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Abstract

In this paper, the authors investigate the internal estimator of nonparametric
regression with dependent data such as a-mixing. Under suitable conditions such as
the arithmetically a-mixing and £]Y4|° < oo (s > 2), the convergence rate

|Ma(x) = mx)| = Opla,) + O(h?) and uniform convergence rate

SUPyes, |Mn(x) — m(x)| = Op(an) + O(h?) are presented, if a, = /::TZ — 0. We generalize

some results in Shen and Xie (Stat. Probab. Lett. 83:1915-1925, 2013).
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1 Introduction
Kernel-type estimators of the regression function are widely various situations because of
their flexibility and efficiency, in the dependent cases as well as in the independent data

case. This paper is concerned with the nonparametric regression model
Yi = m(Xl) + ui; 1<i<nn=z=1, (1'1)

where (X;,Y;) € R x R,1 < i < n, U; is random variable such that E(;|X;) =0,1 <i<n.

Then one has
EYi|X;=x)=m(x), 1<i<nn>1

The most popular nonparametric estimators of the unknown function m(x) is the
Nadaraya-Watson estimator #iyw (x) given below and the local polynomials fitting. Let
K (x) be a kernel function. Define Kj,(x) = h~*K (x/h), where h = h,, is a sequence of positive
bandwidths tending to zero as n — oo. Kernel-type estimators of the regression function
are widely various situations because of their flexibility and efficiency, in the dependent
data case as well as the independent data case. For the independent data, Nadaraya [2]
and Watson [3] gave the most popular nonparametric estimators of the unknown func-
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tion m(x), named the Nadaraya-Watson estimator minw (%), i.e.

Yo YiKu(x - X;)

Y Knlx—-X) (1.2)

771NW (x) =

Jones et al. [4] considered various versions of kernel-type regression estimators such as
the Nadaraya-Watson estimator (1.2) and the local linear estimator. They also investigated
the following internal estimator:

YKh x— X)
7l (%) = Z (1.3)
for known density f(-). The term ‘internal’ stands for the fact that the factor Jﬁ is in-
. . . o~ 1
ternal to the summation, while the estimator 75y (x) has the factor ]’;(— = YT KX

externally to the summation.

The internal estimator was first proposed by Mack and Miiller [5]. Jones et al. [4] stud-
ied various kernel-type regression estimators, including introduced the internal estimator
(1.3). Linton and Nielsen [6] introduced ‘integration method; based on direct integration
of initial pilot estimator (1.3). Linton and Jacho-Chévez [7] studied the two internal non-
parametric estimators with the estimator similar to estimator (1.3) but in place of an un-
known density f(-), a classical kernel estimatorf(x) =n Y7 Ky(x — X;) is used. Much
work has been done for the kernel density estimation. For example, Masry [8] gave the
recursive probability density estimation for a mixing dependent sample, Roussas et al. [9]
and Tran et al. [10] investigated the fixed design regression for dependent data, Liebscher
[11] studied the strong convergence of sums of @-mixing random variables and gave its
application to density estimation, Hansen [12] obtained the uniform convergence rates
for kernel estimation with dependent data, and so on. For more work as regards kernel
estimation, we can also refer to [13—-30] and the references therein.

Let (2, F, P) be a fixed probability space. Denote N = {1,2,...,n,...}. Let F}, = o (X;,m <
i < n,i € N) be the o-field generated by random variables X,,;, X1, ..., Xy, 1 <m < n. For
n > 1, we define

a(n) = sup sup  |P(AB) - P(A)P(B)|.
meN Ae F{",.Be Fyfin

Definition1.1 Ifa(n) | 0 asn — oo, then {X,,, n > 1} is called a strong mixing or o-mixing

sequence.

Recently, Shen and Xie [1] obtained the strong consistency of the internal estimator (1.3)
under o-mixing data. In their paper, the process is assumed to be geometrically o-mixing
sequence, i.e. the mixing coefficients () satisfy a (1) < Boe 1", where By > 0 and B; > 0.
They also supposed that the sequence {Y,,,n > 1} is bounded, as well as the density f(x)
of X;. Inspired by Hansen [12], Shen and Xie [1] and other papers above, we also investi-
gate the convergence of the internal estimator (1.3) under o-mixing data. The process is
supposed to be an arithmetically «-mixing sequence, i.e. the mixing coefficients «(n) sat-
isfy a(n) < Cn™?, C > 0, and B > 0. Without the bounded conditions of {Y,,, # > 1} and the
density f(x) of X;, we establish the convergence rate and uniform convergence rate for the
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internal estimator (1.3). For the details, please see our results in Section 2. The conclusion
and the lemmas and proofs of the main results are presented in Section 3 and Section 4,

respectively.
Regarding notation, for x = (x1,...,%4) € R%, set ||x|| = max(|xy],..., |x4]). Throughout the
paper, C, Gy, Cy, Cs, ..., denote some positive constants not depending on #, which may be

different in various places. |x| denotes the largest integer not exceeding x. — means to
o . P . o1s d

take the limit as » — oo, — means to convergence in probability. X = Y means that the

random variables X and Y have the same distribution. A sequence {X,,, n > 1} is said to be

of second-order stationarity if (X7, X1,x) 4 (X5, X)), i>1, k> 1.

2 Results and discussion

2.1 Some assumptions

Assumption 2.1 We assume the data observed {(X,, Y,,),n > 1} valued in R? x R comes
from a second-order stationary stochastic sequence. The sequence {(X,, Y,,),n > 1} is also
assumed to be arithmetically «-mixing with mixing coefficients o(#) such that

a(n) <An?, (2.1)

where A < 0o and for some s > 2

ElY1)f <00 (2.2)
and
2s—2
g2 (2.3)
s—2

The known density f(-) of X is upon its compact support Sy and it is also assumed that
infxesf f(x) > 0. Let By be a positive constant such as

SUSP E(IV1F1X1 = x)f (x) < Bo. (2.4)
X€E f

Also, there is a j* < oo such that for all j > j*

sup E(| YallXy = x, Xju1 = xj+1)ﬁ(x1»xj+1) <By, (2.5)

X1ESFXj41€5f
where B is a positive constant and f;(x1,%;,1) denotes the joint density of (X1, Xj.1).

Assumption 2.2 There exist two positive constants K > 0 and x> 0 such that

sup |K(u)| <K and / ‘K(u)’ du=p. (2.6)
R4

ueRd

Assumption 2.3 Denote by S}) the interior of Sy. For x € 89, the function m(x) is twice
differentiable and there exists a positive constant b such that

3%2m(x)

axiaay

<b, Vij=12,....d.
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The kernel density function K(-) is symmetrical and satisfies
/ [villvilK(v)dv< oo, Vij=12,...,d.
R4
Assumption 2.4 The kernel function satisfies the Lipschitz condition, i.e.

AL>0, |K@w)-K()| <L|u-u|, wuu eR’

Remark 2.1 Similar to Assumption 2 of Hansen [12], Assumption 2.1 specifies that the
serial dependence in the data is of strong mixing type, and equations (2.1)-(2.3) specify
a required decay rate. Condition (2.4) controls the tail behavior of the conditional ex-
pectation E(|Y;]*|X; = x), condition (2.5) places a similar bound on the joint density and
conditional expectation. Assumptions 2.2-2.4 are the conditions of kernel function K (),
i.e., Assumption 2.2 is a general condition, Assumption 2.3 is used to estimate the con-
vergence rate of |Emi,(x) — m(x)|, and Assumption 2.4 is used to investigate the uniform

convergence rate of the internal estimator 71, (x).

2.2 Main results

First, we investigate the variance bound of estimator 7, (x). For 1 < r < sand s > 2, denote
- (i" S) . (Bo)r/sf(r—lu
M, . (infxesff(x))r—lw/s )

and 2.2.

where By, infxesf f(x), K, and p are defined in Assumptions 2.1

Theorem 2.1 Let Assumption 2.1 and Assumption 2.2 be fulfilled. Then there exists a
O < 00 such that for n sufficiently large and x € S¢

Var (71, (x)) < (2.7)

nhd’

2
s

— s — — Biu? Al-2/s 7 :
where © := [i(2,s) + 2j*1(2,5) + 2(1%(1,s) + (infxle‘;f)z) + 16 =i (s)

)

As an application to Theorem 2.1, we obtain the weak consistency of estimator 71, (x).

Corollary 2.1 Let Assumption 2.1 and Assumption 2.2 be fulfilled and K(-) be a density
Sfunction. For x € Sy, m(x) is supposed to be continuous at x. If nh® — oo as n — oo, then

~ P
m,(x) = m(x). (2.8)
Next, the convergence rate of estimator #1,(x) is presented.

Theorem 2.2 For 0 <0 <1 and s > 2, let Assumptions 2.1-2.3 hold, where the mixing ex-
ponent B satisfies

(2.9)

2-40 +20s 2s-2
B > max

(1-6)(s-2)" s=2
Denote a, =,/ :17'; and take h = n~'?, Then for x € S%, one has

’r’ﬁ,,(x) - m(x)‘ = Op(a,) + O(hz). (2.10)
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Third, we now investigate the uniform convergence rate of estimator 71,(x) and its con-
vergence over a compact set. Let SJQ be any compact set contained in S}’ .

Theorem 2.3 For0 <6 <1ands > 2, let Assumptions 2.1-2.3 be fulfilled, where the mixing
exponent f satisfies

(2.11)

’

5 s0d +30s+sd +s—20d—-460 2s-2
>m .
1-0)(s-2) s—2

Suppose that Assumption 2.4 is also fulfilled. Denote a,, = ./ L“TZ and take h = n%'%. Then

sup|r’;7zy,(x) - m(x)| = Op(ay,) + O(hz). (2.12)
xes}

2.3 Discussion

The parametric 6 in Theorem 2.2 and Theorem 2.3 plays the role of a bridge between
the process (i.e. mixing exponent) and choice of positive bandwidth /4. For example, if
d=2,0=1% and B > max{£], 22}, then we take # = n”V/® in Theorem 2.2 and obtain

s-27 s-2
the convergence rate |71,(x) — m(x)| = Op((Inn)"*n~"3). Similarly, if d = 2, 6 = £, and >
22, then we choose / = n~"/® in Theorem 2.3 and establish the uniform convergence rate

Supxes} |71, (x) — m(x)| = Op((In n)2p7113),

3 Conclusion
On the one hand, similar to Theorem 2.1, Hansen [12] investigated the kernel average

estimator

- 1<
T = =S YK, (x - X)),
() = ; (% — X3)

and obtained the variance bound Var(@(x)) < %, where O is a positive constant. For the
details, see Theorem 1 of Hansen [12]. Under some other conditions, Hansen [12] also
gave the uniform convergence rates such as sup -, @(x) - E@(x)| = Op(ay), where a, =

Z‘T’; — 0 and {c,} is a sequence of positive constant (see Theorems 2-5 of Hansen [12]).

On the other hand, under the conditions such as the geometrically o-mixing and {Y,,
n > 1} is bounded as well as the density function f(x) of X7, Shen and Xie [1] obtained the
complete convergence such as |71, (x) — m(x)| 25 0, if l;‘;;’ — 0 (see Theorem 3.1 of Shen
and Xie [1]), the uniform complete convergence such as supxes} 771, (x) — m(x)| =5 0, if

Inn
nhd
conditions of {Y,,n > 1} and f(x) of X, and we also investigate the convergence of the

— 0 (see Theorem 4.1 of Shen and Xie [1]). In this paper, we do not need the bounded

internal estimator 71, (x). Under some weak conditions such as the arithmetically &-mixing
and E|Y1[° < 00, s > 2, we establish the convergence rate in Theorem 2.2 such as |71, (x) —

m(x)| = Op(a,) + O(h?) if a, = ,/ LHTZ — 0, and uniform convergence rate in Theorem 2.3

Inn
nhd
Theorem 2.3, we have |m1,(x) — Em,(x)| = Op(a,) and SUPes, |1, (x) — Emi,(x)| = Op(a,),

such as sup, g |7,(x) — m(x)| = Op(a,) + O(h?) if a, = — 0. In Theorem 2.2 and

where the convergence rates are the same as that obtained by Hansen [12]. So, we relatively
generalize the results in Shen and Xie [1].
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4 Some lemmas and the proofs of the main results

Lemma 4.1 (Hall and Heyde, [31], Corollary A.2, i.e. Davydov’s lemma) Suppose that X
and Y are random variables which are & -measurable and F-measurable, respectively,
and E\X|P < 00, E|Y|1 < oo, where p,q > 1, p~ + q7' < 1. Then

|[E(XY) - EXEY| < 8(EIXP)"? (EY19)"[e(@, %)]1_,,71_,{1'

Lemma 4.2 (Liebscher [32], Proposition 5.1) Let {X,,n > 1} be a stationary a-mixing
sequence with mixing coefficient a(k). Assume that EX; = 0 and |X;| < S< o0, as., i =
1,2,...,n. Then, forn,me N,0<m <n/2,and all ¢ > 0,

{

where D,, = maXj<j<om Var(Z]l:=1 X)).

>x

g2 S
>e| <dexpi—-————— ¢ +32—na(m),
&
i=1

16(;-Dyy, + %eSm)

Lemma 4.3 (Shen and Xie [1], Lemma 3.2) Under Assumption 2.3, for x € S}’, one has
|Er’h,,(x) - m(x)| = O(h2).

Proof of Theorem 2.1 For x € Sf,let Z; := W, 1 <i < n. Consider now

. 1 YK -X) 1
my(x) = — —_—_ = — Z, n>1.
DTN

Forany 1 <r <sand s> 2, it follows from (2.4) and (2.6) that

hd(rfl)Elzl |r - hd(rfl)E I<h(x - XI)YI r

SX)
- (M0 )
B E( oy Enlx)
- [ (55| i -
f
r ris 1 1

(E(IV1P1X1 = u)f (w))

<)

(Bo)r/skr—lu _
< —————:=ju(rs) < o0 (4.1)
(lnfxesff)r—ur/s

—
hdfr—1+r/s(u) u

For j > j*, by (2.5), one has

Ky (x = X1)Ky(x — Xj1) Y1Y
SX)f (X))
_ < | Ky (x — X1) K (x = Xji1)|

SX)f (Xja)
- 1<<"'h”1)1<<x_h“’“>‘E(|mj+l||X1:ul,)c,:u,+1)
SFI5f

E|Z1Z.4]| = E‘

E(' Yl Yj+1||X1:)(j+l)>
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1 1
e fi(u1, 1) duy du,
T a0 ) B B
B Bu?
_— K(u))K(uj1)|duy dujy < ————— . 4.2
= (infres, f)? ./Rd /Rd| u)K (1) iyt = (infxes, f)? = @2

Define the covariances y; = Cov(Zy, Zj,1), j > 0. Assume that # is sufficiently large so that
I~ > j*. We now bound the y; separately for j <j*, j* <j < h™, and h™? < j < cc. First, for

1 <j <j*, by the Cauchy-Schwarz inequality and (4.1) with r = 2,

lyjl </ Var(Zy) - Var(Z) = Var(Zy) < EZ} < (2, s)h ™. (43)

Second, for j* < j < h™®, in view of (4.1) (r = 1) and (4.2), we establish that

2
2 14
Y| <ElZiZja| + (E|Z1])” <

< (ln:iew + [12(1,3). (4'.4)

Third, for j > 4=, we apply Lemma 4.1, (2.1) and (4.1) with r = s (s > 2) and we thus obtain

il < 8(a()) " (E1Zaf*)™" < 8ATI2/5P0-209) (s, )~ o-D) 2"

<38 4 -1-2/s ﬁg s, S)jf(zfz/s) J2d(s=D)s (4.5)

Consequently, in view of the property of second-order stationarity and (4.3)-(4.5), for n

sufficiently large, we establish

n n-1 .
1 1 j
Evar(;:l Zt) = ﬁ<ny0+2n E (1— ;)y,)

j-1

1 _
< ﬁ(nh‘du(2,s)+2n dyl+2n Y yl+2ny |y,-|)

1<j<* jr<j<h=d hd<j

Var (771, (%))

A

IA

1_ a2 a4, 200 -2 By
—i(2, =2, (- Ls)+ ———
e e U )(u )+ g 77

+ z Z 8A1—2/Sﬁ% (S,S)j_(2_2/s)h_2d(s_l)/s
n

hd<jcoo

IA

BlMZ
(n(z,s) + 2 [1(2,5) + 2<a2(1,s) + 72)
(infocs, /)
16412515 (s,5)\ 1
(s=2)/s nh?
C)
= W’ (46)
where the final inequality uses the fact that Z,O:k a0 < fkoo x0dx = ]f;%f for § >1 and
k>1.
Thus, (2.7) is completely proved. d
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Proof of Corollary 2.1 1t is easy to see that

|711,(x) — m(x)| < |#i,(x) — Emi(x)| + | E7iin(x) — m(x)

’

which can be treated as ‘variance’ part and ‘bias’ part, respectively.

On the one hand, by the proof of Theorem 3.1 of Shen and Xie [1], one has |Eni,(x) —
m(x)| — 0. On the other hand, we apply Theorem 2.1 and obtain that |77, (x) — E771,(x)| L
0. So, (2.8) is proved finally. O

Proof of Theorem 2.2 Let t, = ;"™ and define

" n
R, = ﬁ’l,,(x) _ l Z }/ll(h(x—Xl)I(D/l' < ‘L'n) _ l Z YZK;,(x—X,)

S %) n3 f(X) I(|Yi| > r,,),

i=1
Obviously, we have

|Ki(x = X3)l

Elll = E( 700

E(ni(vi) > rn)m))

h hd

= (inftff) fsf K<x_u)‘E(IY1II(|Y1| > 7,) 1% =u)@ u

1
= ——— | |K@@)|E(IY1lI(|Y1] > )| X1 =x — hu)f (x — hu) du
(mfsff)/;f’ | ( 1 ( 1 ) 1 )f
1 1
< — —1/ |K(u)|E(|Y1|S|X1:x—hu)f(x—hu)du
(lnfof) T;_ S
1 I‘LBO
—_—. 4.7
= (infs /) 7p 7
Combining Markov’s inequality with (4.7), one has
IR, — ER,| = Op(z,*™) = Op(ay). (4-8)
Denote
1 & YiKy(x - X; 1 -
AT SEC LN (TIPS TR of ARES) (4.9)
n & f00) n e
It can be seen that
|714(%) — m(x)| < |771(x) = Eftin ()| + | Efta(x) — m(x)|
< |r71,,(x) —Er’h,,(x)| +|R, —ER,| + |Eﬁ71,,(x) - m(x)|. (4.10)

Similar to the proof of (4.6), it can be argued that

j
Var(z Z,) < ngh_d,

i=1
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which implies

Meanwhile, one has |Z; - EZ;| < C”” ,1<i<n.Setting m = a,'t;! and using (2.9), h =

194, and Lemma 4.2 with ¢ = a,,n we obtain for # sufficiently large

P(|ﬁ1,,(x) - E;%,,(x)‘ > an)

1
<4 { na’ } 3 City
exXpy — +
=P T 16(Cona + L) | T aunid

Inn } Bls=2)=s

n

Y (Zi-EZ)

i=

nA(a,t,)”

+ Cah%a, 1

<4ex
B P 16(C3 + %Cl)

_1)B6=2)=s B(s=2)=s
<o(1) + Csn’nV 2 (Inn) 26D

B(O-1)(s=2)+0s+5-260 B(s=2)—s

o)+ Cn D (Inm) 2D =o(1), (4.11)

inviewofs>2,0<6 <1, ﬁ>max{(fsgf3292 iszz},and%W<0.

Consequently, by (4.8), (4.10), (4.11), and Lemma 4.3, we establish the result of (2.10).
d

Proof of Theorem 2.3 We use some similar notation in the proof of Theorem 2.2. Obvi-
ously, one has

sup|ﬁ1n(x) - m(x)‘ < sup|r’f1,,(x) —Er’fz,,(x)| + sup|Ef;71,,(x) - m(x)|. (4.12)
xeS} xeSf’ xES}

By the proof of (3.21) of Shen and Xie [1], we establish that

| Efft () — m(x)|<h2 > / KW)lviv| dv < Coh?,

1<t}<d
which implies

sup|E;7/71n(x) - m(x)| = O(hz). (4.13)
xeS}

Since 71, (x) = R,(x) + 711,,(x),

sup’m,, — En,(x | < sup|m,, — Em,(x )’ +sup |R, — ER,|. (4.14)
xeS} xeSf’ xeS}

It follows from the proof of (4.8) that

sup [R, — ER,| = Oy(ay). (4.15)
xeSf’
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Since S/ is a compact set, there exists a & > 0 such that S/ CB:={x:|x| <&}. Letv, be

a positive mteger Take an open covering U 1B,,, of B, where Bj, C {x: [lx — x|l < —}

j=1,2,...,v%, and their interiors are disjoint. So it follows that

sup| 7, (x) — Eit, (x) |
xES}

< max  sup |#,(x)— Efit,(x)|
1<j<Vif xeB;,NS)

< max sup |m,, (x) — m, x,,,)‘ + max |m,,(x,,,) Em,,(x,,,)|
LSj<Vi xeB;,NS) Lsj<vf

+ max  sup |Er71,,(x}-,,) —Er71,,(x)’
LSj<Vii xeB;,NS)

= 11 +12 +13. (416)

By the definition of #1,(x) in (4.9) and the Lipschitz condition of K,

-1, x—X; Xy — X;
) — )| < (infr) 1<< >_1<<f )’
(sf ) nh? p= h h
Lo o wl, xes)
< h"l”mf f x=xjull, x€S.

Taking v, = | -7:2— + 1, we obtain

hd+1

sup |71, (x) — i, (xjn)| < a, 1<j<t, (4.17)
xeB,-,,ﬁSJ’,’ " e | mfsf/f " "
and
I = max sup |r71,,(x) —r’h,,(xj,,)’ = O(a,). (4.18)
1<j<v xeB},NS)

In view of |E#,(x;j,) — Eft,(x)| < E|im,(x;,) — 111,(x)|, we have by (4.17)

I3 = max sup |Er71n(x,«n) —Eﬁqn(x)| < = O(ay,). (4.19)

15j<V) xeB;,NS}

" an
infy
5

Forl<i<mandl<j< Vd denote Z; () = MZ(D’l < 1,). Then similar to the
proof of (4.11), we obtain by Lemma 4.2 with m = a‘lt‘l and ¢ = Mna,, for n sufficiently

large

P(|Iz| > Ma,,) = P( max ‘m,,(xm) Eﬁqn(x,»,,)| > Ma,,)

1<]<
> Mmzn>

A
n

Vv
- p(
j=1

N (Zi) - EZi()

i=1
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M?na? Cit,
< 4v¥expl - 1 +3207 *_Ala,t,)?
= p{ 16(Csh + LCyMA) } " My )
= Iy + Iy, (4.20)
where the value of M will be given in (4.22).
_sd
Inviewof0 <8 <1,s>2,h=n"% and a, = (22)2, one has =44+ = pf@+) and g, 51 =

nhd

__sd_ sd(1-6) _ 1
(Inn) 26D 2D . Therefore, by v, = Lﬁj +1land 1, = a,"", we obtain for # sufficiently
n
large

M?*na’ }

16(Csh + MCih)
M?Inn }

16(Cs + 1MCy)

I = 4VZ exp{—

_sd
S C4h_d(d+l)ﬂn s—1 exp { _

0(d+1)+ $20=0) M2

sd o T
< Cs(Inn) %Dy 0 e zmcn) _ (1), (4.21)

where M is sufficiently large such that

2 _
M S od+1) s 200

16(Cs + 1MCy) = 2s-1) (4.22)

Meanwhile, by (2.11) and % = #%/%, one has for # sufficiently large

d S—2)=S s—2)—s(d+
]22 = 32Vd Clrn A(ﬂ T )ﬂ < % Tn aﬂ(3—21) h*d — %aﬁ( Zs)—l(d 1)h—d(d+2)
"Mahd " = M\ htla, ) " M

B(s=2)=s(d+1)  B(O-1)(s—2)+s0d+30s+sd+s—20d—46

C
= ﬁ(ln n) 20 p 26-D =0(1), (4.23)

in which is used the fact thats>2,0 <0 <1,

g>m s0d +30s+sd +s—20d —46 2s—2
(1-6)s-2) “s=2 )

and

BO —1)(s—2) +s0d +30s +sd +s—20d — 40 0
<
2(s—1)

Thus, by (4.20)-(4.23), we establish that
2| = Op(“w)o (4.24)

Finally, the result of (2.12) follows from (4.12)-(4.16), (4.18), (4.19), and (4.24) immedi-
ately. O
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