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Abstract

We consider two nonlinear matrix equations X" & 37, A*X%A; =/, where -1 < §; < 0,
and r, m are positive integers. For the first equation (plus case), we prove the existence
of positive definite solutions and extremal solutions. Two algorithms and proofs of
their convergence to the extremal positive definite solutions are constructed. For the
second equation (negative case), we prove the existence and the uniqueness of a
positive definite solution. Moreover, the algorithm given in (Duan et al. in Linear
Algebra Appl. 429:110-121, 2008) (actually, in (Shi et al. in Linear Multilinear Algebra
52:1-15, 2004)) for r =1 is proved to be valid for any r. Numerical examples are given
to illustrate the performance and effectiveness of all the constructed algorithms. In

Appendix, we analyze the ordering on the positive cone P(n).
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1 Introduction

Consider the two nonlinear matrix equations

m
X'+ AIXUA; =1, -1<8<0, (L1)
i=1
and
m
X =Y AIXYA =1, -1<8<0, 1.2)

i=1

where A; are n x n nonsingular matrices, / is the n x n identity matrix, and r, m are positive
integers, whereas X is an # X # unknown matrix to be determined (A stands for the con-
jugate transpose of the matrix A;). The existence and uniqueness, the rate of convergence,
and necessary and sufficient conditions for the existence of positive definite solutions of
similar kinds of nonlinear matrix equations have been studied by several authors [1-15].
El-Sayed [16] considered the matrix equation X + A*F(X)A = Q with positive definite ma-
trix Q and has shown that under some conditions an iteration method converges to the
positive definite solution. Dehghan and Hajarian [17] constructed an iterative algorithm
to solve the generalized coupled Sylvester matrix equations over reflexive matrices Y, Z.
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Also, they obtained an optimal approximation reflexive solution pair to a given matrix
pair [Y, Z] in the reflexive solution pair set of the generalized coupled Sylvester matrix
equations (AY — ZB,CY - ZD) = (E, F).

Dehghan and Hajarian [18] constructed an iterative method to solve the general coupled
matrix equations Zﬁil AyX;Bj=M,;i=1,2,...,p (including the generalized (coupled) Lya-
punov and Sylvester matrix equations as particular cases) over generalized bisymmetric
matrix group (Xi,X»,...,X,) by extending the idea of conjugate gradient (CG) method.
They determined the solvability of the general coupled matrix equations over generalized
bisymmetric matrix group in the absence of roundoff errors. In addition, they obtained the
optimal approximation generalized bisymmetric solution group to a given matrix group
()?15(2’ ... ,)A(p) in Frobenius norm by finding the least Frobenius norm of the generalized
bisymmetric solution group of new general coupled matrix equations.

Hajarian [19] derived a simple and efficient matrix algorithm to solve the general coupled
matrix equations Zﬁil AyX;B;=C;,i=1,2,...,p (including several linear matrix equations
as particular cases) based on the conjugate gradients squared (CGS) method.

Hajarian [20] developed the conjugate gradient squared (CGS) and biconjugate gradient
stabilized (Bi-CGSTAB) methods for obtaining matrix iterative methods for solving the
Sylvester-transpose matrix equation Zle(AiXB,» + C;XTD;) = E and the periodic Sylvester
matrix equation (;\,')AQE, + 6,-)?,+113,) = Ej forj=1,2,...,A.

Shi [2] considered the matrix equation

X=Y A;XA;, 18 <1, (1.3)

i=1

and Duan [1] considered the matrix equation

X-) A;X'A;=Q,  0<|8] <1,with Q positive definite, (1.4)

i=1

and Duan [6] considered the matrix equation

X-Y AX'Ai=Q re[-1,0)U(0,1). (1.5)

i=1

The main results of [2] are the following:

(al) The proof of the uniqueness of a positive definite solution of Equation (1.3).

(a2) An algorithm for obtaining that solution with an original proof of convergence.
The main results of [1] are the following:

(bl) The uniqueness of a positive definite solution of Equation (1.4), depending on

Lemma 2.3.

(b2) The same algorithm given by [2] is used with the same slightly changed proof.
In this paper, we show that the proof given in [1] can be deduced directly from [2]. In
[6], the authors proved that Equation (1.5) always has a unique Hermitian positive defi-
nite solution for every fixed r. We would like to assure that Equations (1.1) and (1.2) are
a nontrivial generalization of the corresponding problems with » = 1. In fact, Equations
(1.1) and (1.2) correspond to infinitely many (r = 1)-problems with nested intervals of §;
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as —% < 8; < 0, as shown by the following 1-1 transformation: Putting X" = Y, Equations
(1.1) and (1.2) become Y & Y7 A¥Y%A; = I with —% <8; <0 forr=1,2,.... Our results
show that some properties are invariant for all the corresponding problems such as the
existence of the positive definite and extremal solutions of Equation (1.1) and the property
of uniqueness of a solution of Equation (1.2). Moreover, it is clear that the set of solutions
of Equation (1.1) differs with respect to the corresponding problems. Furthermore, in our
paper [21], we obtained a sufficient condition for Equation (1.1) to have a unique solu-
tion. Since this condition depends on 7, the uniqueness may hold for some corresponding
problems and fails for others.

This paper is organized as follows. First, in Section 2, we introduce some notation, defi-
nitions, lemmas, and theorems that will be needed for this work. In Section 3, the existence
of positive definite solutions of Equation (1.1) beside the extremal (maximal and minimal)
solutions, which is of a more general form than other existing ones, is proved. In Section 4,
two algorithms for obtaining the extremal positive definite solutions of Equation (1.1) are
proposed. The merit of the proposed method is of iterative nature, which makes it more
efficient. In Section 5, some numerical examples are considered to illustrate the perfor-
mance and effectiveness of the algorithms. In Section 6, the existence and uniqueness of a
positive definite solution of Equation (1.2) is proved. Finally, the algorithm in [1] is adapted
for solving this equation. At the end of this paper, in Appendix, we analyze the defined or-
dering on the positive cone P(1) showing that the ordering is total. This important result
shows that problem (1.1) has one maximal and one minimal solution. Also, we explain
the effect of the value of & on the number of iterations of the given algorithms, shown in
Tables 1 and 2.

2 Preliminaries
The following notation, definitions, lemmas, and theorems will be used herein:
1. ForA,Be C™", wewrite A >0 (> 0) if the matrix A is Hermitian positive definite
(HPD) (semidefinite). f A — B> 0 (A — B > 0), then we write A > B (A > B).
2. If a Hermitian positive definite matrix X satisfies A < X < B, then we write
X € [A,B].
3. By asolution we mean a Hermitian positive definite solution.
If Equation (1.1) has the maximal solution X; (minimal solution Xs), then for any
solution X, Xg < X < Xj.
P(n) denotes the set of all # x n positive definite matrices.
Let E be a real Banach space. A nonempty convex closed set P C E is called a cone
if:
(i) x € P, A >0 implies Ax € P.
(i) x € P, —x € P implies x = 6, where 6 denotes the zero element.
We denote the set of interior points of P by P°. A cone is said to be solid if P° # ¢. Each
cone P in E defines a partial ordering in E given by x <y ifand only if y —x € P.
In this paper, we consider P to be the cone of n x n positive semidefinite matrices, de-

noted P(n); its interior is the set of n X u positive definite matrices P(n).

Definition 2.1 ([1]) A cone P C E is said to be normal if there exists a constant M > 0 such
that 6 <x <y implies |x|| < M|yl
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Definition 2.2 ([1]) Let P be a solid cone of a real Banach space E, and " : P° — P°. Let
0 <a<1.ThenT is said to be a-concave if I'(¢x) > #*T"(x) Vx € P°, 0 < £ < 1.

Similarly, I is said to be (—a)-convex if I'(¢x) <t“I'(x) Vx € P°, 0 <t < 1.

Lemma 2.3 ([1]) Let P be a normal cone in a real Banach space E, and let T : P° — P°
be a-concave and increasing (or (—a)-convex and decreasing) for an a € [0,1). Then T has
exactly one fixed point x in P°.

Lemma 2.4 ([4]) IfA>B>0 (or A>B>0), then AY > B >0 (or AY > B” > 0) for all
y €(0,1], and BY > A” >0 (or B" > AY > 0) forall y € [-1,0).

Definition 2.5 ([22]) A function f is said to be matrix monotone of order # if it is mono-
tone with respect to this order on # x n Hermitian matrices, that is, if A < B implies
f(A) <f(B).Iff is matrix monotone of order # for all , then we say that f is matrix mono-
tone or operator monotone.

Theorem 2.6 ([22]) Every operator monotone function f on an interval I is continuously
differentiable.

Definition 2.7 ([1]) Let D C E. An operator f : D — E is said to be an increasing opera-
tor if y; > y, implies f(y1) > f(y2), where y1,y, € D. Similarly, f is said to be a decreasing
operator if y; > y, implies f(y1) <f(y2), where y1,y, € D.

Theorem 2.8 (Brouwer’s Fixed Point, [23]) Every continuous map of a closed bounded
convex set in R" into itself has a fixed point.

3 On the existence of positive definite solutions of X" + Y7, A*X%A; =1
The map F associated with Equation (1.1) is defined by

1

F(X) = (1 - ZA;?X‘SiAi) r. (3.1)
i=1

Theorem 3.1 The mapping F defined by (3.1) is operator monotone.

Proof Suppose X; > X, > 0. Then, F(X;) = (I - Zim:lA;“Xf"Ai)% and F(X,) = (I - Y Af x
XJA)T.

Since X; > X,, we have Xfi < X’;i foralli=1,2,...,m.

Then A7 X}'A; < AXy A;and Y7 AT XY A; < Y7 AXXS A,

Therefore, - Y7 A*X)'A; > I- Y7 A*X5'A;, and since r is a positive integer, 0 < 1 < 1.

Hence, (I - Y7 A*XPA,)7 > (I - Y7 A*X2'A;)7, that is, F(X;) > F(X,). Thus, F(X) is
operator monotone. |

The following theorem proves the existence of positive definite solutions for Equa-
tion (1.1), based on the Brouwer fixed point theorem.

Theorem 3.2 Ifa real number B <1 satisfies (1 ") > Y"1, BY%A*A;, then Equation (1.1)
has positive definite solutions.
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Proof It can easily be proved that the condition of the theorem leads to I < (I -
Z;ZIA;*A,')% LetDy = [BL(UI-)_1"  A*A) ). It is clear that D; is closed, bounded, and con-
vex. To show F : D; — Dy, let X € D;. Then I < X, and thus 8% > X%, -1 < §; < 0. There-
fore, (1- Y7, BiATA.)F < (I- 31", A*X%A,)7. By the definition of 8, (I- Y.1", B¥ATA)" >
BI, and thus I < (I - Y7, A*X%A;)r = F(X), that is,

BI < F(X). (3.2)

It is clear that X < 1. Then X% > Tand (I — Y7, A*X%A;)7 < (I- Y. A*A;)7, that is,

F(X) < (1 - ZAfAi> r. (3.3)
i=1

From (3.2) and (3.3) we get that F(X) € D;; therefore, F : D; — D, . F is continuous since

it is operator monotone. Therefore, F has a fixed point in D;, which is a solution of Equa-

tion (1.1).
The following remark, in addition to Examples 5.1 and 5.2 in Section 5, assures the va-
lidity of this theorem. O

Remark Let us consider the simple caser=m=n=1,48 = —%. It is clear that 8 does not
exist for a? > %E (where a? is A*A in this simple case) and also that no solution exists. For

a’ < %g, there exist 8 and solutions (i.e., the theorem holds). For instance, for a? = %,

there exist 8 = % and the solution, namely x = %
Theorem 3.3 The mapping F has the maximal and the minimal elements in Dy = [BI, (I —
ZZIA;*Ai)%], where B is given in Theorem 3.2.

Proof By Theorems 2.6 and 3.1 the mapping F is continuous and bounded above since
F(X) < I.Let supycp, F(X) = Y. So, there exists an X in Dy satisfying Y — ¢l < F(X)<Y.We
can choose a sequence {X,} in D; satisfying Y — (%)I < F(X},,) <Y.Since D, is compact, the
sequence {X,} has a subsequence {X,, } convergent to XeD;.So, Y — (%)I <F(Xy)<Y.
Taking the limit as # — oo, by the continuity of F we get lim,,_, .o F(X,,,) = FX)=Y =
max{F(X): X € D;}. Hence, F has a maximal element X € D;.

Similarly, we can prove that F has a minimal element in D;, noting that F is bounded

below by the zero matrix. O

4 Two algorithms for obtaining extremal positive definite solution of

X+ AXA =1
In this section, we present two algorithms for obtaining the extremal positive definite solu-
tions of Equation (1.1). The main idea of the algorithms is to avoid computing the inverses

of matrices.
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Algorithm 4.1 (INVERSE-FREE Algorithm) Consider the iterative algorithm

na \
X = (hZA?YkB A,-> :
i=1

o (4.1)
Yin = Yi[2I - XY, '], k=0,1,2,...,i=1,2,...,m,

Xo =al, Yo=a®l, a>1,

where § is a negative integer such that 2l <1.

r

Theorem 4.2 Suppose that Equation (1.1) has a positive definite solution. Then the it-
erative Algorithm 4.1 generates subsequences {Xyi} and { Xk} that are decreasing and
converge to the maximal solution X .

Proof Suppose that Equation (1.1) has a solution. We first prove that the subsequences
{Xok} and {Xo.1} are decreasing and the subsequences {Yax} and {Ya.1} are increasing.
Consider the sequence of matrices generated by (4.1).

For k = 0, we have

m 5\’ m !
X; = (1 - ZA;‘ YOTAi> = (1 - Za‘siA;"Al) )
i=1 i=1

Since (" —1)I + Y " a%A*A; >0, we have I - > " a%A*A; <a'I. Then

1
m T
(1 - ZaaiAj‘Ai) <al = Xo. (4.2)
i=1

-1
So we get X7 < Xo. Also, Y1 = Yo[21 - XoY, ] = a®[2] — a7 1] = a®1 = Y,
For k =1, we have

1
r

1
m 8 r m
i=1 i=1

So we have X, < Xj. Also,

1

1 “ ’
Yo =n[20-XY, ] =d’ [21 - (1 - ZaBiAj‘Ai) a‘l}
i=1
1
m r
=207 — %! (1 -3 a‘SiA;.*A,) )
i=1

From (4.2) we get 201 —o* 71 (1 - Y7, a‘szfAi)% > a’l. Thus, Y5 > Y.
For k =2, we have
1

7

m (3['
X3 = (1— ZA;“YZ‘SA,') )
i=1
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Since Y5 > Yy, we have Y‘s > YO‘S , SO we get a-yr 1A*Y A )< - > 1A*Y A )

Thus, X3 < X;. Also, Y3 = Y5[2] - XZY 5] Slnce Y5 > Yy and X; < Xo, we have Y

7‘% and —-X, > —Xj, so that —X2Y >-XoY, 7“ and 2] - X,Y,° i >21 - XY, ®, and we get
Y,[21 - X2Y ]> Yol2l - XQY ‘S] Thus, Y3 > Y7.

Similarly, we can prove:

Xo>Xo>Xy>--- and Xi>Xz>X5>---,

Yo<Yy<Yy<--- and Yi<Yz<Ys<---

Hence, {Xo} and {Xok:1}, K =0,1,2,..., are decreasing, whereas {Y2«} and {Yoxs1}, k =
0,1,2,..., are increasing.

Now, we show that {X5;} and {Xy,1} are bounded from below by X (Xj > X;) and that
{Y2x} and {Yok,1} are bounded from above by Xg.

By induction on k we get

1
m T
Xo-X,=al - (1 - ZA;‘X,‘ffAi) .
i=1

Since X; is a solution of (1.1), we have that (I — Z:ZlA?XiiA,’)% <Iand of — (I -
ZZIA;*X?AJ% >afl —I=(a—-1)I>0, a>1, that is, Xo > X;. Also, X; — X; = (I -
ST ATXGA)T - (1= LT AL A7

Since Xo > X7, we have X}’ < X', and therefore (I- Y| A¥XJA)7 > (I- Y7 A*XA))7.
So we get X; > X;. Also, X! — Yo = (I - Y7 ATXDA))7 — ol

Since X, > X1, we have o > X; and o%1 < Xg" Vi=1,2,...,m, so we have

m m
I-) a"AfA;>1-) A;X)'A; and
(4.3)

8 3
(1 - Za‘siA?‘Ai> < (1 - ZA?‘XiiAi) .
i=1 i=1

From (4.2) we get

8
m T
(1 - ZaﬁfA;.*A,-) >all. (4.4)
i=1

From (4.3) and (4.4) we get (I — Zl.mzlA?‘Xi"A;)ér > a’l, so we have X} > Yy and X} > 3.

Assume that Xo; > X1, Xoxs1 > Xp at k = ¢ that is, Xo; > X7, Xos1 > X1. Also, Yo < Xi and
Yor < X,

Now, for k=t +1,

~1—=

1
m 5 m ‘ r
Xopun — X = (1 - ZAZ’.‘YZ‘ﬁHA,-) - (1 - ZA?X?’A;) .
i=1 i=1
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5 ‘ 5 .
Since Yo.,1 < X!, we have Y2, < X}’ and thus Y7, A*Y,) | A; < Y7, A*X'A,. Therefore,
8:
¥ 1 8i 431
(=30 AT Yy A)T > (= 30 ATX AT X
Hence, Xy, — X1 > 0, that is, Xor.0 > X Also, XP — Yorn = X2 — Yor[2] — Xor1 Yy, 541
1

Since Ya41 < X? and Xor,1 > X, we have Y, < X;! and —Xy41 < - X,

1

_L _1
~Xon Yot <—X['Xp = =1, and 20— Xp;1 Yy, <20 —1=1.

1
Then Yy,,1[2] — Xp,11Y,,%,] < XP. Hence, Yor,2 < X?, and thus

1 1
m 8 r m ' r
Xores — X, = (1 - ZA;“Y;ZA,.) - (1 - ZA;‘X?AL) .
i=1 i=1
DR 5 N
Since, Yari2 < X3, we have Y0, < X} and Y 7 A¥Y,) ,A; < Y 1t AX)'A;. Therefore, (I -
5:
5 1 %« v0i 1
YA A)T > (=3 AFX A
_1
Hence, Xa,3 — X1 > 0, thatis, Xosy3 > Xz, and thus X? — Yari3 = XP — Yarsa [21 - Xori2 Ys, 00 1.

1
Since Y2 < X? and X420 > X7, we have Y,,,°, < X;! and X545 < —X, and thus
1 1
X Yyly < —X7X =1 and 20— Xy Yyly <20 —I=1.

Then Yor42[21 — Xoz42 Yz_jz] < X?. Hence, Yo1,3 < X

Since {Xyx} and {Xyk,1} are decreasing and bounded from below by X; and {Y5} and
{Yak41} are increasing and bounded from above by X?, it follows that limy_, », Xx = X and
limy_, o0 Yx = Y exist.

Taking limits in (4.1) gives Y = X% and X = (I — Z:ZlA?X‘SfAi)%, that is, X is a solution.
Hence, X = X;. O

Remark We have proved that the maximal solution is unique; see the Appendix.
Now, we consider the case 0 <« < 1.

Algorithm 4.3 (INVERSE-FREE Algorithm) Consider the iterative (simultaneous) algo-
rithm

m 5\
Xiw1 = <I—ZA?Y,(‘3A,-> ,
i=1

B (4.5)
Yin = Yi[2I - XY, '], k=0,1,2,...,i=1,2,...,m,

Xo=ol, Yo=a, O<ac<l,
where § is a negative integer such that @ <1

Theorem 4.4 Suppose that Equation (1.1) has a positive definite solution such that
Y a‘siA;.*Ai < (1—a")I. Then the iterative Algorithm 4.3 generates the subsequences {Xox}
and {Xox.1} that are increasing and converge to the minimal solution X.
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Proof Suppose that Equation (1.1) has a solution. We first prove that the subsequences
{Xok} and {Xox41} are increasing and the subsequences {Yar} and {Ya4,1} are decreasing.
Consider the sequence of matrices generated by (4.5).

For k = 0, we have

N 1
X = (1 -3 A YfA,) = (1 - Za‘siA;"Ai> .
i=1 i=1
From the condition of the theorem we have

1= a%AjA;> o'l (4.6)

i=1

Then,
1
m r
(1 - ZaaiAj‘Ai) >al = Xo. (4.7)
i=1

-1
So we get X7 > Xo. Also, Y1 = Yo[21 - XoY, *] = a®[2] — e 1] = a®] = Y,
For k =1, we have

m 5\’ m ;
= (1 - ZAj‘YfAi) = (1 - ZaaiAj‘Ai) = X
i=1 i=1

So we have X, > X;. Also,

1
-

1 7
Yo =Y[20-XY, ] =d’ [21 - <1 - ZaBiA:‘Ai) a_li|
i=1
1
m r
=201 — %! <1 - ZaaiAj‘Ai) )
i=1

1

From (4.7) we get 2a°] —a® (I - 37" a®A¥A;)7 <&’I. Thus, Y; < Y.
For k = 2, we have

s\
- (1—ZA7Y25 A,.) .
i=1

Since Y, < Yy, we have Yz% < YO%, so we get (I — ZZIAZ‘YZ%Ai)% > (- ZZIA?‘YO%AJ%.
Thus, X3 > Xj. Also, Y5 = Y5[2] — X, Y. 2_1]

Since Y < Yo and X, > XO, we have Y, % , and —X2 < —Xp, so that —X2Y ; < =X YO_%
and 2/ — X2Y 5 <2l— XOY0 ,andwe get Y2[21 XgY ‘5] <Yo[2I - XOY ] Thus, Y3 < Y;.

Similarly, we can prove that

,_‘

Xo<Xo<Xg<--- and Xj<Xz<Xs5<---,
Yo>Yo>Yy>--- and Yi>Y3>Y5>---
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Hence {Xy¢} and {Xak41}, K = 0,1,2,..., are increasing, whereas {Yo;} and {Yox41}, k =
0,1,2,..., are decreasing.

Now, we show that {X5x} and {X24,1} are bounded from above by X (Xs > Xi), and {Ya¢}
and {Yo4,1} are bounded from below by Xg.

By induction on k we obtain

~Ii

m
Xs—Xo = (1 - ZA;‘X?A,-) —al >0,
i=1

that is, X5 > Xj. Also,

~i=

1
m r
- (1 - ZA;‘Xg"Al) .
i=1

Since Xs > Xo, we have X' < X, and therefore (I - Z:ZIA?‘X?A,')% >(I-Y" A;"Xg"Ai)%.
So we get Xg > X;. Also, Yo — X2 = a®T — (1 - Y7 A*X0A)7.
Since Xs > X, we have Xg > o and Xéi <a®lVi=1,2,...,m, and we get

m
Xg— X = (1 - ZA;?‘XgiAi)
i=1

I- ia‘siA;‘A,- <I- Xm:A;‘Xg’Ai and

i=1 i=1
B s . 5 (4.8)
(1 - Za‘siA}*Ai> > (1 - ZA;*X?‘A,-) .
i=1 i=1
From (4.6) we get

k)
m T
(1 - ZaaiAj‘Ai) <ol (4.9)
i=1

From (4.8) and (4.9) we get &’ > (I - Z:ZIAZ‘XgiAi)%, and thus Yy > X3 and Y3 > X?.

Assume that X5, < X5 and Xoi,1 < X at k = ¢, that is, X5; < X5 and Xy, < Xs. Also,
Yy > Xg and Y51 > Xg.

Now, for k =t + 1, we have

1

r

1
m r m 5
Xs—Xopso = <1 - ZA;"X?A,-) - (1 - ZAT Y2i+1Ai> .
i=1 i=1

3 3
. 5 5
Since Yo7 > X3, we have Yy) 1 > X¢' and Y 7 AXY,0 (A > > AT XA, Therefore, (I -

% 1 S
YA Y A)T < (1= Y ATXS A
Hence, X5 — X5:.5 > 0, that is, Xs > X5;.5. Also,

1
Yoo = Xo = Yo [2] = Xorn V5,01 | - X3
1
Since Yo41 > X2 and Xy < X5, we have Y,%; > X35! and —X5¢,1 > —Xs, and then

_L _1
Xy Yot > —XsXgt==I and 21— Xy Yy, >20 -1 =1.
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_1
Then Yo,1[2] — Xor41Y5,01] > X3. Hence, Yoz, > X3. Consider

1 1
m r m 5 r
X5 — Xopy3 = (1 - ZA;."Xg"Ai) - (1 - ZA;‘Y2§+2Ai) .
i=1

i=1

5 ) LA )
Since Yo,y > X2, we have Y, > Xg and Y7 A¥Y,) ,A; > S A*Xy'A;. Therefore, (I -
8
¥ 1 8i 4 \L
YA Y A)T < (=37 AFXS A
Hence, X5 — X5;,3 > 0, that is, X5 > X5;,3. Now consider

1
Yares = X = Yara[21 = Xopn Yy | — XS
1
Since Yo, > X3 and Xas42 < Xs, we have Y,,%, > X! and X452 > — X, and thus
1 1
XYyl > —XsXil= I and 20 - Xpua Yyl > 20 I =1.

Then Yoi2[2] — Xosen Yz_jz] > X2, and hence Yo;,3 > X2.

Since {Xy¢} and {Xo,1} are increasing and bounded from above by X and {Yo} and
{Yax+1} are decreasing and bounded from below by Xg, it follows that limy_, oo Xz = X and
limg_, o Yx = Y exist. Taking the limits in (4.5) gives ¥ = X? and X = (I — Zj’le;fXSiA,.)%,
that is, X is a solution of Equation (1.1). Hence, X = X. O

Remark We have proved that the minimal solution is unique; see the Appendix.

5 Numerical examples

In this section, we report a variety of numerical examples to illustrate the accuracy and
efficiency of the two proposed Algorithms 4.1 and 4.3 to obtain the extremal positive def-
inite solutions of Equation (1.1). The solutions are computed for different matrices A;,
i=1,2,...,m, and different values of o, r, §, and §;, i = 1,2, ..., m. All programs are written
in MATLAB version 5.3. We denote &(X) = || X} + Z;ﬁlAfX,fiAi —1|l0o = | Xks1 — Xk || oo for

the stopping criterion, and we use £(Xj) < tol for different chosen tolerances.

Example 5.1 Consider the matrix equation (1.1) with the following two matrices A; and

Az:
-01 02 -0.06 -0.16
02 -03 0.16 0.33
A1 =05 x ,
-0.1 0 0.02 0.1
0 0.1 0 0.03
0.01 0.02 0.03 0.04
0.01 0.225 0.12 0.02
Ay = ,

0 0.09 0.07 0.03
012 0.01 0.02 0.19

wherer=3,81=—%,82=— ,0=-2.

Wi
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Table 1 INVERSE-FREE iterative Algorithm 4.1

o k
tol=107"* tol=107° tol=1078
1.2 7 14 21
14 8 15 22
1.6 9 16 23
1.8 10 17 24
2 10 17 24

k: The number of iterations.

We applied Algorithm 4.1 for different values of the parameter o > 1. The number of
iterations needed to satisfy the stopping condition (required accuracy) in order the se-

quence of positive definite matrices to converge to the maximal solution of Equation (1.1)
are listed in Table 1.

0.9897  0.0059 -0.0045 -0.0146
0.0059  0.9670 -0.0066 0.0080
—-0.0045 -0.0066 0.9903 -0.0090
—-0.0146  0.0080 -0.0090 0.9735

The eigenvalues of X; are (0.9556,0.9984,0.9695,0.9969).
Note: Theorem 3.2 holds for 8 = %, %, ..., etc.

Example 5.2 Consider the matrix equation (1.1) with the following two matrices A; and
A2:

0.00792 -0.01424 -0.00072 0.00152
A= —-0.01424 0.02645 0.00162 —0.00201
-0.00072 0.00162  0.00204 0.0003
0.00152 -0.00201  0.0003 0.00109

0.0500 -0.0250 -0.0750 0.1000
0.1750 0.1500 -0.1250 0.2250
01000 02000 0.2500 0.1500 |’
-0.0750 01250  0.0500 0.2000

which satisfy the conditions of Theorem 4.4, where r = 3, §; = —%, Sy = —é, §=-2. We
applied Algorithm 4.3 for different values of the parameter @ (0 < @ < 1). The obtained
results are summarized in Table 2, where & is the number of iterations needed to satisfy the

stopping condition (required accuracy) in order the sequence of positive definite matrices
converge to the minimal solution of Equation (1.1).

0.9829 -0.0130 -0.0015 -0.0164
-0.0130 09710 -0.0131 -0.0318
-0.0015 -0.0131 0.9700 -0.0103
-0.0164 -0.0318 -0.0103 0.9549

X5~

The eigenvalues of Xs are (0.9180,0.9909,0.9733,0.9966).

Also, Theorem 3.2 holds for § = %, %, ..., etc.
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Table 2 INVERSE-FREE iterative Algorithm 4.3

Page 13 of 21

o k
tol=107"* tol=107° tol=1078
0.5 12 19 26
0.7 6 13 20
09 3 10 17
k: The number of iterations.
Table 3 INVERSE-FREE iterative Algorithm 4.1
o k
tol =107° tol =108 tol = 10710
1.2 8 20 31
14 10 22 33
16 11 23 34
1.8 12 24 35
2 13 25 36

k: The number of iterations.

Remark From Table 1 we see that the number of iterations k increases as the value of «
(o > 1) increases, and from Table 2 we see that the number of iterations k decreases as the

value of o (0 < & < 1) increases. For details, see the Appendix in the end of this paper.

Example 5.3 Consider the matrix equation (1.1) with the following two matrices A; and
A22

-0.005 0.01 -0.0006 -0.005 0.0115 -0.008
0.01 -0.015 0.008 -0.0005 0.005 -0.01
A= -0.005 0.0015 0.001 -0.015 0.01 0.02 ’
-0.005 0.0012 -0.0058 0.01 0.02 0.005
-0.005 0.005 0.0015 0.025 0.0005 -0.01
0.015 0.005 -0.008 0.0115 0.01 -0.015
-0.004 0.002 0.006 0.002 0.00046 0.002
0.002 0.01 0.002 -0.004 -0.004 -0.0032
A, = 0.004 0.006 0.008 0.002 0.0064 0.002 ,
0.012 0.0004 0.01 0.008 0.006 0.002
-0.002 -0.006 0.002 0.0012 0.004 0.006
0.004 -0.002 0.006 0.002 0.00022 -0.004

—%, 8y = —é, 8 = —3. We applied Algorithm 4.1 for different values of the

parameter o (o > 1). The number of iterations needed to satisfy the stopping condition

where r =4, 6; =

(required accuracy) in order the sequence of positive definite matrices to converge to the
maximal solution of Equation (1.1) are listed in Table 3.

0.99984
2.9583e-05
—-3.2833e-05
—4.6466e-05
-1.7636e-05
9.2391e-05

12

Xr

2.9583e-05
0.99986
2.5905e-05
—2.4311e-05
—2.7122e-05
1.5525e-05

—3.2833e-05
2.5905e-05
0.9999
3.4834e-06
9.1585e-06
-1.2574e-05

—4.6466e-05
—2.4311e-05
3.4834e-06

0.9997

—5.0029e-05

0.00014755

-1.7636e-05 9.2391e-05
—2.7122e-05  1.5525e-05
9.1585e-06  -1.2574e-05
—5.0029e-05 0.00014755
0.99978 -1.613e-05
-1.613e-05 0.99975
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Table 4 INVERSE-FREE iterative Algorithm 4.3

o k
tol=107"* tol=107"° tol=10"% tol=1071°
0.5 13 20 27 33
0.7 3 10 17 23
09 3 9 16 23

k: The number of iterations.

The eigenvalues of X are: (0.99954,0.99976,0.99995,0.99982,0.99987,0.99991).

Example 5.4 Consider the matrix equation (1.1) with the two matrices A; and A, as fol-

lows:
-0.07 0.03 -0.04 0.02 0.072  -0.0152
0.014 -0.05 -0.0172 0.023 -0.034 -0.053
A= 0.072 -0.0161 -0.024 -0.0313 0.0101 -0.0421
0.0152  0.0201 -0.0113 -0.0109 0.0712 -0.0112
-0.0144 0.0172 0.0302 -0.0164 -0.012 -0.0503
-0.024 -0.0155 0.082 -0.0192 0.0221 -0.0411
0.01 -0.0125 0.0165 -0.0225 -0.0375 0.005
0.0085 0.016 -0.0205 -0.0075 -0.00625 0.01125
A, - 0.005 -0.0355 0.031 -0.01 0.0135  -0.0075
-0.0375  0.017 0.0325 0.0385 0.00625 -0.025
-0.01 0.0455 0.009 -0.0365 0.033 0.0195
0.021 -0.006 0.017 0.0335 -0.025 0.0055
which satisfy the conditions of Theorem 4.4, where r = 3, §; = —%, 8y = —%, 8 =-2. Ap-

plying Algorithm 4.3, for different values of the parameter o (0 < « < 1). The obtained
results are summarized in Table 4, where & is the number of iterations needed to satisfy
the stopping condition (required accuracy) in order the sequence of positive definite ma-
trices converge to the minimal solution of Equation (1.1).

0.99548 0.0016568 0.00085578  0.0011809 0.001863 6.999e-05

0.0016568 0.99709 0.00057721 0.00031395 -0.0021003 -0.001088

Xs = 0.00085578 0.00057721 0.99553 0.00047718 0.00063772  0.0010653

0.0011809  0.00031395 0.00047718 0.99757 0.00057145 2.6448e-05

0.001863  -0.0021003 0.00063772 0.00057145 0.99478 0.00027116
6.9989e-05 -0.001088  0.0010653 2.6448e-05 0.00027116 0.99651

The eigenvalues of Xs are (0.99181,0.9944,0.9992,0.99882,0.99596,0.99676).

Remarks
1. The obtained results for Examples 5.3 and 5.4 shown in Tables 3 and 4, respectively,
indicate that increasing the dimension of the problem does not affect the efficiency
of the proposed algorithms.
2. From Tables 1, 2, 3, and 4, it is clear that we obtained a high accuracy for different
values of « after a few numbers of steps; see the number of iterations, which
indicate that our algorithms have high efficiency.
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6 On the existence and the uniqueness of a positive definite solution of

X =T AXSA =1
In this section, we prove that Equation (1.2) has a unique positive definite solution and
construct an interval that includes that solution. Associated with Equation (1.2) is the op-
erator G defined by

G(X) = (1 + ZA;?‘X”tAi) r. (6.1)
i=1

Theorem 6.1 If Equation (1.2) has a positive definite solution X, then X € [G*(I), G(I)].

Proof Let X be the positive definite solution of Equation (1.2). Then X = (I + Y "} A¥X% x

Ai)%, and we have
X>1, (6.2)

which implies that X% <, -1<§;<0,Vi=1,2,...,m.
Then

1 1
X= <1 + ZAj‘Xal‘Ai> < (1 + ZAjA,) = G(I). (6.3)
i=1

i=1

Hence, from (6.2) and (6.3) we get
I <X <G(). (6.4)

Then (I + Y7, A*A)* < X% < Land thus Y7, AX(I + X7 ATA) T A; < 37 ATXPA; <
ZZlA?Ai'

We have 37, A*X%A; = X" — . Then Y7 AX(I + Y/ ARA) P A < X7 — 1 < Y A% A,

Therefore, (I+Y ) AT(I + ZZIAZ‘AJ%AJ% <X<({U+ ZZIA;?‘A,»)% ,thatis, G*() < X <
G(I). Hence, X € [G*(I), G()].

We use the Brouwer fixed point theorem to prove the existence of positive definite
solutions of Equation (1.2). Since P(n) is not complete, we consider the subset D, =
[G*(I), G(I)] C P(n), which is compact. O

Theorem 6.2 Equation (1.2) has a Hermitian positive definite solution.

Proof 1t is obvious that D, is closed, bounded, and convex. To show that G : D, — D,,
let X € D,. Then G*(I) < X < G(I), that is, X < (I + Y./, A¥A;)7, and thus X% > (I +
5; %
Y AYA)T, -1 <8; < 0. Therefore, [+ 1", A;‘X’SiA,-)% >I+Y AN+ Y ATA)T X
1
A)r.

Hence,

G(X) > G*(]). (6.5)
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Similarly, since X > I, we have X% < I and (I + Z:LA?‘X‘S"AI')% <+ Z;ZIATAi)%, that

is,
GX) < GW). (6.6)

From (6.5) and (6.6) we get G(X) € D,, thatis, G: Dy — D;.

According to Lemma 6.2.37 in [16], ", A7 X% A, is continuous on D,. Hence, G(X) is
continuous on D,. By Brouwer’s fixed point theorem, G has a fixed point in D5, which is a
solution of Equation (1.2). O

Remark Applying Lemma 2.3, in [1], it is proved that Equation (1.2) has a unique positive
definite solution for r = 1. The following theorem shows that the uniqueness holds for any
r, that is, for Equation (1.2).

Theorem 6.3 Equation (1.2) has a unique positive definite solution.

Proof We show that G has a unique fixed point. For all X, Y € P(n) such that X > Y, by
Definition 2.7 we have G : P(n) — P(n) and

1 1
G(X) = (1 + ZA;?‘X‘SZ‘A[) < (1 + ZA?‘Y‘SL'AZ) = G(Y),

i=1 i=1

that is, the operator G is decreasing. We define 6 = max{|;|,i=1,2,...,m}. Then0 <0 <1.
For all £ € (0,1), we have

G(tX) = (1 + ZA;*(tX)‘SfA,) ,

i=1

m ;

- (1 + ZtstA;‘XstA,.)
i=1

L

m
< (t"] 7y tBiA;*XBiAi>

i=1

1
m T
-7 (1 + Z t‘”Aj‘X‘”A,-) )

i=1
where 0 < % <1l. Lety = %. Then G(tX) <tV G(X), which means that the operator G is
(—y)-convex. We obtain that G has a unique fixed point X in P(#), which is the unique
positive definite solution of Equation (1.2). d

Remarks

1. In [2], the authors considered the nonlinear matrix equation

m
X=Y ATX%A, 181<1i=12,...,m. 6.7)
i=1
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They proved that the recursively defined matrix sequence
m
Xpamn = Y ATX) A, 10, (6.8)
i=1

where X1, X, ..., X, are arbitrary initial positive definite matrices, converge to the
unique positive definite solution of (6.7).

In [1], the authors considered the nonlinear matrix equation

m
X:Q+ZA;*X‘”A,», 0<18:]<Li=12,...,m, (6.9)
i=1

where Q is a known positive definite matrix. They considered the same formula
(6.8) as

m
Xpems = Q+ Y _AIXy A, n>0. (6.10)

i“tnti
i=1

They used the algorithm given in [2] and used the main steps for the proof of
convergence with slight changes to suit their problem (6.9).
2. Since Q has no effect on the convergence of the algorithm and since in [2] it is
proved that both X,,,,,,1 and X,,,; converge to the unique solution X, we see that the
proof given in [1] is redundant.

For our Equation (1.2), we use the recursive formula

1
m T
Xpimsl = (1 + ZA;?XjQiA,) (6.11)
i=1

according to the following proposition.

Proposition 6.4 The matrix sequence defined by (6.11) converges to the unique positive
definite matrix solution X of Equation (1.2) for arbitrary initial positive definite matrices
X1,X3,..., X, provided that it is valid for r = 1.

Proof We have that Y7 A*X” A, is continuous and thus G,(X) = I + Y7, A*X" A, is
continuous. Define F(G,(X)) = (G,,(X))%, where r is a positive integer. Then F is also con-
tinuous. So, limy,_.« F(G,(X)) = Flim,_, o G,(X). Taking the limit of (6.11) as n — oo and
using (6.9) and (6.10) with Q = I, we obtain X = (I + Y., ATX%A,)7. 0

7 Numerical examples
Example 7.1 Consider the matrix equation (1.2), with the following two matrices A; and
Az:

A _ (09501 0.6068 A (08913 04565
"\ 02311 04860)° >"\o7621 0.0185 )’
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wherer=2,6; = —%, 8y = —%. Let the initial positive definite matrices be

(08214 06154 L _ (09218 01763
"""\ o0.4447 07919 )" "\ 07382 04057

Applying the recursive formula (6.11), after nine iterations of (6.11), we get the unique
positive definite solution of (1.2)

1.6662 0.2891
X=X = .
0.2891 1.2438

We see that Xy € [G2(I), G(I)], where G is defined by (6.1).

Example 7.2 Consider the matrix equation (1.2) with three matrices
A= 0.0579 0.8132 Ao = 0.1389 0.1987
"1 03529 0.0099 )’ *7 102028 0.6038)’

(02722 0.0153
7101988 0.7468 )’

wherer=3,8,=-3,8,=-7,83 = —%. Let the initial positive definite matrices be

0.8462 0.2026 0.8381 0.6813
Xl = , X2 = , and
0.5252  0.6721 0.0196 0.3795

. (08318 07095
"\ 05028 04289/

Applying the recursive formula (6.11), after 14 iterations of (6.11), we get the unique
positive definite solution of (1.2)

1.0793 0.0693
X=Xu= .
0.0693 1.3536

We see that X4 € [G2(I), G(I)], where G is defined by (6.1).

Remarks
1. Ifwe use X; and X, from Example 7.2, then we get the same solution X = Xy, which
proves the uniqueness of the solution of Equation (1.2).
2. Ifweput

0.9355 0.4103 0.3046 0.1934
X1 = 5 X2 = » and
0.9169 0.8936 0.1897 0.9822

. _ (03028 01509
"\ 05417 0.6979
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in Example 7.2, then we get the same solution

1.0793 0.0693
X= XlO = )
0.0693 1.3536

which proves the uniqueness of the solution of Equation (1.2).

The above examples show that the recursive formula defined by (6.11) is feasible and

effective to compute the unique positive definite solution of Equation (1.2).

8 Conclusion

In this paper we considered two nonlinear matrix equations X" + ) ", A*X%A; = I. For the
first equation (plus case), the proofs of the existence of positive definite solutions beside
the extremal solutions are given. Also two algorithms are suggested for computing the
extremal solutions. For the second equation (negative case), the existence and uniqueness
of a positive definite solution are proved. The algorithm in [1] is adapted for solving this

equation. Numerical examples are introduced to illustrate the obtained theoretical results.

Appendix

The paper is concerned with the positive definite solutions of our two problems (1.1) and
(1.2), that is, the solutions that lie in the set P(n) of positive definite matrices, which is the
interior of the cone P(n) of positive (semidefinite) matrices.

Definition A.1 (Positive operator) A bounded self-adjoint linear operator T from the
Hilbert space H into it self, T: H — H, is said to be positive, written T > 0, if

(Tx,x) >0 VxeH. (A1)

« If T is self-adjoint, then (T, x) is real.

+ The matrices are linear bounded operators defined on the Hilbert space R”.

+ One of our goals is to prove the existence of the extremal (maximal-minimal) positive
definite solutions of the matrix equation (1.1). So we need the definition of an ordered

Hilbert space: If 71 and T are linear bounded self-adjoint operators, then

0 < Tl < T2 if T2 - T1 (S] P(ﬂ), (A.Z)
where P(n) is the cone of positive semidefinite matrices.
The classical definition an ordered Hilbert space in functional analysis: 0 < T < T if
(Tox,x) > (Tx,x) > 0 Vx € H, which leads to

(T,-T)xx)>0 = T,-T1 >0, (A.3)
that is, (A.2) is equivalent to (A.3).

Definition (A.3) gives us an important result: The ordering of linear bounded self-
adjoint operators on P(n) is 1-1 corresponding to the order of the positive quadratic
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a>1 —
X, =51 P(n)

Figure 1 The effect of increasing & on the number of iterations of Algorithm 4.1.

forms (which is the order of positive real numbers), which is total (since all its ele-

ments are comparable). So the elements of the cone of positive matrices P(n) have at
most one maximal and one minimal element. In Theorem 3.2, we determined the in-
terval Dy = [BI,(I - ZZIA;*A,»)%] that contains all positive definite solutions of Equa-
tion (1.1). In Theorem 3.3, we proved the existence of maximal and minimal solutions
in Dy = [BL, (I - Y7 AYA)7].

To compute the maximal solution, we constructed the decreasing sequence of positive
definite matrices (which are not solutions of Equation (1.1)) and proved that it converges
to the positive definite limit matrix, which is the maximal solution X; .

So, as a > 1 increases, the algorithm needs more iterations, as is explained in Table 1.
For example, since 51 > 21, the algorithm needs more iterations at & = 5 than at « = 3.
Similarly, the same analysis holds for the minimal solution Xs. See Figure 1.
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