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1 Introduction

Partial differential equations are encountered in many problems of physics, mechanics,
mathematical finance, mathematical biology, and other branches of mathematics [1, 2]. It
has been a popular topic since the 1960s. So boundary value problems for partial differen-
tial system have always been an important and meaningful topics. There are many scholars
who studied on it, such as Keldysh [3], Wen [4, 5], Cani¢ and Kim [6], Taira [7], and so
on. In addition, singular integral operators are the core components of solutions of the
boundary value problems for a partial differential system and a degenerate partial differ-
ential system. So, for many years, many scholars and experts have studied some properties
of all kinds of singular integral operators, and they obtained the integral representations
of solutions of some partial differential equations. For example, Vekua [8] first discussed
in detail some properties of the Teodorescu operator, and Hile [9] studied some proper-
ties of the Teodorescu operator in R”. Then Gilbert et al. [10] and Meng [11] studied its
many properties in high dimensional complex space. Giirlebeck and Sprossig [12], and
Yang [13] discussed its properties and corresponding boundary value problems in the real
quaternion analysis.

In this article, we will study the Riemann boundary value problem for a kind of inhomo-
geneous partial differential system of first order equations in R* using the Clifford analysis
approach. In Section 2, we recall some basic knowledge of Clifford analysis. In Section 3,
we construct a singular integral operator and study some of its properties. In Section 4, we
first propose the Riemann boundary value problem for a kind of inhomogeneous partial
differential system, then we obtain an integral representation of the solution to the Rie-
mann boundary value problem using the relation between the theory of Clifford-valued
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generalized holomorphic functions and that of the inhomogeneous partial differential sys-

tem’s solutions.

2 Preliminaries
Let {ey, 1, €2, e3} be an orthogonal basis of the Euclidean space R* and Cly 3 be the Clifford
algebra with basis

{eo, e1, €2, €3, €162, €13, €203, €1 983},

where ey is the real scalar identity element, e;, e, e3 satisfy the following multiplication

rule:
2 .. .o
e; = —ey, eie;=—ee;, 1,j=1,2,3,iFj.

If we denote eje; = ey, e1e3 = €5, exes = e, e1e2e3 = ez, then an arbitrary element of the
Clifford algebra space Clj 3 can be written asa = 217:0 aje;, a; € R. The Clifford conjugation

is defined by a = ag - Zle ajej + aze;. The norm for an element a € Cly3 is taken to be

la| =/ Zj7=0 |a;|2. Moreover, if aa = aa = |a|* and |a| # 0, then we have

a -
a-— = —— -
lal>  |al?

Thus, we say that a is reversible if az = aa = |a|? and |a| # 0. Obviously, its inverse element
can be written as a™! = ﬁ

Suppose Q C R* is a bounded connected domain and the boundary 9<2 is a differen-
tiable, oriented, and compact Liapunov surface. An arbitrary element x € Q is denoted
by x = xpe¢ + x1€1 + X262 + x3e3. The function w which is defined in Q with values in the
Clifford algebra space Cly 3 can be expressed as w = ZLO wj(x)e;, herein wi(x) (j=0,...,7)
are real-functions defined on Q.

Let C")(, Clo3) = {wlw: Q — Clos, w(x) = 21.7:0 wj(x)ej, wi(x) € C)($2, R)}. We intro-
duce the generalized Cauchy-Riemann operator on C(€, Cly3) as follows:

w is called a left (right) Clifford holomorphic function, if 9, w(x) = 0 (w(x)d, = 0) in Q. w is
called a left (right) generalized Clifford holomorphic function, if 9,w(x) = c(x) (w(x)d, =
c(x)) in , herein c(x) = Z/7=0 cj(x)e;. Usually a left Clifford holomorphic function and a
left generalized Clifford holomorphic function are called a Clifford holomorphic func-
tion and a generalized Clifford holomorphic function for short, respectively. And w(x) €
LP° (R*, Cly3) means that w(x) € L?(B, Cly3), W\ (x) = |x|° w(ﬁ) € I7(B, Cly3), in which

B = {x||x| <1}, o is a real number, |wl,y = |Wilzr@) + W ey, p > 1.
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Definition 2.1 Suppose that the functions u, v, ¢ are defined in © with values in Cly3,
and u,v € L'(, Clo3). If for arbitrary ¢ € C3°(2, Clo3), u, v satisfy

[wramwrxs [ oucds=o,
Q Q
then u is called a generalized derivative of the function v, where we denote u = d,v.

Lemma 2.1 ([14]) Let 2, 32 be as stated above. If f € C"(RQ, Cly3), then for each x € 2,
we have

o [ rodoewn -5 [ e -s.

272
_ )%
where E(x,y) = pae
Lemma 2.2 ([15]) Ifo1,02>0,0 <y <1, then we have

|c71y —azy| <|o1—o0s]".

Lemma 2.3 ([16]) Suppose Q is a bounded domain in R*, and let o', B’ satisfy 0 < o, B’ < 4,
o' + B’ > 4. Then for all x1,%, € R* and x| # x5, we have

/ |t — 1™ |t — 20 " dt < M (@, B')Ix — x|
Q

3 Some properties of the singular integral operator
In this section, we will discuss some properties of the singular integral operator as follows:

J_

1 [ (G-%g0) 1 pE ~* (y) 1
T = [ T g (=5 ) d
( [g])(x) 272 Jp ly—«x|* Yo B|—‘ > —x|4g 12/ lyl® ?
= (T1lg]) &) + (T2 [g]) (%), 3.1)

where B = {x||x| < 1}.

Theorem 3.1 Assume B to be as stated above. If g € L?(B, Cly3), 4 < p < +00, then
1) (T1lgD)| < Mi(p)ligllzr s
2) |(Talgh@®) - (T1[g) &) < Ma(p)lIgllr el — 52 |7, 20, 5P € RY,
(3) 0x(Thlg])(%) = g(x), x € B, 3,(T1[g])(x) = 0, x € R*\B,

whereO<,3—p LS

Proof (1) By the Holder inequality, we have

(Tulg)) )| < Mgl U| el yl}1

When x € B, because of p > 4, 1 + ~=1,thenl<gqg < . Thus [, o ‘3q |dy| is bounded.
Hence we suppose

1
dy| < Jp.
/B|y_x|3q| 3 <)
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When x € R* — B, by Lemma 2.2 and the generalized spherical coordinate, we have

1 % do+2 ;
/ ldyl | <Js / p*hdp | <,
B ly—x[3 do

where p = |y — x|, do = d(x, B).

Therefore, for arbitrary x € R*, we can obtain

(Tilg))@)| < Mi@)lglir@), xR,
where M, (p) = max{/i),/J/a}.

(2) For arbitrary xV, x? e R*, x® #x®, by the Hile lemma [9] and the Holder inequality,
we can obtain

(Talg)) () ~ (T [g])(x(”)|
<]5/‘g(y)|‘| o~ |y x(2)|4

Zk1|y xlt k|y xl

|dy|

|k—1
\dy| |x(1) — %2 |

1 g
=Jslgllr [/ |dy|] ORNC)
k2=1: 5 ly —xW[ka|y — x(2)|(4-k)q |
5.1
=Jellglr@|x® - x> 1.

We suppose o' = kq, B’ = (4 - k)q (k=1,2,3). From1 <g< %, we have

a’:kq§3q<4, ﬁ’:(4—k)q§3q<4:,
O/+ﬁ/:4q>4 (k=1,2,3).

Hence, by Lemma 2.3, we have

1
I = d
‘ /1; |y—x(1)|k‘1|y—x(2)|(4—k)q| y|

< Mo(, B) |5V =@ "M (k=1,2,3).

So we have

()1+

[(Tilgl) () - (Tulg)) ()| < Fllgll o |x® - T = My()lgllr ) lx1 — 217,

where My(p) = J7,0< B =22 <1.
(3) For arbitrary ¢ € C5° (B Clo3), by Definition 2.1, Lemma 2.1, and the Fubini theorem,
we have
[wanighwas
B

1
[0 -5ms [ ey |as
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- [W [ dx]g(y
=/B[#/ o(x )d0x| — w(y)}g(y)dy

- / o0 dy = - / o (0)g() d.
B B

Hence, in the sense of generalized derivatives, d,(71[g])(x) = g(x), x € B. It is easy to see
0,(T1[g])(x) = 0, x € R*\B. O

Theorem 3.2 Let B be as stated above. If g € [P*(R*, Cly3), 4 < p < +00, then we have the
following results:
1) (T2g)) )| < M3()Ig® llr @), % € R,
(2) [(T2[g) M) — (T2[g)) (x| < Ma(p) g [l 15V — 5217, 51, 42 € R,
) 0x(T2[g])(x) = 0, x € B, 0,(T>[g])(x) = g(x), x € R*\B,
whereO<ﬁ p =S

Proof (1) By the Holder inequality, we have

J_

= G
/Lz— (i) e
()
nl o b)) o] [ ]

= Jg [ sy (OGR)) 7, (3:2)

|dy|

where 1 +1 =1,
ra
Next we will discuss O(x) in two cases.
(i) When |x| > 5, since

- -3¢
ag| ¥
17| =5
lyl?
- -3¢
_ ag| 7 _
= Iy~ y Py W_x o2 )oc| >
5 B4 5 |34
- 3¢l Y -3
=1yl q[lyl ) = - — ]le a
lyl* x|
_ - -3¢
S x B}
= y(wT)W a
,3q
I |2 151,




Qiao et al. Journal of Inequalities and Applications (2016) 2016:180

we have

|~y

Olx) < ffgm |-

~ Jol| > / I

Leto/:q,ﬂ/:?:q,byl<q<%.wehave

-3q
|dy|.

||2

0<a <4, 0<pB <4, o +B =4g>4.

Thus, by Lemma 2.3, we have

O(x) < JoMo(o!', B) x| e

4-4q

(ii) When |x]| < , by |yl <1, we have |1 —yx| > 3 L Thus

yoo™
OW) = [ |= —x| |yI™ldy|
y
= [P 2 —al iy ay
B lyl
-3q
<]11/|y| ~ (W—x> |dy|

T / 1711 = 33|y
B
S]u/ |y|“’23"ldy| 5112/ lyI~|dy| < Ji3.
B B
Therefore, by (3.2)-(3.4), we have

(T202)) )| < M3 @) €]

101
where Mj3(p) = max{Js/yo, JsJ)3}-
(2) By the Hile lemma [9], we have

|(T2121) () - (T212]) ()]

2 _x0 %2 -
p? % pZ % 7 \| 1
<) > -— 2\ =5 ) 1
B |W—x(1)|4 I‘y%—x(m4 lyl* /11yl
o) _x(2)| ¥y 1
<]14/ £ ey |dy!.
BZ IW — |k|‘ P — x4k [P\ y)? Iy®
Again, because of
y B y - k
= =20 = =5 a0 = -]
11 [yl

<JoMo (o', /)24 = Jio.

Page 6 of 13

(3.3)

(3.4)
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7 ~(a-k)
|— At B B

2) i—(4—/<)
ly[?

by the Holder inequality, we have
[(T21e1) (=) = (T21e]) ()]
3
Ty / 11— 5| |1 @ [y
k=178

y
IERmm

1

3
<Ju|x® = x| Z[/!l a1 = @R |dy|i|
k=1
3 1
= a2 = 2| ¢ s D [ O )], (3.5)
k=1

5k(x(1),x(2)) _ /|1 _yx(l){—kq|1 —yx(2)|_(4_k)q|dy|.
B

In the following, we discuss Ox(x®, x?)) in four cases.

(i) When x| < 1, [x®] < 1, we have |1 - yx| > 1, |1 - yx®| > J and |x® - x| < 1.

Hence
O (x,2?) < / 2ka(4=ha) gy | = 244 / \dy| = Jis.
B B

From |#0]| - 4P| <1,0<B8=1- ;% <1, we have |xV) — x| < |x® — x?|# Therefore, by

(3.5), we have

|(T21e1) () - (T212]) ()]

3.1
< Jua|xV - x® |ﬂ ¢ HL(P)(B) ZII%
k=1

=i lg e 12 - 51", (3.6)

(ii) When [x®] > 1, [s®| < 1, we have |1 - yx?| > 1, o = 2, 12 PO 5 1. Thus

04 <2690 4
B

_ g4k / 11—y |0 9]0 1)
B

- —ki
< Jiy24Ra )07 [ xﬂ))—xa) qld |
= AUl e

i) —kq
_ 7oo@hg| )k [| X
—]172 |x | /‘; |x(1)|2 J |d)’|7
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where

kq kq q q
1 - okq 1 < 2kq 1 _ 9lk-1)q 1 .

Again, since

1 IR S AU
w0 :(|x<l>|) (Ix(l)l> ) |x<1>|ﬂ(|x<1>|2)

1|00 —a®)ED -5) [
T @) D)2 |x _x(2>|2
1 [z — 5@y ]F 1
<8 ) o3 T
1) ,(2) 1B
T DA _ @1
_]18’96 ! ‘1 PEE |x |

@)\ -8
= ]19|x(1) |_ﬂ (1 + %) |x(1) —_x@ |ﬁ—1

<)o |x(1) —x@ |ﬂ_1,

we have
. 3 = p-1 (B-1)
( (1)|) < 206D (0 | — @ P < 10 _ @)|F
|x

Again from 1<g< 3, we have kg <4 (k =1,2,3). Thus fB y|7%|dy| is bounded.

Hence, we obtain
O (x0,22) < Jpp |1 ® — 22| P01
Therefore, by (3.5), we have

[(T2(21) (%) - (T2(2]) ()]

<l [ gy D -}
k=1
=3 | HLP(B)]x(“— (2)]5. (3.7)
(iii) When [+] < 1, 5@ > L, we have [1-ya®| > £, L= <2, g;;;g < 1. Similar to (ii),
we have
|(T2121) () = (T2l2]) (x7)] = Joa [ |2 = 52" (3.8)

(V) When [xV] > 3, |x®| > 5, we have - <2, 5 <2.



Qiao et al. Journal of Inequalities and Applications (2016) 2016:180

Since

14 = [ 0

_k 0\ ke _ke
= |1—yx(1)| q( (1)|2) |x(1)| q

|x
<lsly- % e <1>|—kq
and
11— yx® {—(4—k)q = [1- @ ‘—(4—k)q{ <@ | (a-k) q} | 4k
<hs|y - % _(4_k)q| (2)|*(44<)q,
we have
x“ ~ka 7@ |4k
( <]27/’ y_m .

Suppose o' = kg, B’ = (4 - k)q, then 0 <’ <3¢ <4,0< 8 <3q<4, o +8 =

Thus, by Lemma 2.3, we have

W @ 4

Ok (x,2?) < Joy

[0 @)

ZD |2 @2 — 7@ |50 ||)4‘4‘f

|02 |x@)[2

)|x(1) 2 )4—4‘1

|+|x N 0 o)aa
ooy ) P
x

FOP P

< g

( WD O D2 4 |2 _ 5

1 dda 4-4,
1 _ .2) q
( QIR 2+|x<1>||x<2>|> [ -7

< Jao|x® — 2|44

Therefore, by (3.5), we have

|(T2(e1) () - (T212]) ()]

3

< T e® = 2|9 ) (o6 - x| 2
k=1

= Jlle i -2

= Ja0 € |2 ~ 2,

where0<ﬂ=1+¥=1%4<l'

Page 9 of 13

4q > 4.

(3.9)



Qiao et al. Journal of Inequalities and Applications (2016) 2016:180 Page 10 0of 13

Therefore, by (3.6)-(3.9), we obtain

[(Tale]) () - (Tle]) ()| < Ma() [ 1 |2 ~ 2],
where My (p) = max{Jis, /23,24, J30}-
(3) This case is similar to Theorem 3.1, and it is easy to prove. O

Remark 3.1 Let B be as stated above. If g € LP*(R*, Cly3), 4 < p < +00, then we have the
following results:

@) (TIgh®)| <Ms@)lgllpa x € RY,

2) (TIgh)ED) = (Tgh)*P)| < Mg (p)llgllpalx® — x@|, 20,42 € RY,

(3) 8,(T[g))(x) = g(x), x € R*\dB,
where 0 < 8 < 1.

4 Integral representation of solution to inhomogeneous partial differential
system

In this section, we will discuss the inhomogeneous partial differential system of first order

equations as follows:

Wo,, = Wiy — Wa,, — Wa,, = Co(),
Wi, + Wo, + Wa,, + W5, =ci(x),
Wa,, = Wi, +Wo,, +We,, =C2(%),
W3, = W5, = We,, +Wo,, = C3(%), (1)
Wiy + W, — Wi, — W7, = calx),
Ws,, + W3, + W7, — Wi = c5(x),
Wosy = Wiy + W3,y — Wa,, = C6(%),

W7, + Wey — Ws,) + Way, = c7(%),

where w;(x), ¢;(x) (j=0,1,2,...,7) are real-value functions.

Problem P Let B C R* be as stated above. The Riemann boundary value problem for
system (4.1) is to find a solution w(x) of (4.1) that satisfies the boundary condition

wi(t) =w (t)G+f(r), T €IB, (4.2)

where w¥(t) = lim,ept ., w(x), B* = B, B~ = R*\B, G is a Clifford constant, G~ exists, and
feHy; (0<v<l).

In fact,
3 7 7
8W]‘ BWj Bw, aWj Bw,-
8xW = Ze,- E ej— = E 606]‘— + 616]‘— + 82(3]’— + 636’]‘—
0 =0 8xi =0 896() Bxl 8x2 8363

= (Woxg€0 + Wox, €1 + Woxy €2 + Woxze3) + (Wixge1 — Wix €0 — Wix, €4 — Wiy, es)
+ (Waxg €2 + Wox €4 — Wax, €0 — Wy €6) + (Wax, €3 + Wiy, €5 + Wiy, €6 — W3y, €0)

+ (Waxga — Way €2 + Wax, €1 + Wy, €7) + (Wsxy€5 — Wy €3 — Wiy, €7 + Wse,€1)
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+ (Wexy€6 + Wex €7 — Wexy €3 + Wexs€2) + (W7xg€7 — Wiy, €6 + Wrx, €5 — Wy e4)
= (WOxo — Wix) — Wax, — W3x3)€0 + (Wlxo + Wox; + Wiy, + W5x3)€1

+ (WZxo — Way + Woy, + W6x3)62 + (sto — Wsx; — Wex, + W0x3)€3

+ (Wag + Woxy — Wixy — Wrxg)ea + Wy + Waxy + Wox, — Wiy )es

+ (Wexy — Wrxy + Wiy — Wags)es + (Wrxy + Wesy — Wsxy + Waxs ey, (4.3)
Let
g(x) = co(x)eg + ci(w)er + ca(x)es + ca(x)es
+ ca(x)eq + c5(x)es + co(x)eg + c7(x)ey

7
= ci(x)e;. (4.4)
j=0

By (4.3) and (4.4), the inhomogeneous partial differential system (4.1) can be trans-
formed to the following equation:

7
OxW = Zci(x)e,v =g(x). (4.5)

i=0
Therefore Problem P as stated above can be transformed to Problem Q.

Problem Q Let B C R* be as stated above. The Riemann boundary value problem for
system (4.1) is to find a solution w(x) of (4.5) that satisfies the boundary condition

wH () =w (t)G+f(r), T €IB,

where w(t) = limyept .. w(x), B* = B, B~ = R*\B, G is a Clifford constant, G~ exists, and
feHy; (0<v<l).

Theorem 4.1 Let B be as stated above. Find a Clifford-valued function u(x) satisfying the
system dyu = 0 (x € R*\3B) and vanishing at infinity with the boundary condition

ut(t)=u (1)G+f(r), 1 €0B, (4.6)

where u*(t) = limyeps ., u(x), G is a Clifford constant, G exists, and f € Hy (0 < 1 <1).

Then the solution can be expressed as

wwy < | T o O), xe B
h%fasﬁd%f()’)G_ly x€B.

Proof Define

(x) = u(x), «xe€Bt,
o= ulx)G, xe€B .
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Then it is obvious d,¢(x) = 0, and the Riemann boundary condition (4.6) is equivalent to
¢ (t)=¢ (1) +f(z), T €IB.

Suppose ¥ (x) = 27[2 fan T x|4 dqf(y ), then 9, (x) = 0. And by the Plemelj formula [14],

we have

vi(t) -y (r)=f(r), T€IB

Hence ¢*(t) — ¥*(r) = ¢ () — ¥~ (r) (r € 9B). Thus by the Liouville theorem and the

extension theorem [17], we obtain ¢(x) = ¥ (x). So, the solution can be expressed as

T fop 2 = x‘4 * dof(y), x € BY,

u(x) = .
27 Jon - xﬁdaxf(y L, xeB. U

Theorem 4.2 Let B be as stated above, g € LP*(R*,Cly3), 4 < p < +00. Find a Clifford-
valued function w(x) satisfying the system d,w = g(x) (x € R*\3B) and vanishing at infinity
with the boundary condition

wi(t) =w (t)G+f(r), T €IB, (4.7)

where w*(t) = limyep: .., w(x), G is a Clifford constant, G~ exists, and f € H}, (0 <1 <1).
Then the solution has the form

w(x) = W(x) + (T[g])(x),
in which 9,V (x) = 0 and

2n2 . |y—_a§4 doxf(y) x € B,
2n2 Jop 2 = xl‘* doxf(y)G‘ xe B,

Y(x) =
wheref =f+(T[g])(G-1), (T[g])(x) is the same as (3.1).
Proof By Remark 3.1, we know

dew =0[W(x) + (T[gl) ()] = g).

The boundary condition (4.7) is equivalent to

(W + Tlgl) (r) = (W + Tlgl) (£)G+f(x), TedB. (4.8)

Again from Remark 3.1, we know that (T'[g])(x) has Holder continuity in R*. Thus (T'[g])*
(T'lg])~ = Tlgl. So (4.8) is equivalent to

() =v ()G + (TLg])(r)(G— 1) +f(7). (4.9)
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Suppose j? =f + T[g](G - 1), then (4.9) has the following form:
W) =W (1)G+f(1), T e€dB. (4.10)

Again from Theorem 4.1, the solutions which satisfy the system 9, ¥ (x) = 0 and boundary
condition (4.10) can be represented in the form

U (x) = 27%2 faB |;:j4 ddxf(y), x € BY,
1 Jyp o dof )G, xe B

Remark 4.1 From Theorem 4.2, the solution of Problem P can be expressed as

w(x) = W(x) + (T[g])(x),
in which 9, ¥ (x) = 0 and

m%faszx ﬁdaxf@)’ x € B,

(x) = ot
w7 S o Aof )G, x€ B,

where f = f + T[g](G - 1). O
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