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Abstract

This paper is concerned with the generalization of the homogeneous approximation
property (HAP) for a continuous shearlet transform to higher dimensions. First, we
give a pointwise convergence result on the inverse shearlet transform in higher
dimensions. Second, we show that every pair of admissible shearlets possess the HAP
in the sense of L2(RY). Third, we give a sufficient condition for the pointwise HAP to
hold, which depends on both shearlets and functions to be reconstructed.
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1 Introduction

Modern technology allows for easy creation, transmission, and storage of huge amounts
of higher-dimensional data. Nowadays, the key problem is to extract the relevant informa-
tion from these huge amounts of higher-dimensional data. In this context, one particular
problem which is currently in the center of interest is the analysis of directional infor-
mation in higher dimensions. Due to traditional wavelets’ limited directional sensitivity,
traditional wavelets are not very efficient in dealing with distributed discontinuities such
as the edges occurring in natural images or the boundaries of solid bodies. Hence new
direction representation systems have to be developed, such as ridgelets [1], curvelets [2],
contourlets [3], shearlets [4, 5], and many others. Among all these approaches, the shear-
let transform stands out because it is related to group theory, and it has a flexible enough
extension to precisely detect the position and orientation of singularities and to provide
optimally sparse representations.

In this paper, we study the homogeneous approximation property (HAP) for the shear-
let transform in higher dimensions. The HAP is useful in practice, since it means that
the approximation rate in a reconstruction of f is invariant under time-scale shifts. The
HAP was introduced by Ramanathan and Steger in [6]. Then it was studied for continu-
ous wavelet systems and their discretization introduced by Sun [7-10], and for irregular
wavelet frames introduced by Heil and Kutyniok in [11], and for Gabor systems in [12].

In the discrete shearlet system case, the HAP for irregular shearlet frames has been
studied in [13, 14]. Although the HAP is well understood for Gabor, wavelet, and discrete
irregular shearlet frames, it is not very clear for continuous shearlet systems in higher
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dimensions. Due to the HAP being particularly useful in both theoretical and numerical
applications, and the urgent need for analyzing higher-dimensional data, there is an urgent
need for studying the HAP for continuous shearlet systems in higher dimensions. This is
exactly the concern of this paper.

The aim of this paper is threefold.

(i) We give a pointwise convergence result on the inverse shearlet transform in higher
dimensions.

(ii) We show that every pair of admissible shearlets possess the HAP in the sense of
L2(RY).

(ili) We give a sufficient condition for the pointwise HAP to hold, which depends on

both shearlets and functions to be reconstructed in higher dimensions.

This paper is organized as follows. In Section 2, we collect some basic notations and def-
initions. Then, in Section 3, we give a pointwise convergence result on the inverse shear-
let transform in higher dimensions. In Section 4, we show that every pair of admissible
shearlets possess the HAP in the sense of L?(R). Finally, in Section 5, we give a sufficient
condition for the pointwise HAP to hold, which depends on both shearlets and functions
to be reconstructed in higher dimensions.

2 Notation
The shearlet group G = {(a,s,t),a € R*,s € R*,t € R?} equipped with group multiplica-
tion by

(a,s,t) (a’, s,t') = (ad,s + a%s’, t+SAqt),

where s = (s1,...,54-1)7, and

a 0 1 s7
Aa = 1 ’ Ss = .
0 adl;, 0 I;,4

We have the mapping o : G — U(L*(R?)), where U(L*(R?)) denotes the group of unitary
operators on L?(R%), and it is a unitary representation of the shearlet group. The shearlet
transform of f € L2(R%) with respect to ¥ € L?(R?) is defined in the following way:

SHuf @50 = Vasd) = o500 = [ fatas DG
R
where
-2d41 “1c-1
o(a,s, )y (x)=a 2a y(A;'S; (x - 1)).
For A; > A1 >0 and B > 0, denote
QAl,Az;B = ([_AZ’_All U [A11A2]) X [_B)B]GFI X [_B’B]d
for every (p,q,7) € G, its (A1, Ay; B)-neighborhood is defined by

d-1
®:4,7)Qur 08 = {0 @75, 8) = (pa, g + p'T 5,7+ SgApt) :
ae [_AZ) _Al] U [Al»AZ])S € [_B’B]d_lrt € [_B’B]d}'
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The Fourier transform of f € L'(R%) N L?(R?) is defined by
Flo) = / Fx)e 2T gy,
R4
In [15], we call a function ¥ € L*(R%) admissible if

¥ ()]?
C :/ dw < 00
L Y RPT

We need the condition of deformation of admissibility as follows:

dads
Cy = / / TST |2 5 < 00,
Rd 1 d —dd+1

a

it being independent of w (up to a zero measured set) and Cy, #O0.

In fact, by using a similar method to [16], we have

Y(ALS]w)
/R‘“/W d2 0 dads

N 1 1
_/// |V (awy, ad (101 + @), ..., ad (sga01 + wa) ">
R R*

d2-d+1
d

dads, - dsy;_1

a

~ 1 1
[V (awy, ad (s101 + w),...,ad (5420, + Wy 1), va) T |? dVd 1
= ... dads, - dsg_o
R Rt

d2-d+1
a d a a w1

|¢(V1x V2,.. ’vd)T|2 1
=/ // d2—d+1 FE— dadvy--- dvy
R 4 ad wi”

d%-d+1 d-1

7 T2 d d
V1, V2,045V w w
:f//|1p( il ,;2j) "y ldild‘)ld‘)Q'--dvd
R rJR Ul_TH

[y (v)[?
:Ad 7 dU:Cw.

V1

In [17], we call a pair of functions (v, ¥») admissible if both ¥ and v, are admissible

and

dads
Cyruy = / / wl (AISTw I/fz(AZSST ) S <00
d

a

is independent of @ (up to a zero measured set) and Cy, y, # 0.

3 Pointwise convergence of the inverse shearlet transforms
In this section, we give a pointwise convergence result on the inverse shearlet transform.
We show that f € L'(R?) and the admissibility of (1, 1) are enough to guarantee the
pointwise convergence. We would like to mention that our ideas in this section are inspired
by Liu and Sun [17].

We begin with a useful theorem.
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Theorem 3.1 Let Y, Vo be a pair of admissible shearlets with Cy, y, # 0. For any f €
L*(R%) and Ay > Ay > 0, define

A2 dt
-1
Sapa, ) =Cy ) /Al da /Rd-l ds Rd(f,(r(a, s,t)y1)o (a,s, t)l/fZ(x)W.

Then we have
dads
@) =il [ /A TATSTa)n(A55T0) 1 0

a

Proof First, we show that f4, 4, is well defined on R?. For any x € R?, we get

42 dg

ad+1

ds ola,s, t)l//l)o(zz S, £)Yro(x) |dt

,o(a,s,t) 1//1 | dsdt> (/ / |a(zz s,t)ljfg(x)| dsdt)

42 gy

6ld+1

RA-1

ﬁﬁ%b
()
= CL I 2| 92 Hz( [AAZ aii)Z

= d-%CflufnzH Yo )|, (AT —Aid)%
< 00. (2)

Ay

a S, t)lpl | dsdt) HwZ(x)Hz

Ay Rd

Hence, f4, .4, is well defined on R?.
Second, we show that f4, 4, is uniformly continuous on R?. For any x,x” € R, we have

far.a0 (%) = faya, (')

Ay , dt
= ‘C‘;}m ‘[41 da/Rd_l ds/Rd<f,0(a,s, t)lﬁl)(a(a,s, t)wz(x)—d(ﬂ,s,t)l/fz(x))ﬁ

zdadsdw)%

AZA R
sicinl(fL [, [ Follnasio e
a

(/Rd /Rd 1/:4 ja” E V2 (A4S (k- 1))

1
2d-1 els s dadsdt\ 2
a3 (A (W 1) [ )

1. Az dad.
<Gtk [, [ Iais - vas v - 2)

Hence

lim [ﬂqlAz(x) fAl,Az( )|—O.

[lx=x"{|2—0

S0, f4,,4, is uniformly continuous on R“.
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Third, we prove (1). By (2), for any g € L' N L*(R%),

Ay d
f1?d|g(x)|dx/,41 ad—i/RaH ds'/l;d|<f,o(a,s,t)lpl)a(a,s,t)wz(x”dt<oo.

We generalized the formula in [18],

(.05 (4315] (= 0)) = f 0 (@5, 00 (x - 1)
:f * U(‘L S:O)l//*(t)‘ (3)

By using (3), we have

d
ind) = G [ [ a5 [ ot imiotas ovaong 5

A2 da R
CIh 1/,2/ g /Rd—l ds/Rdf*o(a,s,O)lpl*(t)g*o(a,s,O)lpik(t)dt

Ay R — _
~Cilan [, o [ a5 [ Jo@s 0o @s 0 wie do

ﬂd+1
PO — dads
- Ciby, [ J@rdo [ | / 0,5, 011 (@)0 @5, 0)n(e) oo
R A
P — dads
= Cn}},wz /df(a))g(w) dw/ . 1//1 ATSTw wz (AZSSTQ)) PR
R Ay a 4
Since g € L' N L*(R?), we get
DT dads
@) =ity [ /A IATSTe)alATST o) -
a

We can see that when d = 2, this result is suitable for the two dimensional case, so our
result covers the bidimension case.
Next we give a convergence result on the inverse shearlet transform. Because only the

admissibility is invoked, the following theorem improves Theorem 3.1.

Theorem 3.2 Let (1,V2) be a pair of admissible shearlets, and Cy, ., # 0.
(i) Foranyf € L*(R%), we have

lim - =0
A11—>0 ”f ﬁ‘h,Az”Z

Ay—00

(ii) Foranyf € LN(R?), we have

Alllgo Hf _.ﬁ‘lez ||oo =0.

Ay—00

Proof We only prove the second part, the first part can be proved similarly.



Su et al. Journal of Inequalities and Applications (2016) 2016:177 Page 6 of 13

By using Theorem 3.1, we have

I = s lloo < IF = Fapan In
lf

Ao dads
-1 T T
C‘/fl ) /Rd wl ATST wz( aSs a)) dz_ddu do.
a

Because both y; and v, are admissible, we have

dad
/ f 1(AZSTw) Wz( 7St w) Zl i
Rd-1 A d —dd+l

a
dads

T T
/Rd 1/ 1/,1 ATSTw W (A“ 5s a)) d2-d+1 1

ATsT Zdﬂds ATST zdads
</Rd1/ 1//1 aSs @ | d2dd+1> </Rd 1/ |1ﬁ2 aSs @ i ,1,2,;1+1

ot
—C‘//IC]!,2<OO

[T Q

and
e — dads
TgT T¢T -
Ahino 1- C‘//1 " /d 1//1 A Slw wz(AaSS a)) o
1 RA-1 E a
Ag—00 a
By using the dominated convergence theorem, we have the conclusion. g

We can see that when d = 2, this result is suitable for the two dimensional case, so our

result covers the bidimension case.

4 Homogeneous approximation property for continuous shearlet transforms
in L2(R9)

In this section, we study the HAP for continuous shearlet transforms in L*(R%).

Theorem 4.1 If Y1,V € LX(R?) are a pair of admissible shearlets and Cy, y, # 0, f €
L*(RY), andf € LY(R?), then, for any & > 0, there exist some Ay > Ay > 0, such that, for any
(w,q,7) € Gwithany 0 < A] <Ay and A, < A, we have

U(p7q’ V)_f - C\?}},\/Jz \/‘/\/(‘ (p <G(p7 q; I")f‘,O’(a,S, t)1ﬂ1>
a,s,t)e(p,q,r QA/,A/ B

da ds dt|?
o (a,s,t) Yy ———

<E€.

Proof In fact, we have

owanf-Cily, [f[ (o070 (@5, 101
(a,st)e(p,gr; QA’,A’ B

dadsdt ||*
X O'(ﬂ,S, lf)wQW
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= sup
ligli=1

<o(p,q, nf-Cyl, /// (0@ a.nf,0(@s0)
(@sDEPanQu a1 5

2

dadsdt >

X U(ﬂ, S, t)wz W

= sup
llgll=1

dadsdt |*
Cor i / / / (o.q.n)f 0(as )0 (as )V, g)——
(a,s,t)¢(p,q.r QA’ a

g
1A4y:B

Wh‘fffasm(pquA, o @.a.7)f 0 (as 6}

AYB

sdadsdt
) ] rt - 7.1
< [ Jeotos v S5

~culeil [ff o0, 000
(u,s,t)eé(p,q,r)QA/l‘A/z;B

sdadsdt

6l [, e
197! A/,A/ ;B/

sdadsdt

Gl e
A1,A2;B

= E4y,4;8-

zdadsdt

zdadsdt

We can make Ey4, 4, arbitrarily small by choosing A; small enough and A, and B large

enough. This completes the proof. 0

We can see that when d = 2, this result is suitable for the two dimensional case, so our

result covers the bidimension case.

5 Homogeneous approximation property for continuous shearlet transforms
in L>(R)
In this section, we study the HAP for continuous shearlet transforms in L*(R?). We show
that the pointwise HAP depends on both the shearlets and the functions to be recon-
structed, which is quite different from the case of L*(R%).
Theorem 5.1 is very different from the univariate continuous wavelet transform case (7],
it is only a sufficient but not necessary condition for the pointwise HAP for a continuous
shearlet transform to hold in L®(R%).

Theorem 5.1 If Y,y € LX(R%) are a pair of admissible shearlets and Cy,y, # 0, f €
L*(RY), andf € LN(R?), then, for any €,po > 0, there exist some Ay > Ay > 0 such that, for
any (p,q,r) € G with 0 < pg < p and any 0 < A| <Ay and A, < A}, we have

A
o(p,q,r)f(x)-Cy —/f;ipp da /RH ds /Rd(a(p, q,7)f,0(a,s,t)y)

dt
(e} (ﬂ, S, t) ¢2 (x) ﬁ

®
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Proof By using Theorem 3.1, we have

Ahp
o(p,qr)fx) - C;/}m /A;p da /I;d_l ds /Rd(a(p,q, rf.o(a,s, 0)yn)

t
x o (a,s, t)llfz(x)ﬁ

Ay dt
< \C‘zm\ /0 da /Rd-l ds/Rd<a(p,q,r)f,a(a,s,t)tpﬁa(a,s, t)l[fz(x)ﬁ

+ |C17/1A//2

+00 dt
| /;/zp da /Rd?l ds /Rd(a(p,q, rf,o(a,s, t)wl)a(a,s, t)lﬁz(x)%

A/
dad
V1 (ATST0) Y (ATSTw) 22|
Rd-1 ad dd+1

wu/fz‘/ |P%rlfA S, @)
dad
|C1//1 1//2|/ |p2d1 TST /RdI/ I/fl ATSTw wz(AZSZw) ;2121:1 dw
a
1
dads \?
<Iculor 8 [ ([, [ s aisol 4% )
a
|Gl ol [ e
Rd

1
2 dads 2
(/Rd- /A’ |wl ATSTU)) ( TST )| adz_ddu) do

=I+IL

Because both v, and v, are admissible, we have

A} 1

o dads \? 11

(/d 1/ |¢1 ATSTa) ( TST )| d2d+1> < Cx/ZqC\/%z <00 (4)
R e
and

dads \* 1 1

T T 2 daas 1 1
(/Rd 1[4/ }WI (AZSI o) (4, S 0)] d2—dd+1> <C;,C;, <00 (5)

a

First, for (4), we have

1
dads \?
lim (/ / [V (ATST )y (ATST0) [ S) =0.
A;—0\ Jpa-1 a%

Second, for (5),

5 dads

L[ orsan s

a

2 dads

o [ Tz

a
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dads
/d 1/ WI ATSTw ( “TSSTw)|2 d2-d+1
R d

a

< C¢1 Cl//2 < 0Q. (6)

Hence, for any ¢; > 0, there exists M > 0, such that, for A} > M, we have

Az 2 dads
/Rd 1/ WI ATST“) ( TST )’ a%
dad
f / |91 (ATST )y (AT ST o) [ df_di <8
Ri-1 a 4

so we get

. dads
lim /R“/ [V (ATSTw) (AL ST o) | ——

Ay—o00 a d
ToT ATST ) 2 dads
fRdl/ [V (AZSTw) s (AL ST o) [*——. 7)
a d
Putting (7) in (6), we have
1
dads \?
lim </ 1/f1 U (ATST o)y (ATST w)|" 2= S) -0
Ahy—+00 \ JRd-1 A ﬂ%

By the dominated convergence theorem, we have

1

2
lim </ / |¢1 ATSTw ( TST )’2 d?ds> do=0,
Ai_>0 Rd-1 (l%

1
dads \?
4 RdW”'(/ S, I s G0 ) oo

Hence, we can choose some 0 < A; < Aj such that, forany 0 < pg < p,and any 0 < 4] <4,
and A, < A}, we have

&
I<-, 8
=5 (8)
e
I=<-. 9
- ©)
Putting (8) and (9) together, we get the conclusion. O

Theorem 5.2 If Y1,y € L2(RY) are a pair of admissible shearlets and Cy,y, 70, f €
L*(R%), and f € LY(R?), then the following assertions are equivalent.
(i) There is some xo € R® such that, for any & > 0, there exist 0 < A} < Ay and any
W, q,r) € G, Ay <A}, 0 <A} <Ay, such that

Ahp
o q,r)f(x0) — C‘;}’wz /f;;p da/Rd_l ds/Rd(cr(p,q, nf,o(a,s, t)¢1>

<e. (10)

dt
x o(a,s, t)l//z(xo)ﬁ
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(ii) Foranye>0andx e R%, there exist 0 < Ay < Ay and any (p,q,r) € G, Ay <A},
0 <A} <A, such that

op,q,r) CJ& m/A da ,/R'd—l ds /Rd<a(p, q,7)f,0(a,s, t)%)

o (@5 D)2 | <e.

(ili) There exist 0 < Ay < Ay and any x € R%, Ay < Ay, 0 < A| < Ay, such that

d
Cy,, wzf da/Rm ds Rd(f,a(a,s,t)w1>a(a,s,t)w2(x)ad—fl.

(iv) There exist 0 < A; <Ay, Ay <Al and 0 < A" < A;, such that
2 1

dads
Conn = / oA T ATST ) (A7 ST0) 4%
a 4

(v) There exist 0 <Ay <Ay and any (p,q,r) € G, Ay < A}, 0 <A} <Ay, such that

o(p,q,r)f (x)

Al
- Clh Wz/ zpdd/ dS/ (G(P,q,r)f,a(a,s,t)%)
A RA-1 R4
dt
x o(a,s, t)t//z(x)%.

Proof For any 0 < A; <Ay, we have

Ao d
faa @) =Cyp / da / ds f (f, (@5, DY) (@, 5, D> ()
Aq Rd-1 R4 a

Then, for any (p,q,r) € G, we have

o (b, > 7)fay 4, (%)

- Aap dt
_C1//1 1//2/ da'/l;d lds\/l;d U(p q: ﬂ s, t ‘WI) (ﬂvs; )Wz( ) d+l

(i) = (ii): Assume that (i) holds, by substituting r + xo — x for r in (10), we get

Ayp
o, q,r)f(x) - C;,i m/ da/ ds/ <a(p,q,r+x0—x)f,a(a,s,t)tpl)
ip RA-1 R4

dt
X G(ﬂ,S, t)‘ﬁz(xo)adﬂ =

Page 10 0of 13
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On the other hand, by a change of variable of the form t — ¢ + xy — x, we get
Ayp dt
/ da/ ds/ (o, qr+x0 - %)f,0(as,0)yn)o(@,s,t)Y(x0)—=
Al Rd-1 R4 a

Ay
= v[qipp da /1;471 ds Ad(U@’ q, 7')fy0’(61,$, t)Wl)U(ﬂ,S, t)wz(x)%

Hence (ii) holds.
(if) = (ii):

If () = fuag 4 @)
= P15 |0 (0, 4, ) () = 0 (0,4, )t g ()

2d-1
= |p| 2

op,q,r)f(x) - mm /A/ da/l;d 1ds/,;d o, q,rf,o(a,s, )wl)

dt
x o(a,s, t)%(x)%

2d-1
<lple.
Since p is arbitrary, for any x € R?, Ay < A}, 0 < A} < Ay, such that
F0) =i )

" dt
-1
- Cwl,wz/,l da /Rd_l ds/j;d<f»6(a,s, D)o (a,s, t)%(x)ﬁ'

(iii) = (iv): For any 0 < A] <A; and A < A4}

‘C'h Y2 T /d 1/ ATSTw 'ﬁ (ATSsTw) d2-d+1
A a d

A/
<|C¢1¢2|+f /

< |C‘P1ﬂﬂ2| + Cl/i sz < 00,

dads

d2-d+1
a d

(AISTw) wz( AlSlw)|

Let §(w) = f(w)( Cyrvn = Jra- 1fA’ U ATSSTw)lﬁz(AZSSTw)%),then we have g € L2(R?).
a d

We have
{f _fAi,A’z’g )

1 ~ — AéﬁA T T dads
=Cy Rdf(‘“)g(“’) Cyruy — ], Y1 (AZSTw) Y (AL ST w) 2 dw
1

a

1 ~ 2 Aéﬁ A ToT dads >
= C*//N//z ./Rd V(w){ Cyrys — ~/Rd4 (5} (Aa S; a)) (%) (Aa Ss a)) d2;d+l
a

/
Al
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But f(x) :fAi’A’z (x), hence

dads A
Coryn = /“/A I/flATSTa))lﬂz( ZSSTa))sz, w € suupf.
2-dsl

a

d+1

Since |, Rd-1 f Al 1//1(ATSTa))1/fg(ATST )= dads _ s q continuous function on R? with respect
T

to w, we get

Ay e dads N
Cyry, = ./Rd X /, Wl(AﬂTSSTw)llfz(AZSSTw)W, w € suupf.
/A a—d-

(iv) = (v):

Alp d
o (04 7)f (%) = Cpy, f , da /R s /R lop.anf,o@s nnlolas t)I/fz(x)ad—fl

= |o (g, 1)f ) = 0 (0, G, )fog 4 ()|
= P15 [ () — fu )|
=0.

(v) = (ii), and (ii) = (i) are obvious. a

6 Conclusions and future work
The results in this paper set the foundation for the study of a number of questions related
to the continuous shearlet transform, including the following:
1. A pointwise convergence result on the inverse shearlet transform in arbitrary
dimensions.
2. Every pair of admissible shearlets possess the HAP in the sense of L*(R%).
3. A sufficient condition for the pointwise HAP to hold, which depends on both
shearlets and functions to be reconstructed in arbitrary dimensions.
The study of these issues will be the focus of future investigations. In future work, the
obtained results can further be generalized to a continuous Toeplitz shearlet transform,
and also can be generalized to a continuous generalized shearlet transform.
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