BYE, F [BtAt BF
r S . e r(Fg) =n+p—r(B), (3.244)
EgA™ EgF4 O EgA" EgF,
[B'AT BiF, -
B'F,
r| EgAT EgF4|=m+r =m+r(Fy) =m+n—r(A). (3.245)
] 0 EgF,
— m B

Substituting (3.239)-(3.245) into (3.237) and (3.238) and simplifying leads to (3.135) and
(3.136).

Also from (2.25), (2.26), and symmetry of patterns, we obtain from (3.135) and (3.136)
the following two rank equalities:

max  r(BYWAMY) = max  r[(B#PVALY)]

B(L4) ’A(I,BA) B(14) ,A(1'3'4)

= ) (13:4) ( ey (13)
- (B*)(I,g??)i)(l_g_@ r[(A ) ( ) ]

= min{m, n, p},
min r(B(1‘4>A<1'3'4)) -  min r[(B(1,4)A(1,3,4))*]
B4) A(1,34) B4 4(1,34)

= i 1,3,4) (1,3)
B (B*)(Lg)r,l(}ﬁ)ﬂ,&‘t) r[(A*) ( *) ]

=r(A) + r(B) - r[A%, B],

thus establishing (3.175) and (3.176).
Note from the definitions of {1,2}-, {1,2,3}-, and {1, 2, 4}-inverses of matrices that

r( B1.24) A(1,2,3>) = ( B1.2) A(I,Z,S)) =r( B1.24) A(LZ)) =r( B12) A(1,2))

= r(BBM"P A1) 4) (3.246)
always hold for all A1?, A123) B1.2) and BL24), Also see from (3.55) that
BB AN A = (BB' + BVER)(ATA + F4 WA). (3.247)
Applying (2.66) and (2.67) to (3.247), we obtain

max r[(BB" + BVEg)(ATA + F4 WA)]

BBTATA'|
=min { /[BB'ATA,BB'F,,B], r | EzATA
A

[BB*A*A B:| |:BB*ATA BBTFA:|
r , T

. (3.248)
A 0 EsATA  EgF4
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min r[(BB" + BVEg)(ATA + FAWA)]

BBTATA
=r| EpAtA | +r[BB'A"A,BB'F4, B] + max{s;,s,}, (3.249)
A
where
- . [BBTATA B
BB'ATA B BB'ATA B BB'F,
S1=r —-r - A 0 ’
A 0 A 0 0 .
L | EBATA 0
- . - BB'ATA BBF,
BBTATA BB'F, BB'ATA BB'F, B
Sp=r —r ) —r| EgATA  EzF,
EgATA  EgF4 EgATA  EzF4 O ) 0
Simplifying the formulas by (2.29)-(2.31) gives
BBTATA
r(BB'ATA,BB'F4,B] = r(B), r| EgATA | =r(A), (3.250)
A

. . BB'ATA B
[BB'ATA B:| |:BBTA'A B BBTFA]
r =r

A 0
A 0 A 0 0
EzgATA 0
=r(A) + (B), (3.251)
[BB'ATA BB'F B'AT B'F
r Aloy . Al n, (3.252)
EgATA  EgFy4 EgAY  EgF4
[BB'ATA BB'F, B .
r =r(B) +r|EgA"A,EgF4| =r(B) + r(Eg) = n, 3.253
E A EE, 0 (B) + r[Es 8Fa] = r(B) + r(Ep) ( )
[BBTA'A BB'F,
) BB'F,
r| EgATA  EgF4 | =r(A)+r =7r(A) +r(F4) = n. (3.254)
A 0 EgF,

Substituting (3.250)-(3.254) into (3.248) and (3.249) and combining (3.246) and (3.247)
leads to (3.147), (3.148), (3.153), (3.211), (3.217), and (3.218), respectively.
Note from (2.19)-(2.24) that

[BUAH A1) € (BUBHAW) € [BUAD),
{B1AH 409} € {BUMAN) C [B040),
(BUBHA0D) C (1A C {BIDA0),
[BUAAU34) C (B4039)

[BUMAUIDY C (BU4409) C (0400,
(U443 C (BIAAWY,
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and

B”"*)A“} (B 14A(1} [BVAW],

B4 412) L
19403},

Ve (B12a0),

Hence, we obtain from Lemma 8 that

max  r(B#YAY) < max r(B»*YAY) < max r(BYAY), (3.255)
B1,3:4) 4(1,3) B(L3,4) A1) B A4
max r(B(1’3’4)A(1’3))§ max r(B(1’4)A(1'3))§ max r(B(l)A(LB)), (3.256)
B1,3:4) A(1,3) B(1L4) A(1,3) B 413)
max r(BP3YAMY) < max r(B"AM) < max r(B»AY), (3.257)
B1.34) 4(13) BL3) 4013) BL3) AW
max r(B(1’4)A(1’3‘4))§ max r(B(l)A(1'3'4)), (3.258)
B(L4) ,A(L?’A) B LAWL34)
max r(B(1’4)A(1’3’4))§ max r(B(lA)A(M))f max r(B(l)A(M)), (3.259)
B(1,4) A(1,34) B(1L4) A(1,4) B, 41.4)
max r(B(1’4)A(1'3’4))§ max r(B(M)A(l)), (3.260)
B(1,4) A(1,3,4) BL4) 4(0)
and
min r(B<1'2'4)A(1’2’3)) >  min r(B(1’2’4)A(1’3)) >  min r(B(l’M)A(l))
B(LZA),A(LZ'?’) B(1,2,4) ,A(l'?’) B(L2,4) ,A(l)
> min r(B(M)A(D)z min r(B(l)A(l)), (3.261)
B(L4) A1) B A
min r(B(1'2'4)A(1’2’3)) >  min r(B(LM)A(l’Z))
B124) 4(1,2,3) B1,24) 4(1,2)
> min_r(B"MA®?), (3.262)
BL4) 41L2)
min r(B(1'2'4)A(1’2’3)) >  min r(B(1’4)A(1’2'3))
B1.24) 4(1,2,3) B4 4(123)
> min_r(B"MA"Y), (3.263)
B4 4(13)

min _ r(BY?*YAM?Y) > min  r(B®PAM2Y)
B(1.24) 4(1,2,3) B(12) 4(1,23)

>  min r(B(l’Z)A(l‘?’))
B, Z)A(l 3)

> min_r(B%A0), (3.264)
B12) 40)

min F(B(1’2'4)A(1’2’3)) > min r(B(l,z)A(m))
3(1’2’4)A(1’2’3) B(1:2)A(1,2)

> min_r(BYAM), (3.265)
B A(1,2)
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m r(B(LZA)A(LZB)) >  min r(B(l)A(LZ,B))
B(12:4) 4(1,2,3) B, 41,23)
> min_ r(BYA®). (3.266)
B A(1,3)

Combining (3.255)-(3.260) with (3.135), (3.175), and (3.109), we obtain the following re-
sults:

max _r(BH3409)
B(1,3,4) ,A(I,S)

= max r(B(1’4)A(1’3’4)) = max r(B(1'3'4)A(1))
B(1,4) A(1,34) B1,34) 4(1)

= max rB(M)A(M)): max r(B(1'4)A(1'3)): max r(B(M)A(l))
BL4) A1L4) BL4) A(L3) BLY) A0

= max r(B®AM) = max r(B*AY)= max r(BYAMY)
B(13) 4(13) B13) A1) B),401,34)

= max r(B(l)A(M)): max r(B(l)A(l'S))z max r(B(l)A(l))
B),A04) B, 413) B, AM

= min{m, n, p},

establishing (3.139), (3.181), (3.183), (3.187), (3.199), (3.203), (3.223), (3.229), (3.231),
(3.235), respectively. Combining (3.261)-(3.266) with (3.148) and (3.110), we obtain the
following results:

mi V(B(1’2’4)A(1’2’3))
B124) A123)

= min r(B(l’z’A‘)A(l’s)): min r(B(l'M)A(l’z))
B(1,2,4) ,A(I,S) 3(1‘2‘4)«4(1‘2)

= min r(B(1’2’4)A(1))= min r(B(1'4)A(1’2’3))= min r(B(1’4)A(1'3))
B(1,2,4) ,A(l) B(1,4)A(1,2,3) B(1'4),A(1’3)

= min r(B(M)A(l’Z)): min r(B(1'4)A(1)): min r(B(l’z)A(l'z'g))
B1,4) 4(1,2) B1,4) A1) B(1,2) 4(1,2,3)

= min r(B(l’z)A(l‘s))z min r(B(l’z)A(l’z))z min r(B(l‘z)A(l))
B2 A(L3) BL2) 4(L2) BL2) 4O

»

= min r(B(l)A(l’z’s))z min r(B(l)A(1’3))= min r(B(l)A(l'z))
B, 41,2,3) B 4(13) B A(12)

_ : BWAMY = 0,r(A B) —nl,
B(IIn)jqr}l) r( ) = max{0,r(A) + r(B) - n}
establishing (3.152), (3.154), (3.156), (3.180), (3.184), (3.186), (3.188), (3.212), (3.216),
(3.218), (3.220), (3.228), (3.232), (3.234), and (3.236), respectively.
Applying (2.66) and (2.67) to (3.10) yields

max r(B(1’3’4)A(1‘3’4))
B(134) 4(1,34)

= max r[(B" + FgVEs) (A" + FAWEy)]

BFAT ‘o AT
P B'AT F B'AT B'F
=min { r[B'A", BFy, Fg,r | EgAT |7 5lr 4

E,i O EgA"  EgFy4

} , (3.267)
E,
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min _ r(BMYAGY) = minr[(B + FgVE) (A" + FsWEy)]

B134) A(1,34)
B AT
=r| EgA" | + r[BTAT,BTFA,FB] +max{sy, 52},
E4
where
_ ) BfAT F
B'AT Fy B'A" Fy B'F, "
s1=r -r —r| Eu 0,
E4 0 E4 0 0 .
L EgA" 0
B . . B'AT B'F
B'A" BF, B'AT B'F, Fg Lo
Sy =r . -r . -r EBA EBFA
EgA'" EgF4 EgA" EgF, O

Ey 0

Simplifying the formulas by (2.29)-(2.31) gives

r[B'A",B'F4,Fg)| = r[B'A", B'F4] + r(Fg) = r(B) + p— r(B) = p,

[BTA* .
B AT
r|EgAT | =r +1r(Eq) =r(A) + m—r(A) =m,
EpAf
(BIAT Fp .
r £ 0 =r(B A') +1(Eq) +r(Fg) =m+p + r(AB) — r(A) — r(B),
A
[B'AT F3 BF
. (f o “} = r[BTA", BYEy] + r(Ex) + r(Ep) = m + p — r(A),
A

BAT]
r E A 0

| EzA™ 0

[BTAT  Fy
—r|: +1(Eq) + r(Fg) =m + p—r(B),

[BtAT B'E, Fp [BtAT B'F,
r =r .
EgAT EgF4 O EgA"  EgF,

] +r(Fg)=n+p-r(B),

B'A" B'F4

r| EsA"  EgFy4 oAl E.F
B BLA

[BTAT B'F,
E, 0

:| +7(Eq) =m+n—r(A).

Page 28 of 51

(3.268)

(3.269)

(3.270)

(3.271)

(3.272)

(3.273)

(3.274)

(3.275)

Substituting (3.269)-(3.275) into (3.267) and (3.268) and simplifying leads to (3.127) and

(3.128), respectively.
Note from (2.9) that

r(B(1,3,4)A(1,2,4)) - r(B(l,3,4)A(l,2,4)A) — r(B(l,3,4)A'I')

(3.276)

hold for all B&3% and A®2%. Hence, (3.129) and (3.130) follow from (3.125) and (3.126).

Equations (3.159) and (3.160) can be established by pattern symmetry.



Tian Journal of Inequalities and Applications (2016) 2016:182

Note from (2.10) and (2.13) that
r( B134) A(1,2,3)) = ( B1.3.4) 4(1.23) A), r( B134) A(Lz)) _ r( B134) 4(12) A)
hold for all B&*%, A123) and A1), where by (3.12) and (3.15),
BU3YAW23 4 = BAAYALD A = (BT + FVER)(ATA + EAWA).
Applying (2.66) and (2.67) to the right-hand side of (3.278) yields

max r[(B" + FsVEs)(ATA + FAWA)]

B'ATA
=min { r[B'/ATA,B'Fy, Fp),r | EzATA |,
A

B'ATA Fp B'ATA B'F,
r ,r )
A 0 EpA'A  EpFy

min r[(B" + FsVEs)(ATA + FEAWA)]

BTATA
=7 EBATA +r[BTATA,B*FA,FB]+max{sl,sz},
A
where
- . B'ATA Fg
BTATA Fj B'A'A Fz B'F,
s1=r - -r A 01,
A 0 A 0 0 .
L EzATA 0
M . BfATA B'F,
B'ATA B'F, B'A'A B'F4 Fg .
Sy =r i -r ¥ -r EBA'A EBFA
EgATA  EgF, EgATA EgF4 O 4 o

Simplifying the formulas by (2.29)-(2.31) gives

r[B'ATA,B'F4,Fg] = r[B'A",B'F4] + r(Fg) = r(B) + p — r(B) = p,

r| EgATA
A 0

Bl B'ATA F
=r(A), r |: B
A

} =r(A) +r(Fg) = p + r(A) — r(B),

[BtATA B'E, B'AT BiF,
r =r =u,
EgATA  EgF, EgAT  EgF,

[BTA'A Fs B'F t
4 o 0A:|:V(A)+V(FB)+V(B|FA):p+r[A*’B]_r(B)’
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(3.277)

(3.278)

(3.279)

(3.280)

(3.281)

(3.282)

(3.283)

(3.284)
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[BIATA Iy
r A 0 | =r(A) +r(Fg) =p +r(A) —r(B), (3.285)
| EzATA 0

[B'ATA B'F, FB:| |:BTAT B'F,
=r

+r(Fg)=n+p-r(B), 3.286
EsATA EzF, 0O EzAt EBFAi| (Fz) p-rB) ( )

r| EgATA EgFy

[BTATA BiF,
=r(A)+r |:
A 0

] =r(A) +r(Fa) = n. (3.287)

Substituting (3.281)-(3.287) into (3.279) and (3.280) and combining them with (3.277) and
(3.278) lead to (3.131), (3.132), (3.137), and (3.138), respectively. Equations (3.143), (3.144),
(3.207), and (3.208) can be established by pattern symmetry.

Applying (2.66) and (2.67) to the right-hand side of (3.13) yields

max F(B(1’3’4)A(1‘4))
B(1,3,4) ,A(1'4)

= max r[(BY + FsVEg) (A" + WE,)]

B At , , .
, fo4 ot . B'AT Fp| |B'AT B
=min { r[B'A",B', Fg],r | EgAT | ,r r , (3.288)
Es O EzA" Ep
Ey
: (1,314)14(1,4) —mi il F AT
Bu,s,r?)l,EuA)V(B ) r‘pg}r[(B + BVEB)( +WEA)]
BTAT
=r| EgA" | +r[B'A", B', F5] + max({s;, s}, (3.289)
E,y
where
- , BTAT F,
BIAT Fp BiA" Fp B 5
s1=r -r —r| Ex 0|,
Ea 0 Ex 0 0 .
L EzA" 0
_ . . BTAT BT
BTAT Bf B'A" B Fp .
Sy =r . -r + -r EBA' EB
EgA" Ep EzgA"™ Egz O
= E4 0
Simplifying the formulas by (2.29)-(2.31) gives
BTAT
r[B'A",B",Fg] =r[B",Fg]=p,  r|EsAT |=m, (3.290)
E,
BTAT F
r % | =m+p+r(AB) - r(A) - r(B),
E4 0
(3.291)

B'AT BT B
r =r =n,
EzA" Ep Ep
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(BTAT Fy B
r 5 =m+p-r(A),
E,4 0o O
TBA E, (3.292)
r| E4 0 |=m+p-r(B),
| EzAT 0
(B'AT B Fy| [B R
r =r =r(B) +r(Eg) +r(Fg)=n+p—r(B), 3.293
Egd' Ep 0 E 0 (B) + r(Ep) + r(Fp) p—r(B) ( )
(BTAT Bf -
B
r| EgAY Ep|=r |: +7r(Eq) =m+n—r(A). (3.294)
Ep
E4 0 -

Substituting (3.290)-(3.294) into (3.288) and (3.289) leads to (3.133) and (3.134), respec-
tively. Equations (3.191) and (3.192) can be established by pattern symmetry.
Applying (2.38) and (2.39) gives

i (L,3:4) 4V _ * 4 (1) . w4 (D) _ B N
min r(B%*9AT) =r(B°AY),  minr(B°AY) = r(4) + r(B) - r[A"B].  (3295)

Combining the two equalities in (3.295) yields

Jmin | r(BYAHAY) = r(A) + r(B) - r[A", B]

as required for (3.140). Equation (3.224) can be established by pattern symmetry.
Note from (2.9) and (2.13) that

r(BM*9AG2Y) = (B2 ALY 4) = r(BY2YATA) = r(BYYAY) (3.296)

hold for all B#?% and A®>%, Applying (2.40) and (2.41) to (3.296) and simplifying, we
obtain

max  r(B@*YA02Y) = max r(B**YA*) = min{r(A),7(B)},
B1.24) 4(12,4) B1,2,4)

. (1,2,4) 4 (L,2,4)\ _ o (1,2,4) g% — — *
Ba,z,axn)qu e r(B A ) = Br&g) r(B A ) =r(A) + r(B) r[A ,B],
thus establishing (3.145) and (3.146). Equations (3.163) and (3.164) can be established by

pattern symmetry.
Note from (2.9) and (2.13) that

r(BM*9AM) = r(BBY2YAM) = r(BEPAMY) = r(BBIPAMY) (3.297)
hold for all B%?% and B"?, where by (3.53),
BB AMY = (BB + BVE) (A" + WE,). (3.298)

Applying (2.66) and (2.67) to the right-hand side of (3.298) and simplifying, we obtain
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max r[(BB" + BVEg) (A" + WE,)]
BBIAT BB'A" B BB'A" BB
=min { r[BB'A", BB, B],r | EzAT |,r o , ,
Exi O EzAT  Ep
E,
(3.299)
i i T
1\1/1}1&;«[(33 +BVEg) (AT + WE,)]
BBTAT
=r| EgA" | +r[BB'A", BB, B] + max{s;,s,}, (3.300)
Ey
where
- BB'A" B
BB'AT B BB'A" B BB
s1=r E 0 -r £ 0 0 -r Ey 0],
L A EzAT 0
- . . BBTAT BB
BB'AT BB BB'AT BB B .
Sy =r -7 —-r EBAI EB
EgA"  Eg EgA' Ep 0O
L E4 0
Simplifying the formulas by (2.29)-(2.31) gives
BBTAT
r[BB'A",BB',B]=r(B),  r| EzAT |=m, (3.301)
E,4
[ BBTAT B BB'AT BB
r =m-r(A) + r(B), r =n, (3.302)
E, O EzA" Ep
[BBIAT B BB
r =r(B) +r(Es) = m—r(A) + r(B), (3.303)
Ex 0 0
[ BBTAT B
r| Exa 0| =r(Es)+r(B)+r(EgAT) =m+r[A*,B] - r(A), (3.304)
| EgAT 0
[BBTAT BB' B
r =r(B) + r(Ep) = n, (3.305)
EgAT Ez 0
[ BBTA" BB
BB
r| EgAY  Eg | =r(Ea) +r =m+n-r(A). (3.306)
Ep
| E4 0

Substituting (3.301)-(3.306) into (3.299) and (3.300) and combining them with (3.297)
and (3.298) lead to (3.149), (3.150), (3.213) and (3.214), respectively. Equations (3.195),
(3.196), (3.201) and (3.202) can be established by pattern symmetry.
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Note from (2.9) and (2.13) that
r(BU2YA0D) = p(BBL2HAM) = r(BUDAM) = (BB ALY) (3.307)
hold for all B4?%, B2 and A®3), where by (3.54),
BB A" = (BB + BVEg) (AT + F4W). (3.308)
Applying (2.66) to the right-hand side of (3.308) and simplifying, we obtain
max r[(BB" + BVEg) (A" + FaW)]

=min { r[BB'A",BB'F4,B],r | EpA"
I, 0 EgA"  EpF,

BB'AT ot
|:BBTAT B:| |:BB'A BBTFA]
’r ’
I

= min{r(B), m, m + r(B), n} = min{m, r(B)}. (3.309)
Combining (3.307), (3.308), and (3.309) yields (3.151) and (3.215). Equations (3.179) and
(3.185) can be established by pattern symmetry.

Note from (2.9) and (2.13) that

r(B**YAW) = r(BB**YAY) = r(B4PAW) = r(BBHYAY) (3.310)

hold for all B4?%, B 'and AW, Applying (2.48) to BY? AW and simplifying, we obtain

(1,2,4) 4()) _ 1L2) AW — i (1)
;{113}) r(B A ) = I;‘(lfl;)(r(B A ) = mm{r(A ), r(B)}, (3.311)
max r(AY) = min{m, n}. (3.312)
A

Combining the two equalities in (3.311) and (3.312) yields

max r(B(l’“)A(l)) = max r(B(l’z)A(l)) = min{m, r(B)},
B1,.24) A1) B1.2) 4(0)

as required for (3.155) and (3.219). Equations (3.227) and (3.233) can be established by
pattern symmetry.
Note from (2.8) and (2.10), (2.36), and (2.37) that

r(B¥*P ALY = (BB AY A) = r(BBTATA) = r(AB),
r(BY?IA023)) = r(BBM*P ALY = (BB A = r(BTAM>Y),
( B1,23) A(IA)) = r(B B(123) 4 ) r(BB' A0 ) =r(B A(M))’
r(B"*9A) = r(BBY>)AM)) = r(BB'AM) = r(BTAMY),
r(B"*YA0Y) = r(BBM*PAM) = r(BB'AM?) = r(B'AM?),

r(B4*9AW) = r(BB@*IAW) = r(BB'AW) = r(B'AW).

r
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Thus (3.161)-(3.172) follow from (3.113)-(3.124). Equations (3.177), (3.178), (3.193), (3.194),
(3.209), (3.210), (3.225), (3.226) can be established by pattern symmetry.
Applying (2.67) to (3.37) and simplifying, we obtain

Baf&‘hm r(B"MAMY) = 1&1’1&/”[(3T + VEg) (A" + WE4)]

BTAT
=r|EgA" | + r[B'i"A"',B'I',Ip] + max{sy, s>}, (3.313)
Ey

where

- . BfAT I
B'A" 1, B'A" I, B ’

s1=r -r —r| Eu 0|,
Ey, 0 Es O
L EzAT 0
- . B'AT BT
B'AT B B'AT B' 1,

Sy =7 - =-r + -r EBAT EB
EzAt Eg EzAT Ez 0
L Ei O

Simplifying the formulas by (2.29)-(2.31) gives

BA B'AT
r[B'A", B I,|=p,  r|EAT|=m, r|: 4

:| =m+p-r(A), (3.314)

E 0
Ex 4
[BiAT B B'AT I, B

r =n, r L =p+r(Eq)=m+p-r(A), (3.315)
EgA" Eg Ex 0 0
[BfAT I,

r| Ea 0| =p+r(Ea)+r(EgAT) =m+p+r[A*,B] - r(A) - r(B), (3.316)
| EzAT 0
[B'A" BT I,

r =p+r(Eg)=n+p-r(B), 3.317
Pl 0]10(3) p-r(B) (3317)
[BTAT B?

r| EsAt Eg | =m+n—rA). (3.318)
| Ex 0

Substituting (3.314)-(3.318) into (3.313) lead to (3.182). Equation (3.200) can be established
by pattern symmetry.

Applying (2.66) and (2.67) to (3.45) and simplifying, we obtain

max r(B(LB)A(M))
B(13) 4(14)

= max r[(B" + FgV) (AT + WE,)]
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BTAT TAT FAT f
P B'A"T F B'A' B'
=min r[BTA‘,B',FB],r At ,r|: Bi|,i”|: i| )

E 0 AT
EA A n
in  r(BYWAY) = minr[(B" + FV) (A" + WE
i r(BA0) = i {(B' + FaV) (4" + WE,)]
BTAT
=r| A" |+ r[BTA*,B*,FB] + max{sy, s3},
E,
where
_ - - - (BTAT Fa |
B'A" Fp BfA" Fy B 5
sler O_rE OO_r E4 01,
L A ] L A ] _A+ 0_
_ - _ . _ _B%A+ B
B'AY BT B'A" BY Fp
Sp=r —r -r| A" I,
AT, AT I, 0
L 4L LB o]
Simplifying the formulas by (2.29)-(2.31) gives
BA'
r[B'A", B, Fs]=p, r| AT |=m,
Eq
[BTAT F
r B =m+p+r(AB) —r(A) — r(B),
Ey 0
[BTAt B B'AT F B
r . =n, r =m+p-r(A),
AT, Ex4 0 0
[BiAT  Fy
r| Ea 0 |=m+p-r(B),
| AT 0
- B'AT B
BT BB (B) AT A)
r =n+p-r(B), r =m+n-r(A).
AV L, 0 P !
L E, 0

Substituting (3.321)-(3.325) into (3.319) and (3.320) leads to (3.197) and (3.198).
Applying (2.47) and (2.65) to B"P AW gives

: 1,3) 4 (1)) _ * 4 (1) : * 4 (1)) _ _ *
g(lﬁgr(B A )-r(BA ), I:\l(llglr(BA )-r(A)+r(B) r[A ,B].

Combining the two equalities in (3.326) yields

- 13) 4 )Y _ o Tax
B(lr,ns)lzl(]) r(B"AW) = r(A) + r(B) - r[A*,B],

as required for (3.204). Equation (3.230) can be established by pattern symmetry.
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(3.319)

(3.320)

(3.321)

(3.322)

(3.323)

(3.324)

(3.325)

(3.326)

O
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Theorem 1 shows that there do exist analytical formulas for calculating the global maxi-
mum and minimum ranks of the matrix-valued functions in (3.2)-(3.64) even it is hard to
believe this work can completely be finished at the very beginning. In fact, the present au-
thor made sufficient preparations for the matrix tricks and tools used in the above proofs
since the 1980s, while a systematic theory of matrix rank formulas and generalized in-
verses of matrices were well developed during this approach.

Many rank equalities and inequalities for the ranks of the products B%? A can be
established from the previous theorem. In particular, we can directly obtain the difference
of the maximum and minimum ranks of BY) A% called the spreads of the ranks of the
products B+) A1) and their rank invariance.

Corollary 1 Let A € C"™*" and B € C"*? be given with m #0, n #0, and p # 0, and let
M = [A*,B]. Then the following results hold.
(1) The spread of the rank of BTA®34) s

max r(B"A“**) - min r(B'A“*Y) = min{r(B) - r(AB), m - r(A)}.
A(,34) A0L3.4)

Hence, the following two statements are equivalent:
(i) r(BTAW3Y)Y = r(AB) holds for all AV,
(ii) r(AB) =r(B) or r(A) = m.

(2) r(BA®29) = r(AB) holds for all A0->%).

(3) The spread of the rank of Bt AW>¥ s

max r(BTA(l'ZS)) — min r(BTA(l’Z’B)) = min{r(M) —r(A), r(M) — r(B)}.
A4123) A123)
Hence, the following two statements are equivalent:
(i) r(BTAW2Y) = r(AB) holds for all AV>®.,
(ii) Z(A*) € Z(B) or Z(A*) 2 Z(B).
(4) The spread of the rank of BTAM is

max r(B"A"") — min r(B'A"") = min{r(B) - r(AB), m - r(A)}.
AL4) AL4)

Hence, the following two statements are equivalent:
(i) r(B*AWY) = r(AB) holds for all A9,
(ii) r(AB) =r(B) or r(A) = m.
(5) The spread of the rank of B'A®3) s

max r(B+A(1’3)) — min r(BTA(l'B)) = min{m —r(A) —r(B) + r(M), r(M) — V(A)}.
AL3) AL3)
Hence, the following two statements are equivalent:
(i) r(BTAW3)) = r(AB) holds for all A%,
(i) Z(A*) D Z(B) or r(M) =r(A) + r(B) — m.
(6) The spread of the rank of B'A®? is

max r(B'A") — min r(B'A%?) = min{r(M) - r(A), r(M) - r(B)}.
A12) A2)
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Hence, the following two statements are equivalent:
(i) r(BTAW?) = r(AB) holds for all AV?.
(ii) Z(A*) C % (B) or Z(A*) 2 Z(B).

(7) The spread of the rank of B'TAW is

max r(B'AW) - m(i?r(B*A(U) = min{m - r(4) - r(B) + r(M), (M) - r(A) }.
A 1 A 1

Hence, the following two statements are equivalent:
(i) r(B"AW) = r(AB) holds for all AD.
(ii) r(M) =r(A) + r(B) — m or Z(A*) 2 Z(B).

(8) The spread of the rank of B3% AT is

;}gﬁ) r(BM3AT) - 31(111);11) r(B¥AT) = min{r(A) - r(AB),p - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BY>YATY = r(AB) holds for all B&>%.
(i) r(AB)=r(A) or r(B) = p.

(9) The spread of the rank of BE3% AL3) g

max V(B(I’BA)A(I’SA)) _ min r(B(1v3v4')A(1’314‘))
B13.4) 4(134) B134) 4(1,34)

= min{m —r(AB),n—r(AB),p-r(AB),m+p —r(A) - r(B)}.

Hence, the following two statements are equivalent:

(i) r(BY>H AW = r(AB) holds for all BV and AV,

(i) (AB)=morr(AB)=norr(AB)=p orr(A) + r(B) = m + p.
(10) The spread of the rank of B3P AL2D jg

max r(B(l'BA)A(l'M)) - min r(B(l'SA)A(LM))
B134) 4(1,2,4) B(L3,4) 4(1,2,4)

= min{r(A) -r(AB),p - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BY>HAN24) = r(AB) holds for all BY*® and AV,
(i) r(AB)=r(A) or r(B) = p.

(11) The spread of the rank of B> A123) g

max r(B(1'3'4)A(1’2’3))— min r(B(l'M)A(LZ’S))
B(1,3,4)A(1,2,3) B(1'3'4),B(1'2'3)

= min{p —r(A) — r(B) + r(M), r(M) — r(B)}.

Hence, the following two statements are equivalent:
(i) r(BY3%AW23)) = v(AB) holds for all BY*® and A>3,
(i) r(M) =r(A) + r(B) —p or Z(A*) C Z(B).
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(12) The spread of the rank of BL3% A0 js

max r(B(1’3’4)A(1'4))— min r(B(1’3’4)A(1'4))
B134) A(14) B13:4) A(14)

= min{m — r(AB),n - r(AB),p - r(AB),m + p — r(A) - r(B)}.

Hence, the following two statements are equivalent:

(i) r(BY3YAWY) = r(AB) holds for all B> and AW,

(i) r(AB)=morr(AB)=norr(AB)=porr(A) +r(B)=m +p.
(13) The spread of the rank of BV3® A13) js

max r(B(1'3'4)A(1’3))— min r(B(1'3'4)A(1’3))
B134) A13) B3.4) 4(1L3)

= min{m — r(A) - r(B) + r(M),n — r(A) — r(B) + r(M),

p-r(A)-r(B)+ r(M)}.

Hence, the following two statements are equivalent:
(i) r(BM3YAWD) = r(AB) holds for all BY*® and AT,
(i) r(A) + r(B) — r(M) = min{m, n, p}.
(14) The spread of the rank of BL3® A12) js

max r(B(l'M)A(Lz)) —  min r(B(1’3’4)A(1’2))
B13:4) 4(1,2) B(134) 4(1,2)

= min{p —r(A) —r(B) + r(M), r(M) — r(B)}.

Hence, the following two statements are equivalent:
(i) r(BM3%AW2) = v(AB) holds for all BY*® and AM?.
(i) r(M) =r(A) +r(B) —p or Z(A*) C Z(B).
(15) The spread of the rank of B3% A js

max r(B(l'M)A(D)— min r(B(l'M)A(D)
B34 A1) B134) A1)

= min{m —r(A) —r(B) + r(M),n —r(A) — r(B) + r(M),
p—r(A)—r(B) + r(M)}.

Hence, the following two statements are equivalent:
(i) r(BY3%AW) = r(AB) holds for all B> and AW,
(i) r(A) + r(B) — r(M) = min{m, n, p}.
(16) The spread of the rank of BY*Y AT is

max r(B»*YA") — min r(B"*YA) = min{r(M) - r(4), r(M) - r(B)}.
B1,2,4) B1.2,4)

Hence, the following two statements are equivalent:

(i) r(BY*YATY = r(AB) holds for all B¥*% and A,

(ii) Z(A*) € % (B) or Z(A*) 2 Z(B).
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(17) The spread of the rank of B&>H AL34) g

max r(B(1’2’4) A(LM))_ min r(B(LZA) A(1,3,4))
B1.2:4) 4(1,3,4) B1,24) 4(1,34)

= min{m —r(A) = r(B) + r(M), r(M) — r(A)}.

Hence, the following two statements are equivalent:
(i) r(BE2YAW3D) = r(AB) holds for all BY** and AV,
(i) M) =r(A) + r(B) —m or Z(A*) D Z(B).
(18) The spread of the rank of BL>® A124) jg

max r( B1:24) A(1,2,4)) —  min r( 24 A(1,2,4))
B1,2:4) 4(1,2,4) B1,24) 41,24)

= min{r(M) —r(A), r(M) — r(B)}.

Hence, the following two statements are equivalent:
(i) r(BM2%AW29) = r(AB) holds for all BY** and AV*Y,
(i) Z(A*) € Z(B) or Z(A*) 2 Z(B).

(19) The spread of the rank of B»>® A1:23) g

max  r(BY2VAG2)) . min  p(B0244029)
B1,.2:4) 4(1,2.3) B124) 4(123)

= min{r(A), r(B),n—r(A),n - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BE2%A023)) = r(AB) for all BY*Y and A>3,
(i) A=00orB=0orr(A)=norr(B) =n.

(20) The spread of the rank of B> A1) g

max  r(BP?YAMY) —  min  r(BE2PAMY)
B(124) 4049 B1.24) 4(14)

= min{m —r(A) = r(B) + r(M), r(M) — r(A)}.

Hence, the following two statements are equivalent:
(i) r(BE2YANY) = p(AB) holds for all B%>% and AV,
(i) (M) =r(A) + r(B) —m or Z(A*) D Z(B).
(21) The spread of the rank of BV>*® A®3) js

max r(B(1’2’4)A(1'3)) —  min r(B(l'z'A‘)A(l’S))
B1,2,4) 4(13) B(1.2:4) 4(1,3)
= min{m, n—r(A),r(B),m+n-r(A) - r(B)}.
Hence, the following two statements are equivalent:

(i) r(BY2YAW) = r(AB) for all BY*Y and AW3).
(ii) r(A) =n,or B=0, orr(A) = m and r(B) = n.
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(22) The spread of the rank of BV*® A12) js

max r(B(1’2’4)A(1’2)) —  min r(B(l’M)A(LZ))
B1.2:4) 4(1,2) B1.2:4) 4(1,2)

= min{r(A), r(B),n—r(A),n— r(B)}.

Hence, the following two statements are equivalent:
(i) r(BY?>%AN2) = r(AB) holds for all B¥** and AV?,
(i) A=0o0rB=0orr(A)=norr(B) =n.
(23) The spread of the rank of BV*Y AW js

max r(B<1'2'4)A(1))— min r(B(l'M)A(D)
B(1.24) A1) B1.24) A1)

= min{m, n—r(A),r(B),m+n—-r(A) - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BE2%AW) = r(AB) holds for all B*>* and AW,
(ii) r(A) =n,or B=0, 0r r(A) = m and r(B) = n.

(24) r(BY>3AT) = r(AB) holds for all BY*3) and AT,

(25) The spread of the rank of BV>» AL34) g

max ,,(B(LZB)A(LBA)) _ min r(B(LZB)A(LSA))
B(123) 4(1,3,4) B(1,2.3) 4(1,3,4)

= min{r(B) —r(AB),m - r(A)}.

Hence, the following two statements are equivalent:
(i) r(BY*)AN3Y) = r(AB) holds for all BY*3) and A3,
(ii) r(AB) =r(B) or r(A) = m.
(26) r(BY23)AW28) = r(AB) holds for all BY*3) and AW
(27) The spread of the rank of B4*3 A123) g

max  r(BW?A023) _  min  p(B1234023)
B(12.3) 4(1.2.3) B(123) 4(1,2,3)

= min{r(M) —r(A), r(M) - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BY23AW23)) = r(AB) holds for all B¥*% and AV>3.
(ii) Z(A*) < Z(B) or Z(A*) 2 Z(B).
(28) The spread of the rank of BV*3 A0 js

max r(B(l,z,s)A(lA)) —  min r(B(Lz,s)A(lA))
BL23) A(1L4) B1.23) A(L4)

= min{r(B) —r(AB),m — r(A)}.
Hence, the following two statements are equivalent:

(i) r(BY*)ANY) = r(AB) for all BY*3) and AMY.
(ii) r(AB) =r(B) or r(A) =m.
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(29) The spread of the rank of BY>» A1) g

max  r(BI2VAND) — min p(BI2IAMY)
B1,.2:3), 4(13) B123) 41L3)

= min{m —r(A) = r(B) + r(M), r(M) — r(A)}.

Hence, the following two statements are equivalent:
(i) r(BY>3AW3)) = r(AB) holds for all B> and A™3).
(i) r(M) =r(A) +r(B) —m or Z(A*) 2 Z(B).
(30) The spread of the rank of BV*3 A1) js

max r(B(1'2'3)A(1’2))— min r(B(l’z’B)A(l’z))
B(I,Z,S),A(I,Z) B(1'2'3),A(1'2)

= min{r(M) —r(A), r(M) — r(B)}.

Hence, the following two statements are equivalent:
(i) r(BM>3AM2)) = v(AB) holds for all BY*® and AW,
(i) Z(A*) € Z(B) or Z(A*) > Z(B).
(31) The spread of the rank of B> AW js

max r(B(1’2’3)A(1))— min r(B(l’z’g)A(l))
B1,23) 4 B1,23) A1)

= min{m —r(A) —r(B) + r(M), r(M) — r(A)}.

Hence, the following two statements are equivalent:
(i) r(BE2)AW) = r(AB) for all BY*® and AW,
(ii) r(M) =r(A) + r(B) — m or Z(A*) 2 Z(B).
(32) The spread of the rank of BV AT is

(1L,4) 4T) _ s (1,4) 41
r;(l&))(r(B A) ]r;(lﬁgr(B A)

= min{p —r(A) = r(B) + r(M), r(M) — r(B)}.

Hence, the following two statements are equivalent:
(i) r(BMA") = r(AB) holds for all B%¥
(i) r(M) =r(A) +r(B) —p or Z(A*) C Z(B).
(33) The spread of the rank of BV A134) jg

max  r(BYAMY) — min  r(BIYAGY)
B(14) 4(13,4) BLA) A(134)

= min{m —r(A) —r(B) + r(M),n —r(A) — r(B) + r(M),
p-r(A)-r(B)+ r(M)}.
Hence, the following two statements are equivalent:

(i) r(BMMAW3Y) = r(AB) holds for all B™ and AW,
(i) r(A) + r(B) — r(M) = min{m, n, p}.
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(34) The spread of the rank of B AL24) g

max r( B4 A(LM)) —  min r( BLY A(1,2,4))
B1L4) 41,2.4) BL4) A(1L24)

= min{p —r(A) —r(B) + r(M), r(M) — r(B)}.

Hence, the following two statements are equivalent:
(i) r(BMMAW2Y) = r(AB) holds for all B™ and AW>*).
(i) r(M) =r(A) + r(B) —p or Z(A*) C Z(B).

(35) The spread of the rank of B¥ A1:23) g

max r( BLY A(1’2’3)) —  min r( BLY A(1,2,3))
B(14) 4(1,2.3) BULA) 4(123)

=min{p,r(A),n - r(B),n+p-r(A) - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BAYAW23) = v(AB) holds for all BY and AV,
(i) A=0orr(By=norr(A)+r(B)=n+p

(36) The spread of the rank of BVY ALY s

max r(BMAMY)— min r(BIPALY)
B(14) 4(14) BL4) 4(1,4)

= min{m —r(A) —r(B) + r(M),n —r(A) — r(B) + r(M),
p-r(A)-r(B)+ r(M)}.

Hence, the following two statements are equivalent:
(i) r(BMMAWY)Y = r(AB) holds for all B and AW,
(i) r(A) + r(B) — r(M) = min{m, n, p}.
(37) The spread of the rank of BV A®3) js

max r(B(M)A(Lg'))— min r(B(1'4)A(1’3))
BL4) 4(13) BL4) A1L3)

= min{m, mp,m+n—r(A)—r(B),2n-r(A)—r(B),n+p-rlA) - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BMAWY) = r(AB) holds for all B™ and AV,
(i) r(A) + r(B) = min{m + n,2n,n + p}.
(38) The spread of the rank of BVY A1 js

max r(B<1'4)A(1'2))— min r(B(1'4)A(1’2))
B(L4) 4(12) B1L4) A(12)

=min{p,r(A),n - r(B),n+p-r(A) - r(B)}.
Hence, the following two statements are equivalent:

(i) r(BMMAWD) = r(AB) holds for all B™ and AV,
(i) A=0,0orr(B)=n,orr(A) +r(B)=n+p.
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(39) The spread of the rank of BVWA® s

max r(B(M)Al))— min r(B(lA)A(l))
B4) A1) BL4) A1)

= min{m, n,p,m+n—r(A)—r(B),2n-r(A) - r(B),

n+p-r(A) —r(B)}.

Hence, the following two statements are equivalent:
(i) r(BMMAW) = r(AB) for all B* and AW,
(i) r(A) + r(B) = min{m + n,2n,n + p}.
(40) The spread of the rank of BV AT is

max r(B"A") - minr(B*YA") = min{r(4) - r(AB),p - r(B)}.
B13) B13)
Hence, the following two statements are equivalent:
(i) r(BY3AT) = r(AB) holds for all B3,
(i) r(AB)=r(A)orr(B)=p.
(41) The spread of the rank of B3 A3 js

max  r(BMWAN) _  min  p(BAA3Y)
B13) 4(1,3,4) B1,3) A(1,3,4)

= min{m —r(AB),n—r(AB),p—-r(AB),m+p —r(A) - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BMDAW3D) = v(AB) holds for all BY> and A3,
(ii) r(AB)=morr(AB)=norr(AB)=porr(A)+r(B)=m +p.
(42) The spread of the rank of B:3) A2 js

max  r(BXIAD) _ min  p(BDAL2)
B1:3),4024) B13) 4(1.24)

= min{r(A) —r(AB),p - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BMAW2D) = v(AB) holds for all BY» and AM>%,
(i) r(AB)=r(A)orr(B)=p.
(43) The spread of the rank of BLY AL23) js

max  r(BYAM2) —  min  p(BMIAM29)
B1,3),41,2.3) B13) 4(123)

= min{p —r(A) —r(B) + r(M), r(M) — r(B)}.

Hence, the following two statements are equivalent:
(i) r(BYAL23)) = r(AB) holds for all B and AV>3).
(i) r(M) =r(A) + r(B) —p or Z(A*) C Z(B).
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(44) The spread of the rank of BV A14 js

max r(BMAMY) _ min r(BMIALY)
B1,3) A(1,4) B1,3) A(1L4)

= min{m —r(AB),n—r(AB),p—-r(AB),m +p —r(A) - r(B)}.

Hence, the following two statements are equivalent:

(i) r(BMAWY) = r(AB) holds for all B and A",

(ii) r(AB)=m orr(AB) =norr(AB)=porr(A) + r(B)=m +p.
(45) The spread of the rank of B3 A1) js

max r(B*AY) — min r(B®PAMY)
B1,3) A(1L3) BL3) A(13)

= min{m —1r(A) —r(B) + r(M),n —r(A) — r(B) + r(M),
p-r(A)-r(B)+ r(M)}.

Hence, the following two statements are equivalent:
(i) r(BMIAW) = r(AB) holds for all B and A®3).
(i) r(A) + r(B) — r(M) = min{m, n, p}.
(46) The spread of the rank of B3 A®?) s

max r(B(l'S)A(LZ))— min r(B(1’3)A(1’2))
B(I,S)’A(l,2) B(I,S)A(I,Z)

= min{p — r(A) — r(B) + r(M), r(M) - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BYAY?) = r(AB) holds for all BY> and AV?,
(i) r(M) =r(A) + r(B) —p or Z(A*) C Z(B).
(47) The spread of the rank of B+ AW is

max r(B(l’g)A(l))— min r(B(l’B)A(D)
B13) 4(1) B1,3) 4(0)

= min{m —r(A) = r(B) + r(M),n — r(A) — r(B) + r(M),
p-r(A)-r(B) + r(M)}.

Hence, the following two statements are equivalent:
(i) r(BM)AW) = r(AB) holds for all B and AW,
(i) r(A) + r(B) — r(M) = min{m, n, p}.
(48) The spread of the rank of BV AY is

max r(B*?A") - minr(B"?A") = min{r(M) - r(4), (M) - r(B)}.
B12) B12)
Hence, the following two statements are equivalent:
(i) r(BM?AT) = r(AB) holds for all B¥? and AT,
(i) Z(A*) C Z(B) or Z(A*) 2 X#(B).
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(49) The spread of the rank of B&? A3 js

max  r(BYAY) - min  p(BEYA3Y)
B(1.2),4(1,3,4) B1,2) 4(1,3,4)

= min{m —r(A) = r(B) + r(M), r(M) — r(A)}.

Hence, the following two statements are equivalent:
(i) r(BMDAW3D) = r(AB) holds for all BY» and A3,
(i) M) =r(A) + r(B) —m or Z(A*) D Z(B).
(50) The spread of the rank of B&? A12Y js

max  r(BYAGM) _  min  p(BEPAM2)
B12) 4(1,2,4) B1,2) 41,2,4)

= min{r(M) —r(A), r(M) — r(B)}.

Hence, the following two statements are equivalent:
(i) r(BMDAW2Y) = r(AB) holds for all BY» and AM>%.
(i) Z(A*) € Z(B) or Z(A*) 2 Z(B).
(51) The spread of the rank of B¥? A2 js

max  r(BYPAM2)) —  min  p(BMPAM23)
B1.2),41.2.3) B12) 4123)

= min{r(A), r(B),n—r(A),n - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BMAW23)) = r(AB) holds for all B and A>3,
(ii) A=00orB=0orr(A)=norr(B) =n.
(52) The spread of the rank of BVY AW js

max r(BYPAMY) — min r(BMPAMY)
B1.2),4(0:4) B1,2) A(14)

= min{m —r(A) = r(B) + r(M), r(M) — r(A)}.

Hence, the following two statements are equivalent:
(i) r(BMDANY) = r(AB) holds for all B and AV,
(i) (M) =r(A) + r(B) —m or Z(A*) D Z(B).
(53) The spread of the rank of BVP A®3) js

max r(B"PA®) — min r(B®PALY)
B1.2),4(13) B12) 4(13)

= min{m, r(B),m+mn—-r(A)—r(B),n— r(A)}.

Hence, the following two statements are equivalent:
(i) r(BMDAW) = r(AB) holds for all BY» and A3,
(ii) r(A)=norB=0orr(A) +r(B)=m+n.
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(54) The spread of the rank of B A1 js

max r(BYPAYY) ~ min r(B#)A1?)
B1,2) A(12) B12) 412)

= min{r(A), r(B),n—r(A),n - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BMAW) = r(AB) holds for all BY» and A®?.
(ii) A=00rB=0orr(A)=norr(B) =n.

(55) The spread of the rank of BVY AW is

max r(B(l'Z)A(l))— min r(B(l'z)A(l))
B12) AQ) B12) 4(1)

= min{m,n —r(A),r(B),m+n—-r(A) — r(B)}.

Hence, the following two statements are equivalent:
(i) r(BM?AW) = r(AB) holds for all B™ and AW,
(ii) (A)=norB=0orr(A) +r(B)=m+n.
(56) The spread of the rank of BVAY is

max r(BVAT) - m(i]? r(BYA") = min{p — r(A) - r(B) + r(M), r(M) - r(B)}.
B B

Hence, the following two statements are equivalent:

(i) r(BVA") = r(AB) holds for all BY and AT

(i) r(M) =r(A) +r(B) —p or Z(A*) C Z(B).
(57) The spread of the rank of BV A®34) js

max r(BVAMY)—  min r(BMAL3Y)
B(I)A(1‘3‘4) B(]),A(l'3'4)

= min{m —r(A) = r(B) + r(M),n —r(A) — r(B) + r(M),
p-r(A)-r(B) + r(M)}.

Hence, the following two statements are equivalent:
(i) r(BWAW3Y) = r(AB) for all BY and AV3Y,
(i) r(A) + r(B) — r(M) = min{m, n, p}.

(58) The spread of the rank of BDAW2 js

max r(BUAYY)~ min r(BVAG2Y)
B A124) B, A1.24)

= min{p —r(A) —r(B) + r(M), r(M) — r(B)}.
Hence, the following two statements are equivalent:

(i) r(BYVAW2Y) = r(AB) holds for all BV and AV,
(i) r(M) =r(A) + r(B) —p or Z(A*) C Z(B).
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(59) The spread of the rank of BVA123) js

max r(BVA®?) — min r(BMAMY)
BM,40,23) B A41,23)

= min{p, r(A),n—r(B),n+p—r(A) - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BWAW2Y) = r(AB) for all BY and AV,
(i) A=0orr(By=norr(A)+r(B)=n+p.

(60) The spread of the rank of BVA® js

max r(B(l)A(M))— min r(B(l)A<1'4))
B1) A(1,4) B A(14)

= min{m — r(A) - r(B) + r(M), bn — r(A) — r(B) + r(M),
p-r(A)-r(B)+ r(M)}.

Hence, the following two statements are equivalent:
(i) r(BVAYY) = r(AB) for all BY and AW,
(i) r(A) + r(B) — r(M) = min{m, n, p}.

(61) The spread of the rank of BVAY? js

max r(B(l)A(l'?’))— min r(B(l)A(l'?’))
B A13) B, 413)

= min{m, np,m+n—r(A)—r(B),2n-r(A) —r(B),n+p-rA) - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BWAWY) = r(AB) holds for all BV and AV,
(i) r(A) + r(B) = min{m + n,2n,n + p}.

(62) The spread of the rank of BVAY? js

max r(B(l)A(l’z))— min r(B(l)A(l’z))
B 412 B ALY

= min{p, r(A),n—r(B),n+p—r(A) - r(B)}.

Hence, the following two statements are equivalent:
(i) r(BWAWY) = r(AB) for all BY and A",
(i) A=0orr(By=norr(A)+r(B)=n+p.
(63) The spread of the rank of BVAW is

max r(B(l)A(l))— min r(B(l)A(l))
BM),4M) B A

= min{m, np,m+n—r(A)—r(B),2n-r(A) —r(B),n+p-r(A) - r(B)}.
Hence, the following two statements are equivalent:

(i) (BYWAW) = r(AB) holds for all BY and AV,
(i) r(A) + r(B) = min{m + n,2n,n + p}.
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Corollary 2 Let A € C"™*" and B € C"*? be given. Then, the following results hold.
(a) The following statements are equivalent:
(1) r(B"AY23)) > r(AB) holds for all AV>®.
(2) r(BTAY3)) > r(AB) holds for all AV,
(3) r(BTAM2)) > r(AB) holds for all A",
(4) r(B'AW) > r(AB) holds for all AW,
(5) r(BM34AW23)) > r(AB) holds for all B> and AV>Y,
(6) r(BY*YAW3)Y > r(AB) holds for all BY>* and AM?.
(7) r(BY34AW) > r(AB) holds for all B> and AL,
(8) r(BM3YAW) > r(AB) holds for all B*® and AW
9) r(BY>YAY) > r(AB) holds for all B&>%.
r(BY2Y A3 > p(AB) holds for all B(1 24) and ALY,
)
)
)
)
)
)

Ucbu

=~

l

B3

(

(

) (

) (

) (

11) r(BM24A029) > r(AB) holds for all B> and AV>Y,
12) r(BY2YAMY) > r(AB) holds for all BY*® and AM.
13) r(BY23AW23)) > r(AB) holds for all BY*® and A>3,
(14) r(BY>3AW3)) > r(AB) holds for all BY*® and AT,
(15) r(BY>3A02)) > r(AB) holds for all B¥*® and A®?.
16) r(BY>AW) > r(AB) holds for all B**% and AW

17) r(BY™AT) > r(AB) holds for all B"¥.

(18) r(BYA134) > r(AB) holds for all B* and AW,
19) r(BYAW2Y) > r(AB) holds for all B and AM>%.
(20) r(BMHAWA)Y > r(AB) holds for all BY and AV,
(21) r(BY3AW23)) > r(AB) holds for all B¥® and AV*3.
(22) r(AYD ALY > +(AB) holds for all B and A%,

(23) r(B®® A<12 ) > r(AB) holds for all BY® and A%,

(24) r(BMIAW) > r(AB) holds for all B and AW

(25) r(BY?AT) > r(AB) holds for all B2,

(26) r(BM2AW3Y) > r(AB) holds for all B(12 and AV,
27) r(BM)AM24)Y > r(AB) holds for all B*? and AL>Y,

( (

(
(
(
(

=
UU

28) r(BYPDAWA)Y > 1(AB) holds for all B%? and A0,
29) r(BYA") > r(AB) holds for all BY.
30) r(BYAY3Y) > r(AB) holds for all BV and AW,
31) r(BWAW2Y)Y > r(AB) holds for all BY and AV>Y,
32) r(BVAYYY > r(AB) holds for all BY and AV,
(33) r(M) =r(A) + r(B) - r(AB).
(b) The following statements are equivalent:
1) r(BY?*HAV23) > r(AB) holds for all BY*® and A>3,
(2) r(BM2 A1) > r(AB) holds for all B> and AL,
(3) r(BM24AW2) > r(AB) holds for all B> and AW,
(4) r(BY*YAWY > r(AB) holds for all B*** and AW
(5) r(BMMAWL23) > r(AB) holds for all B and A>3,
(6) r(BYAL3)) > r(AB) holds for all B™ and AV,
(7) r(BMMAWD) > r(AB) holds for all B and AM?).
(8) r(BMMAW) > r(AB) holds for all BY and AW
9) r(BYAWL2D) > r(AB) holds for all BY? and AV>Y,
(10) r(BY2 A1) > r(AB) holds for all BY? and AV,
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11) r(BM2AW2) > r(AB) holds for all BY and AV,
12) r(BYAW) > r(AB) holds for all BY? and AW,
(13) r(BVAY23) > r(AB) holds for all BY and A>3,
(14) r(BVAYD) > r(AB) holds for all BY and A%,
(15) r(BWAY?) > r(AB) holds for all BY and A®?.
(16) r(BWAW) > r(AB) holds for all BY and AV.

(17) AB=0orr(AB) =r(A) + r(B) — n.

Proof The proof follows from setting the minimum ranks of the corresponding Bt A
equal to r(AB). O

Corollary 3 Let A € C"™*" and B € C"*? be given. Then the following results hold.
(a) The following statements are equivalent:
(1) There exists an AV such that BT AV = 0,
(2) B'AW2Y =0 holds for some/any A>%),
(3) There exists an AYY such that BTAGY = 0.
(4) There exists a BY** such that B3 AT = 0.
(5) There exist BV and AV sych that BH3HAL34 = 0,
(6) There exist BY>Y and AY?Y sych that B&3HAL24) = 0.
(7) There exist B and AYY such that BR>% AW = 0,
(8) BY23AT = 0 holds for some/any B&>,
(9) There exist BY*3 and A3 sych that B&»3A134 = 0,
(10) B&23AW24 = 0 holds for some/any BY>3) and AL>Y,
(11) There exist BY*® and AV such that BV AW = 0.
(12) There exists a BV such that BYAT = 0.
(13) There exist B and AV such that BYY ALY = 0.
(14) There exist B and AY*Y such that BYY ALY = 0.
(15) There exist B and AV such that BVYAWY = 0.
(16) AB=0.
(b) The following statements are equivalent:
(1) There exists an AY>3 such that BFAL23) = 0.
(2) There exists an AV such that BTA®S = 0.
(3) There exists an AV such that BTA® = 0.
(4) There exists an AD such that BTAY = 0.
(5) There exist BV and AV23 sych that BA3YA123) =,
(6) There exist BY** and AV sych that B34 A3
(7) There exist BY*Y and AV sych that B3 A12
(8) There exist BY*% and AW such that BL3YAW = 0.
(9) There exists a BY*% such that BV>YAT = 0.
(10) There exist BY2Y and A3 sych that BV A134) = 0.
(11) There exist BY*% and AV sych that BV AL29 = 0,
(12) There exist BY*% and AYY such that BY2P ALY = 0,
(13) There exist BY*® and AV*® such that B> A28 =,
)
)
)

) =0.
) =0.

(14) There exist BY23 and AV sych that BY23)AL3) = .
(15) There exist BY*® and AV such that B&*Y A2 = 0,
(16) There exist BY>3 and AV such that B&*3 AW = 0.



Tian Journal of Inequalities and Applications (2016) 2016:182 Page 50 of 51

(17) There exists a BY such that BV AT = 0.

(18) There exist BV and AV sych that BB ALY = 0,
(19) There exist B and AV>Y such that BV ALY = .
(20) There exist BY and AYY such that BV ALY = 0,
(21) There exist BY) and AV>3) sych that B3 A3 = .
22) There exist BY» and AV such that BVWAL?) = 0.
23) There exist BV and AV such that BV AW = 0.
24) There exist BY and AD such that BE¥AW = 0.

25) There exists a BY such that BV AT = 0.

There exist B and AV such that BVY A3 = 0.
There exist B and AV*® such that BV A2 = 0,
28) There exist BY? and AYY such that B*2 ALY = 0,
29) There exists a BY such that BVAT = 0.

30) There exist BY and AV sych that BDALY = 0,
31) There exist BY and AV** such that BVAW>Y = 0.
32) There exist BY and AYY such that BVALY = 0.

33) Z(A*) N Z(B) = {0}.

(c) The following statements are equivalent:

(1) There exist BY2Y and A3 sych that B2 A123) = ,
(2) There exist BY*% and AV such that BL*Y AWL3) = 0.
(3) There exist BY*% and ALY such that BL*Y AL = 0.
(4) There exist BY*® and A such that BY>Y AWM
(5) There exist B™ and AY*® such that BVWAL>3) = 0,
(6) There exist BY and AV such that BV AL = 0,
(7) There exist BY and AV such that B# AL = 0.
(8) There exist BV and AV such that BV AY = 0.

(9) There exist BY? and A3 sych that B2 A3 = .
(
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10) There exist BY? and AV such that BY2 ALY = .
11) There exist BY? and AY? such that BYY AL = 0.
12) There exist BY? and AV such that BYP AW = 0.
13) There exist BY and AY>® such that BVAL>% = 0.
14) There exist BY and AV such that BVAY3) = 0.
15) There exist BY and AY? such that BVAL? = 0.
16) There exist BY and AY such that BVA® = 0.

17) r(A) + r(B) < n.

Proof The proof follows from setting the minimum ranks of the corresponding B/ A
equal to zero. 0

4 Conclusions

A huge amount of rank formulas associated with reverse-order laws of generalized in-
verses of products of matrices have been established since the 1990s, which played es-
sential roles in revealing mechanisms of reverse-order laws. As one part of this ongoing
work, we reconsidered in this paper products of generalized inverses of two matrices, es-
tablished a group of exact forms for calculating the ranks of the products, and described
many performances of the products via the rank formulas. All these results can serve as
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standard references in the investigation of various problems related to products of gener-
alized inverses of matrices. Furthermore, there are many problems on establishing rank
formulas for generalized inverses of matrix products and their applications. For instance,
(a) Establish analytical formulas for calculating (2.3)-(2.7), and use the formulas to
derive necessary and sufficient conditions for (1.3)-(1.7) to hold.
(b) Establish analytical formulas for calculating the maximum and minimum ranks of
the multiple matrix products in (3.65)-(3.108), and characterize the performances of

these products via the rank formulas.
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