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Abstract

We investigate new results about Lyapunov-type inequalities by considering hybrid
fractional boundary value problems. We give necessary conditions for the existence
of nontrivial solutions for a class of hybrid boundary value problems involving
Riemann-Liouville fractional derivative of order 2 < o < 3. The investigation is based
on a construction of Green’s functions and on finding its corresponding maximum
value. In order to illustrate the results, we provide numerical examples.
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1 Introduction and preliminaries

It is well known that various type integral inequalities play a dominant role in the study of
quantitative properties of solutions of differential and integral equations. One of them is
Lyapunov-type inequality which has been proved to be very useful in studying the zeros
of solutions of differential equations. The well-known Lyapunov result [1] states that if the

boundary value problem

V') +q@)y(t) =0, a<t<b,

1.1)
y(a) =y(b) =0,
has a nontrivial solution, where ¢ is a real and continuous function, then
b
4
/ |q(s)’ ds > . (1.2)
. b-a

This result found many practical applications in differential equations (oscillation the-
ory, disconjugacy, eigenvalue problems, etc.); see, for instance, [2-7] and references
therein.

The search for Lyapunov-type inequalities in which the starting differential equation is
constructed via fractional differential operators has begun very recently. The first work
in this direction is due to Ferreira [8], where he derived a Lyapunov-type inequality for
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Riemann-Liouville fractional boundary value problem

Dy(t) +q(t)y(t) =0, a<t<b,
y(a) = y(b) = 0,

1.3)

where D” is the Riemann-Liouville fractional derivative of order 1 <« <2 and g: [4,b] —
R is a continuous function. It has been proved that if (1.3) has a nontrivial solution then

b 4 a-1
‘/a |q(s)|ds>1"(oz)<m> . (1.4)

Clearly, if we let @ = 2 in the above inequality, one obtains Lyapunov’s standard inequality.
Ferreira also in [9], was obtained a Lyapunov-type inequality for the Caputo fractional

boundary value problem

CD%(t) + qt)y(t) =0, a<t<b,
y(a)=y(b) =0

(1.5)

where ©D“ is the Caputo fractional derivative of order 1 < « < 2. It has been proved in [9]
that if (1.5) has a nontrivial solution then

IN'a)a
/‘q }ds> Db— - (1.6)

Similarly if we let & = 2 in (1.6), one obtains Lyapunov’s classical inequality (1.2).

In [10], Jleli and Samet considered the fractional differential equation
CDY(t) +q(t)y(t) =0, a<t<b, (1.7)
with the mixed boundary conditions

y(a) =0 =y'(b) (1.8)

or

¥(@)=0=y0). (1.9)

For boundary conditions (1.8) and (1.9), two Lyapunov-type inequalities were established,

respectively, as follows:

b . (@)
a—2
/ﬂ (b-s) |q(s)| ds > maxla 12 -2l a) (1.10)

and

b
/ (b-s)*t \q(s)| ds>T'(a). (1.11)
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Recently Rong and Bai [11] considered (1.7) under boundary condition
ya)=0,  “DPyt)=0, 0<p<1, (112)

and established the following Lyapunov-type inequality:

’ b—s)* Pl d (b-ay” 113
(b-5s) |q(3)| § > max{-L. — L) T@F) 2-a TG )}‘ (113)
“ T(@) ~ T(-p)’ T(@-p)’ -1 " T(a-p)

For other work on Lyapunov-type inequalities for fractional boundary value problems we
refer the reader to [12—14].

The aim of this manuscript is to establish some Lyapunov’s type inequalities for hybrid
fractional boundary value problem

Da (% = S L hi(t, y(e)] + g(0)y(6) =0, ¢t € (a,b),
y(a) =y'(a) =y(b) =0,

(1.14)

where D¢ denotes the Riemann-Liouville fractional derivative of order o € (2, 3] starting
from a point a, the functions y € C([a,b],R), g € L'((a,b],R), f € C}([a,b] x R, R\ {0}),
h; € C([a,b] x R,R), Vi=1,2,...,n,and If is the Riemann-Liouville fractional integral of
order B > « with the lower limit at a point a.

We recall the basic definitions, [15-17].

Definition 1.1 The fractional integral of order g with the lower limit « for a function f is
defined as

RO
“T@ ). G-se

Iif (2)

ds, t>a,q>0,

provided the right-hand side is point-wise defined on [a, c0), where I'(-) is the gamma
function, which is defined by I'(g) = fooo tilet dt.

Definition 1.2 The Riemann-Liouville fractional derivative with the lower limit 2 of order
q>0,n—1<g<nneN,isdefined as

_ 1 i ! ‘ _ -1
DZf(t)_F(n—q)(dt> L;(t s)" T f(s) ds,

where the function f has absolutely continuous derivative up to order (n —1).

2 Main results
We consider two cases: (I) #;=0,i=1,2,...,n,and (II) ; #0,i=1,2,...,n.

2.1 Casel:h;j=0,i=1,2,...,n
We consider problem (1.14) with /;(t, -) = O for all £ € [a, b]. For & € (2, 3], we first construct
a Green’s function for the following boundary value problem:

o) _
Dglziyil +&@0y() =0, te€(ab) on

y(a) =y (a) = y(b) = 0,
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with the assumption that f is continuously differentiable and f(z,y(t)) # 0 for all ¢ €
[a,b].

Lemma2.1 Lety € AC([a,b],R) be a solution of problem (2.1). Then the function y satisfies
the following integral equation:

b
y :f(t,y)/ G(t,s)g(s)y(s) ds, (2.2)
where G(t,s) is the Green’s function defined by

M aftfsfb,

G(t,s) = { F-a ’ (2.3)
’ [ e (N U
T @G-ae T~ T@ o #=sst=<b.

Proof Taking the Riemann-Liouville fractional integral of order « from a to ¢t of both sides
of (2.1), we obtain

¥(2)
[t y()

=cot—a)*tra(t—a) " + et —a)*> - I°g(t)y(t). (2.4)
Putting ¢ = a in (2.4), we get a constant ¢, = 0. Differentiating both sides of equation (2.4)
with respect to ¢, we have

S y@)y (1) - y(@)fi (8, 5(1))

726 y(0) =cola—1)(t—a)* +cr(a - 2)(t—a)*™ - Ig"lg(t)y(t).

Applying the conditions of problem (2.1), the constant ¢; is vanished. Replacing ¢ by b
with ¢; = ¢; = 0 in (2.4) and using the last condition of (2.1), the constant ¢ is obtained as
follows:

_ 2g(b)y(b)
- (b—a)*1 :

Hence a solution y of problem (2.1) satisfies the following integral equation:

b b — )1 a-1 a-1
0=1000)| [ CE T poas- [T gopeas]. 9

By the definition of the Green’s function as in (2.3), equation (2.5) can be written in the
form of (2.2). The proof is completed. O

Lemma 2.2 The Green'’s function defined in (2.3) satisfies:
(i) G(¢t,5)>0,Vt,se€ [a,b].

.. b, -1
(i) G(t,s) < H(s):=" (;) R
(b— u)a 1
I(a-1) *

(iii) maxse(a,p) H(s) =
Proof First of all, we define the following two functions:

(b _ S)oc—l (t _ a)oz—l
(b- d)a—l ’

a<t<s<b,

gl(t! S) =
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~ (b _ S)a—l(t _ d)a_l

a-1
&(ts) = b a1 -9, assstsb

(i) Itis obvious that g (¢,s) > 0. To show that g, (¢, s) > 0, we use the following observation

of Ferreira in [8]:

P )| Gl O

is equivalent to s > a.
t—a

Then we have

(-5 t=(t-a+a—-s*"

r -1
- _(t—a)<1+ S)]

i a-s\1°" (t-a)*!
:_(b_“)<“t—u>] (b—a)yT

I b-a)s-a)\1*" (t-a)!
:_b—(u+ P )} e (2.6)
which leads to
(b -5t —a)*? .
gZ(t’S) = (b — a)oz—l - (t - S) 1
_ -9ttt T, b-a)s-a)\]*" (t-a)*!
T b_a)t _[ _<‘” f—a )} b—a)y1
(b—s)(t - a)*! a1 (E-a)*
S T A

=0.

Therefore, part (i) is proved.
(ii) For a < s <t < b, we have

a-1
o) - [(b‘;)ﬂ} (-5
—a

[(b-s)(t-a)l/(b-a)
=(x-1) / x* 2 dx
t—s

b-s)t-a)]*[(-s)t-a)
S(a—l)[ - } [ - —(t—S)}
(b _ S)a—l(t _ a)a—l
<(@-1) b—a

< (@-Db-5"",
and consequently

@(ts) _ (b-s)*?
M) — Mae-1)"
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Fora <t <s<b,we have

a-1
e - [2510)]
—a
- (b _ S)a—l(s _ d)a_l
- (b —a)1

[(b-s)(s-a)l/(b-a)
= (a - 1)/ x 2 dx
0

(b-9)"*s-a) [ (b-s)(s-a)
SV g = [ b—a }
~ (b _ S)a—l(s _ ﬂ)a—l
= (a—-1) )

<(@-1(b-s"",
which yields

ats) _(b-s)"
Fa) ~ Tae-1)"

It follows that
G(t,s) <H(s), Vs,tela,b],

which is the proof of part (ii).
(iii) This is obvious, since H'(s) < 0. The proof is complete. d

Theorem 2.1 The necessary condition for the existence of a nontrivial solution for the
boundary value problem (2.1) is

MNa-1)
1l

where ||f|| = SUPye4,5],yeR If &)

b
< / (b-9""]g(s)| ds, 2.7)

Proof From Lemma 2.1, the solution of (2.1) satisfies the following integral equation:

b
30 = (6,3(0) ( / G(t,5)g(s)y(s) ds).

The continuity of functions y and f on their compact domains yield

b
Iyl < Ilfll( / |G<t,s)||g(s)||y(s)|ds>.

Simplifying above inequality, we get

b
1< 1A ( [ How) ds). (2.8)

Applying the result in Lemma 2.2, the desired inequality in (2.7) is obtained. O
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Corollary 2.1 The necessary condition for the existence of a nontrivial solution for the
boundary value problem (2.1) is

MNa-1)

_ 1-o 1. .
i b-a)~"<lgl (2.9)

Corollary 2.2 Counsider the fractional Sturm-Liouville problem given by

oy —
D7yl + 290 =0, «€(2,3],£€(0,1), (2.10)

»(0) =y'(0) =»(1) =0,

where f(t,y(t)) # 0 for all t € [0,1] and ) € R. The necessary condition for the existence of
a nontrivial solution for the boundary value problem (2.10) is

al'(a —-1)

R (2.11)

Al =

Proof From the Lyapunov-type inequality in Theorem 2.1 and replacing the values a = 0,
b =1, and g(t) = A for t € [0,1], the inequality (2.7) becomes

Ma-1 ! 1
©D < [a-ords= .
I£1 0 o
This completes the proof. g

Corollary 2.3 Counsider the fractional Sturm-Liouville problem of the form

o Y(t) _
Del eyl + 290 =0, a €(2,3),¢€(a,b), (2.12)

y(a) =y '(a) = y(b) =0,

where f(¢,y(t)) # 0 for all t € [a,b] and A € R. The necessary condition for the existence of
a nontrivial solution for the boundary value problem (2.12) is

MNo-1)
> — (2.13)
b-a)|fI

Proof From Corollary 2.1, we get

T(a-1) . b

———b-a) < | |Alds=(b-a)|r|,

I£1 a

which is the inequality in (2.13). This completes the proof. O

Example 2.1 Consider the following boundary value problem of the hybrid fractional dif-
ferential equation:

D201+ ay(6) =0, te(1,3),
(t+1)+ O[5 (2.14')

y1) =y (1) =y(3) =0.
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Herea =5/2,a=1,b=3,f(t,y) = (t+1)+ (Jy| +3)/(ly| +5). We find that || f|| = 5. Applying
Corollary 2.3, we see that the necessary condition for the existence of a nontrivial solution

for the boundary value problem (2.14) is
|A| > 0.03133285342.

2.2 Casell:h;#0,i=1,2,...,n
In this section we will construct Lyapunov-type inequalities for the boundary value prob-
lem (1.14). We recall that f is continuously differentiable.

Lemma 2.3 Let y € ACl[a, b] be a solution of problem (1.14). Then the function y can be

written as

b n b
¥ = (6.50) [ | etsgenoas-3 [ G*(t,s)hi(s,y(s>)ds}, (215)
a -1 Ja

where G(t,s) is defined as in (2.3) and G*(t,s) is defined by

(b-9)PL(t-a)*!  (t-s5)P!

G* ) TetarT T T #=S=t= b, b1

(t,s) = (b—s)P1 (t-a)*-1 (2.16)
TT(B)o-a)* T a<t<s<b.

Proof The general solution of problem (1.14) is given by

n

y(t) p
- Ihi(t,y()
S(&y@) 21:

==17g(t)y(t) + a1t - a)* eyt —a)* % + 3t —a)* . (2.17)

By condition y(a) = 0, the constant ¢ = 0. Differentiating equation (2.17), we get

(tr (t)) /(t)— (t) t(t; (t)) n )
e yfz(t,y(yt))f > _Zlf hi(t,(0))

= —Ig_lg(t)y(t) +ale—1)(E-a)* 2+ cr(a = 2)(t— a)* 3.

i=1
Replacing ¢ by a to the above equation, we have ¢; = 0. Equation (2.17) becomes

i=1

(@) =f (. 5(8)) [—Iig(t)y(t) +alt-a) "+ Zlfhi(t,y(t))}. (2.18)

Since y(b) = 0, we have

a=b-a) (L‘Zg(b)y(b) - fohi(b,yw))).
i=1
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Substituting the constant ¢; into equation (2.18), the solution of problem (1.14) is in the
form

_ a-1 n
y(®) = f(6,5(0)) [—IZg(t)yu) * (Z%;) ( 2g(b)y(b) - Zlfh,»(b,yw)))

i=1

i=1

+ Zlfhi(t,y(t)):|

I'(a)

_ a-1 b b— a-1
(e ([
-9 D
Z/ T o) ds) ' Z/ Ty e20)4 ]
b n b
- £(6.50) { | tsgeneds-3 [ 6 esyils o) ds},
a i-1 Ja

t _ -1
=f(ty() [— / (s g(s)y(s) ds

where the Green’s functions G(¢, s) and G*(¢, s) are defined by (2.3) and (2.16), respectively.
The proof is completed. d

Lemma 2.4 The Green's function G*(t,s), which is given by (2.16), satisfies the following
inequalities:

(i) G*(¢,s)>0,Vt,s€[a,b];

(i) G*(t,5) < J(s) = @l

rg)
Also we have
b
(111) MmaXse(q,b) ](S) = %-

Proof From Lemma 2.3, we define

(b-9)Pt - a)!

&(bs9) = =4 — -(t-9"", as<s<t<b,
b— )Lt — g)-1
g4(t,S)=( 29 () ]a) , a<t=<s=b.
_aa—

It is obvious that g4(¢,s) > 0. By using (2.6) with replacing « by 8, we have

(-5t —a)?

&lbs) = =g = (- )P
_b-9e-at (-9 -0
= (-al (b-a)f!

Al t-a\" [(t-a\
o |(e) -Ge) ]

As B > a, we deduce that g3(¢,s) > 0. Therefore, we have G*(¢,s) > 0 for all ¢,s € [a, b].
We omit the proofs of (ii) and (iii), since these are similar to that for the Green’s function
G(t,s) in Lemma 2.2. O
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In the following results will be used the following condition:
(H) 1hi(t,y(0))] < 1x:()l1y(2)] where x; € C([a,b],R), i=1,2,...,n

Theorem 2.2 Assume that the condition (H) holds with [a, b] = [0,1]. The necessary con-

dition for the existence of a nontrivial solution for problem (1.14) on [0,1] is

1 (-1 < 1 ol
F(a—1)<”f—”—r(ﬁ+1);llxill>5/0 (1-9)*"|g(s)| ds. (2.19)

Proof From Lemma 2.3, the solution of problem (1.14) on [0, 1] is given by

1 n 1
30 = £ (6,3(0)) [ [REOTEES [0 G*hi(s,y(s))ds].
i=1

Since y € C([0,1],R) and f € C}([0,1] x R, R\ {0}), we get
[ r1 n 1
lys)| < IfI _/0 IG(t,S)||g(S)||y(S)|a’S+;:/0 |G (tr5)||hi(s»y(3))|d5:|
| ||_/1H<>| @lblas+ Y [ 10o]bo)d

< ,
_[f_o s)|g(s)||y(s s+i=103xlsyss

B 1(1_ )a—l
71| [ gy lewl o ds

VDS [[a- ol

which leads to
Iyl /1 4 (o =D)lyll
Iyl < Il 1 -5)""lg(s)|ds + ll:ll |-
A=W [F(a—l) 0 ¢ F(ﬁ 1) Z
Therefore, we deduce that the inequality in (2.19) holds. d

Corollary 2.4 Assume that the condition (H) holds with [a, b] = [0,1]. Consider the prob-
lem

{Da L2 Y Ity O]+ () =0, ae(@3lte (0., 220

¥(0) = (0) =y(1)=0.
The necessary condition for the existence of a nontrivial solution for problem (2.20) on [0,1]
is

n

1 (x—1)
ar(a—n(uf” T T anln)_w (2.21)
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Proof Setting the function g(¢) = X for ¢ € [0,1] and applying Theorem 2.2, we obtain the
following inequality:

1 (-1 < 1 el 1
F(a—1)<”f—”—r(ﬁ+1);llxill>5/0 (1-s) Iklds—alkl,

from which the result in (2.21) is proved. O

Theorem 2.3 Suppose that the condition (H) holds. The necessary condition for the exis-

tence of a nontrivial solution for problem (1.14) on [a, b], is

p-1 1
||g||L1_(F(f‘7l)<”f|| (@-1) (b a) lemllu) (2.22)

Proof From Lemmas 2.2 and 2.4, we have

b nop
()] < If1 |:/ |G(t,9)||g(s)|[y(s)| ds + Z/ |G*(t,5)’|hi(s,y(s))’ds:|
a i=1 a

b n b
< I { [ #0lgolbolds+ 3 [ 0ko|be) ds}.
a -1 Ya

Consequently the above inequality becomes

“lnyn @ =Db-a* Iyl
Iyl < ILfII[ /|g< s+ <8 Z/ xl(s)|ds},

which leads to

—a)* 1 (@ -1)b-a)ft
|tf||[ T ;nxlnp}

Then the estimate in (2.22) holds. O

Corollary 2.5 Let the condition (H) holds. Consider the fractional boundary value prob-
lem given by

DYl — i P y@)] +2(8) =0, @ €(2,3],t € (a,b),
y(ﬂ)—y(u)=y(b): .

(2.23)

The necessary condition for the existence of a nontrivial solution for problem (2.23) on [a, b]

is

Pa-D(1 (@-1)b-a)f"
M= (b—a) (Ilf_ll T leleu) (2.24)
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Proof Applying the inequality in (2.22) with g(s) = A, s € [a, ], it follows that

b Ta-1) (1 (@-Db-af! a)ﬂl -
/; |k|dszm Hf_|| I Z”’Q”Ll )

which implies the inequality in (2.24). d

Example 2.2 Consider the following boundary value problem of the hybrid fractional

differential equation:

5/2 3 g7 22 _ 1
Dy [ o Z\y G Zi:lIO L+ @) 1+2y(8)=0, te(0, 5);

RARTGIE (2.25)
$(0)=y(0)=y(3)=0

Here o =5/2, B =7/2,a =0, b =1/2, n =3, h(t,y) = V20321 + |y]), i = 1,2,3,
f(t,y) = (t+1) + (2|y| + 1)/(3]y| + 2). We find that ||f|| = 13/6, and |};(¢,y)| < [ED/E2D)]|y).
Setting x;(t) = t“V/+2) ;= 1,2,3, we have ||x; |1 = 0.1889881575, |lx, ;1 = 01698867308,
and |[|x3]|;1 = 0.1595414382. Applying Corollary 2.5, we see that the necessary condition

for the existence of a nontrivial solution for the boundary value problem (2.25) is
[A] >2.106444184.

Remark 2.1 The boundary value problem (1.14) can be rewritten by

D[]+ g()y(®) = St y(t),  te(ab),

7o (2.26)
ya) = () y(b) =0

which is a hybrid fractional integro-differential equation with boundary conditions.

Therefore, all results can be applied.
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