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1 Introduction and preliminaries

For any given partial ordering < of a set y, real-valued functions ¢ defined on yx, which
satisfy ¢(x) < ¢(y) whenever x < y, are variously referred to as ‘monotonic; ‘isotonic;, or
‘order-preserving. We consider a partial ordering of majorization.

For two vectors x,y € R” we say that x majorizes y ory is majorized by x and writey < x
if

k k
Zym < me fork=1,...,m—-1 and iyi = ixi.
i=1 i=1 i=1 i=1

Here x; and yp;) denote the elements of x and y sorted in decreasing order. Majorization
on vectors determines the degree of similarity between the vector elements.

For the concept of majorization, the order-preserving functions were first systematically
studied by Schur (see [1, 2], p.79). In his honor, such functions are said to be ‘convex in the
sense of Schur; ‘Schur convex; or ‘S-convex!

Many of the inequalities that arise from a majorization can be obtained simply by identi-
fying an appropriate order-preserving function. Historically, such inequalities have often
been proved by direct methods without an awareness that a majorization underlies the
validity of the inequality. The classical example of this is the Hadamard determinant in-
equality, where the underlying majorization was discovered by Schur.

Instead of discussing a partial order on vectors in R™, it is natural to consider ordering
matrices. Majorization in its usual sense applies to vectors with fixed element totals. For
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m X n matrices, several avenues of generalization are open. Two matrices can be consid-
ered as being ordered if one is obtainable from the other by postmultiplication by a doubly
stochastic matrix. This relates m x n matrices with fixed row totals. There are, however,
several variations on this approach that merit attention.

An important tool in the study of majorization is the next theorem, due to Hardy et
al. [3], which gives connections with matrix theory, more specifically with doubly stochas-
tic matrices, i.e. nonnegative square matrices with all rows and columns sums being equal

to one.
Theorem 1 Let x = (x1,..., %), Y = V1,-..,¥m) € R"™. Then the following statements are
equivalent:
M) y=<x
(ii) there is a doubly stochastic matrix A such that'y = XA;
(iii) the inequality Y ) p(y:) < X1y @(x:) holds for each convex continuous function
¢:R—R.
For many purposes, the condition y = XA is more convenient than the partial sums con-

ditions defining majorization.

Sherman [4] considered a weighted relation of majorization,

k 1
> bi <) ap
i=1 j=1

for nonnegative weights a; and b; and proved a more general result which includes the row
stochastic k x [ matrix, i.e. matrix A = (a;) € My(R) such that

a; >0 foralli=1,...,kj=1,...,1

!
Y aj=1 foralli=1,...k
j=1

By AT = (a;) € My (R) we denote the transpose of A.
Sherman’s result can be formulated as the following theorem (see [4]).

Theorem 2 Letx € [, B, y € [, B]¥, a € [0,00)", b € [0, 00)* and
y=xAT and a=bA (1.1)

for some row stochastic matrix A € My (R). Then for every convex function ¢ : [o, B] — R

we have
k I
Y bip(y) < ajp(a;). (1.2)
i=1 j=1

If ¢ is concave, then the reverse inequality in (1.2) holds.
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Notice that if we set k =/ and a; = b; forall i,j = 1,..., k, the condition a = bA ensures the
stochasticity on columns, so in that case we deal with doubly stochastic matrices. Then,
as a special case of Sherman’s inequality, we get a weighted version of the majorization

inequality:
k k
> @) <> aip(x).
i=1 i=1
Denoting Ay = Zile a; and putting y; = yy = -+ =y = AL,( Zle a;x;, we obtain Jensen’s

inequality in the form

1< 1<
¢(A_k;“ixi) < A—k;ﬂ@(xi)

Particularly, for Ay = 1, we have

k k
¢ (Zam) < Zﬂi({b(xi)' (1.3)
i1 i-1

On the other hand, the proof of Sherman’s inequality (1.2) is based on Jensen’s inequal-
ity (1.3). Since the matrix A € My(R) is row stochastic and (1.1) holds, for every convex
function ¢ : [«, 8] — R we have

k

k ) k !
S bt - zw(zx,ai,) <S8 ala)
i=1 =1 =1

i=1 j=1
Ik !
= (Zbiai,) o) = > ajp(x)).
[ERE j=1

In this paper, we consider a difference of Sherman’s inequality

! k
Z a;p(x;) — Z bip(y:)
j-1 i-1

and establish generalizations of Sherman’s inequality (1.2) which hold for #-convex func-
tions which are in special cases convex in the usual sense. Moreover, we obtain an exten-
sion to real, not necessarily nonnegative entries of the vectors a, b, and the matrix A. Some
related results can be found in [5, 6].

The notion of n-convexity was defined in terms of divided differences by Popoviciu.
Divided differences are a very important notion by dealing with the functions when dis-
cussing the degree of smoothness. A function ¢ : [«, 8] — R is n-convex, n > 0, if its
nth order divided differences [xy,...,%,; ¢] are nonnegative for all choices of (n + 1) dis-
tinct points «; € [, 8], i = 0,...,n. Thus, a 0-convex function is nonnegative, a 1-convex
function is nondecreasing, and a 2-convex function is convex in the usual sense. If ¢ is
n-convex, then without loss of generality we can assume that ¢ is n-times differentiable
and ¢ > 0 (see [7]).
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The techniques that we use in the paper are based on classical real analysis and the
application of the Abel-Gontscharoff interpolation. The Abel-Gontscharoff interpolation
problem in the real case was introduced in 1935 by Whittaker [8] and subsequently by
Gontscharoff [9] and Davis [10]. The next theorem presents the Abel-Gontscharoff inter-
polating polynomial for two points with integral remainder (see [11]).

Theorem 3 Letn,meN,n>2,0<m<n-1,and ¢ € C"([a, B]). Then

o) = Quarla, B, ¢, 1) + R(, ),

where Q,_; is the Abel-Gontscharoff interpolation for two points of degree n — 1, i.e.

m

Qu-1(e, B, ¢, t) = Z

s=0

(t-a)
s!

¢ ()

n

+ Xm:2|: d (t_a)m+1+s(a_ﬂ)rS:|¢(m+1+r)(ﬂ)

— | = (m+1+s)(r—s)!

and the remainder is given by

B
R u) = f Gon(1t, DO (0)

where G, (u,t) is Green’s function defined by

m  (n-1 ) _ fyn-s-1 < .
Gty = - NIy, eSS (14)
(n-1)! —Zf=m+l(”s )(u —a)(a -, u<t<§B.

Remark 1 Further, for o <¢, u < § the following inequalities hold:

0°Gun(u, 2) >0

(=== 20, 0=s=m,
7
°G b
(—l)n_s—gngu )ZO, m+l<s<mn-1.
u

2 Generalizations of Sherman’s theorem
Applying interpolation by the Abel-Gontscharoff polynomial we derive an identity related
to generalized Sherman’s inequality.

Theorem 4 Letx € [, B, y € [, B]%, a € R! and b € R¥ be such that (1.1) holds for some
matrix A € My (R) whose entries satisfy the condition Z]l.zla,-j =1,i=1,...,k.Letn,m €N,
n>2,0<m=<n-1,¢ e C"(o,B]), and G, be defined by (1.4). Then

! k
> ap) - > bip(y)
j=1 i=1

m ¢(s)(a) ! k
3 (3 - =Y -
j=1 i=1

s=2
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n-m-2 r ;
( l)r—s(IB O{)r_s¢ (m+1+r) (/3) - .
' rzzo: =0 (m+1+5)X (Za, —a)™! —lz:l:bi()/i—a) ! )

B
/(Za] mn(x/rt) Zmen()/wt)) (2.1)

j=1

Proof Using Theorem 3 we can represent every function ¢ € C"([a, 8]) in the form

00 = Y L o)

s=0

n-m-2 r
)m+1+s(_ )r—s(ﬂ _ O[)r—s (malen)
* VX: |:SX: (m+1+s)(r-s) :|¢ )

B
+ / G (1, £)9"™ (2) dit. (2.2)

By an easy calculation, applying (2.2) in }l.zl a;p(xj) — Zf;l bid(y;), we get
! k
Z a;$(x;) — Z bip(y;)
j=1 i=1

-5

s=0

(Za,(x, —a)’ - Z bi(y; — a)s>

n 2 r

Y

r=0 s=0

!
+ /[3( (,z mn(xpt) Zb Gmn(ynt))
o j=1 i=1

( l)r_s(ﬂ a)r_s¢ m+1+r (ﬂ) m+ +s WH’ +$§
(m+1+s)(r—s)! (Za, 1 Zb 0 =)™ )

i=1

Since (1.1) holds,

(s
) (Za/(x, a)—Zb(yl—a)>:0 fors=0,1.

Therefore, (2.1) follows. 0

The following theorem extends Sherman’s result to convex functions of higher order and

to real, not necessarily nonnegative entries of the vectors a, b, and the matrix A.

Theorem 5 Suppose that all the assumptions of Theorem 4 hold. Additionally, let ¢ be
n-convex on (o, B] and

k !
biGmn(yir t) < a'Gmrl(x’: t): te [O{, ﬂ] (23)
> 4Gl

i=1 j=1
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Then

! K
> ap) = > bip(y)
j1 i-1

m ¢(s)(a) I . k .
= Z ol jzzldj(x/—()() —;bi(yi—a)

n-m-2 r
(_1)7'—5(’3 _ a)r—s¢(m+1+r)(ﬁ)
" ; = (m+1+s)(r—s)!
I k
x ( aj(xj _ Ol)m+1+s _ Zbi(yi _ a)m+l+s>' (2'4)
Jj=1 i=1

If the reverse inequality in (2.3) holds, then the reverse inequality in (2.4) holds.

Proof Since ¢ € C"([a, B]) is n-convex, " > 0 on [, ]. Hence, we can apply Theorem 4
to get (2.4). O

Notice that when we take into account Sherman’s condition of nonnegativity of the vec-
tors a, b, and the matrix A, the assumption (2.3) is equivalent to the requirement that
Gy (- t), t € [a, B], must be convex on [, 8]. So, for n =2 and 0 < m < 1, the assumption
(2.3) is immediately satisfied and then the inequality (2.4) holds. Moreover, in that case,

the right-hand side of (2.4) is equal to zero, so we have

! K
Y aix) - Y bip(y) =0,
1 i1

i.e. we get Sherman’s inequality as a direct consequence. For an arbitrary » > 3 and 0 <
m <1, we use Remark 1, i.e. we consider the following inequality:

392G ,n (1, 8)
_1 n-2 mn ’ >
(a2 =
Hence, the convexity of G, (-, £) depends on the parity of . If  is even, then % >0,
i.e. Gyy(-,t) is convex and assumption (2.3) is satisfied. Moreover, the inequality (2.4)
holds. For odd n we get the reverse inequality. For all other choices, the following gen-
eralization holds.

Theorem 6 Suppose that all assumptions of Theorem 2 hold. Additionally, let n,m € N,
n>3,2<m=<n-1,and ¢ € C"([«, B]) be n-convex.

(i) If n—m is odd, then the inequality (2.4) holds.

(i) Ifn—m is even, then the reverse inequality in (2.4) holds.

Proof (i) By Remark 1, the following inequality holds:

2
0°Guun(u, t) -

-1 n-m-1
(-1) e

0, a<ut<§p.
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In case n —m is odd (n — m — 1 is even), we have

3% G (1, 1)
- > 0’
ou? -

i.e. Guu(-, ), t € [, B], is convex on [a, B]. Then by Sherman’s theorem we have

!
Zb Gmn(yn S Z Gmn(x}rs)
j=1

i=1

i.e. the assumption (2.3) is satisfied. Hence, applying Theorem 5 we get (2.4).
(ii) Similarly we can prove this part. g

Theorem 7 Suppose that all assumptions of Theorem 2 hold. Additionally, let n,m € N,
n>2,0<m<n-1,¢ e C"(a,B]) be n-convex and F : (o, 8] — R be defined by

56
Fo= Y oy

n-m-2 r r—s r—s
DI I T T 25

+1+8)(r—s)!

(i) If (2.4) holds and F is convex, then the inequality (1.2) holds.
(i) Ifthe reverse of (2.4) holds and F is concave, then the reverse inequality in (1.2) holds.

Proof (i) Let (2.4) holds. If F is convex, then by Sherman’s theorem we have

! k
Z a;F(xj) — Z biF(y;)) > 0,
=1 i1

which, changing the order of summation, can be written in the form

Z (Ol) (Zdj(xl _ Ot)s Zb (yl _a)s>

=2

n 2

N Xm: Z( lrs(ﬂ a)r s¢m+1+r (/3)

—~ (m+1+9)(r—s)!

k
x < ﬂj(xj _ a)m+l+s _ Zbi(yi _ a)m+1+s>

j=1 i=1

~

> 0.

Therefore, the right-hand side of (2.4) is nonnegative and the inequality (1.2) immediately
follows.
(ii) Similarly we can prove this part. g

Remark 2 Note that the function ¢ — (¢ — «)? is convex on [, 8] foreachp=2,...,n -1,
ie. j=1 aj(xj —a)f — Zle bi(y;—a) >0, foreachp=2,...,n-1.
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(i) If (2.4) holds and in addition ¢® () > 0 for s = 0,...,m and ¢"*1+)(B) > 0 if r — s is
even and ¢"*1*9(B) < 0 if r —s is odd for s = 0,...,rand r = 0,...,n — m — 2, then
the right-hand side of (2.4) is nonnegative, i.e. the inequality (1.2) holds.

(i) If the reverse of (2.4) holds and in addition ¢ («) <0 for s=0,...,m and
¢19)(B) < 0 if r — s is even, and ¢+ () > 0 if r — s is odd for s = 0,..., 7 and
r=0,...,n—m -2, then the right-hand side of (2.4) is negative, i.e. the reverse
inequality in (1.2) holds.

3 Upper bound for generalized Sherman’s inequality
In the previous section, under special conditions which are imposed in Theorem 7 and
Remark 2, we obtained the following estimations for Sherman’s difference:

! k
> ap) - > bip(y)
j1 i1

m s

=y ¢

=2

(Za,(x,-a) —Zb (yl—a)s>
n-m-2 r

. Z ( 1 r—s(lB a)r—sd) (m+1+r) (ﬂ)

(m+1+s)(r—s)!

r= §=

l k
x ( aj(xj _ a)m+1+s _ Zbi(yi _ O[)m+1+s>

Jj=1 i=1
> 0. (3.1)
In this section we present upper bounds for obtained generalization. In the proofs of

some estimations we use recent results related to the Cebyéev functional, which for two
Lebesgue integrable functions f, g : [a,b] — R is defined by

b b b
10,0 [ fogode- = [ foae [ gwae

With || - ||, 1 < p < 00, we denote the usual Lebesgue norms on space L,[a, b].

Theorem 8 ([12], Theorem 1) Let f : [a,b] — R be a Lebesgue integrable function and
g :[a,b] — R be an absolutely continuous function with (- — a)(b - -)[g']* € Li[a, b]. Then

7(,)] < =[]} —= (/h(x—a)(b—x)[ ’(x)]zazx)5 (32)
Y1=7 Jooa\l, £ ' :

The constant % in (3.2) is the best possible.

D=

Theorem 9 ([12], Theorem 2) Assume that g : [a,b] — R is monotonic nondecreasing on
la,b] and f : [a,b] — R is absolutely continuous with ' € Ly[a, b]. Then

1 ) b
16,9 = 55— 1. / (s~ @)(b - x) dg(). (33)

The constant % in (3.3) is the best possible.
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To avoid many notations, we define the function F : [¢, 8] — R by
l k
= Z aijn(xj: t) - Z biGmn(yi; t);
j=1 i=1

under assumptions of Theorem 4. We also consider the Cebysev functional

1 [, 1 [P >
T(]:’]:):,B—a/a ]:(t)dt—(ﬂ_a/a f(t)dt) :

Theorem 10 Suppose that all the assumptions of Theorem 4 hold. Additionally, let

(-—a)(B-)@"V)? e Li[a, B] and F be defined as in (3.4). Then the following identity
holds:

! k
D aipx) =Y bip(y)
1 i1

Z¢ (a) |:Za,(x,—a) —Zb()’z—a):|

r ( l)r S(,B a)r s¢ (m+1+r) (/3) |:

~ = (s+1+m)(r—s)! Z“I(xz —a)"h - 21:b i —a)m+l+s:|
(n-1) _ B
42 (ﬂﬂ) —— / F(&)dt + Rulct, B; §), (35)

where the remainder R, («, B; ¢) satisfies the estimation

[Rolet, i 8)] </ (17,7

Proof By applying Theorem 8 for f — F and g — ¢ we get

D=
ST

B
f (t-a)(B -0 )] dt

(n) _ (n)
’ﬁ— /]—'(t)qﬁ (£)dt /]-"(t)dt /d) (t)dt‘

Lirr A

L f - a)p - t)[¢<”+”(t)]2dt‘2
=7 JF=all, '

Therefore we have

(n-1) _ #4n-1) B
/ Foewd =P =9 (“)/ F(@)dt + Ro(e, B; ),
B—a a

where the remainder R,(«, B; ¢) satisfies the estimation. Now from the identity (2.1) we
obtain (3.5).

O
The following Griiss type inequality also holds.
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Theorem 11 Suppose that all the assumptions of Theorem 4 hold. Additionally, let
¢ >0 on o, B] and F be defined as in (3.4). Then the identity (3.5) holds and the
remainder R(¢;a, b) satisfies the bound

(n-1) (n-1) (n-2) _ p(n=2)
’R,,(a,ﬁ;(ﬁ)‘ < H]_-/” {¢ B)+¢ (@) _ ¢ B) -9 () } (3.6)
o0 2 B -«
Proof Applying Theorem 9 for f — F and g — ¢ we obtain
L ) L L7 w
‘m/a F(t)p“(¢) dt — m/(; F(t)dt - m/a 1) (t)dt‘
TS / (- — 060y de (37)
- 2(,3 a) ' '
Since
B
f (£ —a)(B - )" V(1) dt
B
_ f [26 (e + B)]¢") () dt
= (B-a)[¢" " (B) + " V()] -2(¢" 7 (B) - ¢ P (),
using the identities (2.1) and (3.7) we deduce (3.6). a

We present an upper bound for generalized Sherman’s inequality which is an Ostrowski

type inequality.

Theorem 12 Suppose that all the assumptions of Theorem 4 hold. Let (p,q) be a pair of

conjugate exponents, that is,1 <p, g < oo, }7 + % =1. Then

! k
Z a;p(x;) — Z bip(y:)
-1 i-1

m ¢(s) (Ol) 1 k
Dl DRI R,
5=2 ! j=1 i=1

n-m-2 r
( l)r—s(ﬂ a)r s¢(m+1+r (,3)
-2

(m+1+98)(r-s)!

r=0 s=0

! k
x ( aj(xj _ a)m+1+s _ Zbi(yi _ a)m+1+s>

j=1 i=1

B ! q %
<|¢™ Hp( / dt) . (3.8)
o j=1

The constant on the right-hand side of (3.8) is sharp for 1 < p < oo and the best possible for
p=1

k
j t) - Z biGmn(Yi; t)
i=1




Iveli¢ Bradanovic et al. Journal of Inequalities and Applications (2016) 2016:165 Page 11 of 17

Proof Applying the well-known Holder inequality to the identity (2.1) we have

k
= bib(:)
i1

(s
_Z¢ (Za](x,—a) —Zb(y,—a)s>
s=2 j=1

n-m-2 r

( l)r—s(ﬁ _ a)r—s¢(m+1+r)(ﬁ)

(m+1+s)(r—s)

M

r=0 s=0

/ k
% ( aj(xj _ O[)m+1+s _ Zbi(yi _ Ol)m+1+s)

j=1

Bl k
= [ <Z (,Zijn(x/‘, t) - ZbiGmn(yi: t)) ¢(n)(t) dt
o j=1 i=1

(n) ’ q %I
<lovl, ([ 1o )", 39)

where F(t) is defined as in (3.4).

For the proof of the sharpness of the constant ( / f | F(2)|? dt)é let us find a function ¢
for which the equality in (3.9) is obtained.

For 1 < p < 0o take ¢ to be such that

$(¢) = sgn F(8)| F ()| 7.
For p = oo take
¢"(2) = sgn F ().

For p = 1 we prove that

B B
f F@)p" () dt' < tlr[1a>g]|}"(t)| ( / lo® @) dt> (3.10)

is the best possible inequality.
Suppose that | F ()| attains its maximum at ¢, € [«, B].
First we assume that F () > 0. For € small enough we define ¢, () by

0, a<t=<t,
Pe(t) = o (t—t0)", to<t=<to+e,
ﬁ(t—to)n_l, lo+e <t=<p.

Then for € small enough

to+e to+e

]-'(t)g dt‘ - % F(t)dt.

to

B
/ f(t)qs(")(t)‘ _

to
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Now from the inequality (3.10) we have

1 to+e to+e 1
LT Fode< F) / Lt - Fo).
€ to to €
Since
1 to+e€
lim — F(t)dt = F(to)
e—0 ¢ o

the statement follows.
In the case F () < 0, we define ¢ (¢) by

L-to-e), a<t=<t,

Pe(t) =1 -L(t-to—€)", to<t<to+e,
0, Lh+e<t<p,
and the rest of the proof is the same as above. O

In the sequel we consider a particular case of Green’s function G, (1, t) defined by (1.4).
For n =2, m =1, we have

u—-t, a<t=<u,
Gn(u,t) = (3.11)
01 u S t S ﬁ!

and

l k
Z a;Gra (%), £) — Z biG2(y:, 1)
j=1 i=1
= Za,-(xj — lf) — Z bi(yi - t), j € {j;Xj >tlie {l,yl >t} (312)
j i
As an easy consequence of Theorem 12, choosing # = 2 and m = 1, we get the following
corollary.

Corollary 1 Let ¢ € C*([a, 8]), x € [, B, y € [, B]%, a € R!, and b € R¥ be such that
(1.1) holds for some matrix A € My(R) whose entries satisfy the condition Z]l.zla,-j =1,
i=1,...,k. Let (p,q) be a pair of conjugate exponents, that is,1 <p, g < oo, 1% + é =1. Then

! k
> aipx) - > bip(y)
j=1 i=1

" ﬁ
<[l [ ]2

! k
Z a;Ga(x), t) — Z biG12(y:, 1)
=1 i-1

0\
dt) . (3.13)

The constant on the right-hand side of (3.13) is sharp for 1 < p < 0o and the best possible
forp=1.
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Remark 3 If additionally suppose that vectors a, b, and matrix A are nonnegative and ¢
is convex, then the difference ijl ajp(x;) — Zle b;¢(y;) is nonnegative and we have

! K
0<Y aipx) - ) bip(y)
j1 i1

" ﬂ
<[l [ ]2

! k
Z a,Glz(x,», l’) - Z biGIZ(yi; t)
j=1 i=1

1

q q
dt) . (3.14)

In the sequel we consider some particular cases of this result.
(i) If k = and all weights b; and 4; are equal, we get the following estimate for the
weighted majorization inequality:

k k
0= aplx) -y aip(yi)
i1 i1

<o, ( [

k k a \3
ZﬂiGIZ(xi: £) - ZﬂiGn(ﬁ/i»t) dt) . (3.15)
-1 i-1

(ii) If we denote Ay = ],(: a;andputyy =y = - =y = = ],(: ax; = x, from (3.15) as
i=1 p y y y Ay i=1
an easy consequence we get estimate for Jensen’s inequality:

k

0< ) aipx:) - Aro()

i-1
1
k
Z a;Gia(x;, t) — Ak Gra(X, t)
i=1

1o ([ ).

Specially, setting Ay =1, we have x = Zf;l a;x; and

k
0< Z a;p(x;) — P(%)

i-1
X 1
Z a;Gra(xi, t) — Gra(%, £)
i=1

1o, (]2 ).

(iii) For k=2, a; =a; =1, x; = «, and x; = B, we have

05¢(a)+¢>(ﬂ)—2¢((x;ﬁ>

B g N}
5||¢”||,,( / (Gu(a,t)+G12(ﬂ,t)—2Gu(°‘;ﬁ,t)) dt> ,

where

a+p t) t-o, a<t<%l,

Gua(a, t) + Gra(B, £) - 2G12< 5
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Specially, for p = 1, g = oo, we obtain

o< 2@ +o(p) _¢<a+ﬂ

1
: ! ) < @B - @)B-a),

where the constant i is the best possible in the sense that it cannot be replaced by a
smaller constant.

4 Applications
In this section we discuss the application of Corollary 1, i.e. the inequality (3.14), to the
lower and upper bounds estimations of some relationships between well-known means.
Let 0 <a < B, x € [, B/, and a € [0, 00)! whose entries satisfy the condition Z]l.zl aj=1.
The weighted power mean of order s € R is defined by
! 1
(ijlﬂjx;) s, §#0,

L4
j=1%)

M(a;x) =

The classical weighted means are defined as

l
My(a;x) = G(a;x) = l_[xt.l/, the geometric mean,
j=1
l
Mi(a;x) = A(a;x) = Z ajxj, the arithmetic mean,
j=1
M_1(a;x) = H(a;x) =

ey g the harmonic mean.

j=1 %
In an analogous way, for y € [, ,B]k, b € [0, c0)* with Zﬁ;l b; =1, we define

K by)t, 50,

kb
=1V s=0,

Mq(b;y) =

and then accordingly the classical weighted means G(b;y), A(b;y), and H(b;y).

Corollary2 Lets>2and0 <o < B.Letx € [a, B]',y € [a, B]¥,a € [0, 00)!, and b € [0, 00)k
be such that (1.1) holds for some row stochastic matrix A € My(R) and the entries of a and
b satisfy the condition Z,l'=1 a; = Zle b;=1. Then

B 1

0 < M:(a;x) — Mi(b;y) < s(s - 1)( P2 dt) 161,
G(by) Br1y

1 20 fexp[( [ (t—z) dt) ||g||q],

H(b;y) — H(b;y) B/ o\ H
Smf(/a (73) dt) IG 1l

where G(t) denotes the difference (3.12).

T~

=
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The constants on the right-hand side of inequalities are sharp for 1 < p < 0o and the best
possible for p = 1.

Proof Applying (3.14) to the function ¢(x) = x°, ¢(x) = %, ¢(x) = —Inx, and ¢(x) = %,

respectively. O
Remark 4 Particular cases of the previous results for p = 1, g = oc:

0 < Mi(a;x) - Mi(by) <s(B" =) Gl s

G(bsy) B—o
1< G < eXP<WIIQIIw>,

< Hby) - Ha@x) (ﬂz‘“z)ngnm.
T H(ax)H(b;y) — \ o?p?

Replacing x; — xi/, yi— %, we have A(a;x) — m, A(byy) — ﬁ,y), and the last inequal-

ity becomes
0= Afasx) ~ A(bsy) = (B - &) I,
where G(£) = Y 4 -0 -2ibi(5 -0 j el = thie sy > )
Corollary 3 Let 0 <a < p and x € [a, Bl', y € [, BI¥, a € [0, 00), and b € [0, 00)X be such

that (1.1) holds for some row stochastic matrix A € My (R) and the entries of a and b satisfy
the condition Z,l‘ﬂ a;= S K bi=1. Then

1 ajxj 1
X B 1\?
Py LA AP AN
ITE, 07 P !
i=17i o

! k B 1
05261,-6’“1—21956” < (/ etpdt>p||g||qr
j=1 i=1 «

T, +e¥)% B e N\ \»
1< /k1 I Eexp<</ <7t 2) dt) ||g||q>,
[T, @+ ei)bi o \(1+é€)
where G(t) denotes the difference (3.12).

The constants on the right-hand side of inequalities are sharp for 1 < p < oo and the best
possible for p = 1.

Proof Apply (3.14) to the functions ¢(x) = xInx, ¢(x) = €*, and ¢(x) = In(1 + €*), respec-
tively. d

Remark 5 Particular cases of the previous results for p =1, g = co:

Lo Gllco
1<1_[j=1x/’ <<[3)II I

- 17k bivi — 5
[Ty

l k
0= ae¥ - bie" < (e — )G lloo
j=1 i=1



Iveli¢ Bradanovic et al. Journal of Inequalities and Applications (2016) 2016:165 Page 16 of 17

P+ ey B o
L+ e p[(e—engnw}

— 171k <ex
[T+ e T+ ) 1+e”)

If we consider a particular case of our result given in Remark 3(ii) and apply it to convex
functions from the previous two corollaries, we could obtain some new upper bounds for
Jensen’s inequality. Related estimates are given in [13-15].

Finally, we indicate one more interesting application.

Using (2.4), under the assumptions of Theorem 5, we define the linear functional A :
C"([a, B]) > R by

! k
A) =Y aiplx) - > bip(y)

j=1 i=1

m ¢(s)(a) l k
DN PR LU,
5=2 ’ j=1 i=1

n-m-2 r

r=0 m=0

(_l)r—S(ﬂ _ a)r—s¢(m+1+r) (ﬁ)

(m+1+s)(r—s)

~

k

x dj(xj _ O[)erlJrs _ Zbi(yi _ a)m+1+s

j=1 i=1

It is obvious that if ¢ € C"([«, B]) is n-convex, then A(¢) > 0. Using the linearity and pos-
itivity of this functional we may derive corresponding mean-value theorems. Moreover,
we may produce new classes of exponentially convex functions and as a result we get new
means of the Cauchy type applying the same method as given in [5, 16].

5 Conclusions

In this paper we give generalizations of Sherman’s inequality from which the classical ma-
jorization inequality, as well as Jensen’s inequality, follows as a special case. The obtained
results hold for convex functions of higher order, which are in a special case convex in the
usual sense. Moreover, the obtained generalizations represent an extension to real, not
necessarily nonnegative entries of the vectors a, b, and the matrix A. The methods used
are based on classical real analysis and the application of the Abel-Gontscharoff formula
and Green’s function and can be extended to the investigation of other inequalities.
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