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Abstract

In this paper, we prove that, under some mild conditions, a time-normalized point
process of exceedances by a nonstationary and strongly dependent normal
sequence with a seasonal component converges in distribution to the in plane Cox
process. As an application of the convergence result, we deduce two important joint
limit distributions for the order statistics.
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1 Introduction

Let {X;,i > 1} be a standardized normal sequence with correlation coefficient r; =
Cov(X;, X)) satisfying the conventional assumption that r; — 0 and r;log(]i —j|) — ¥
as j — i — +00. Normal sequences are weakly dependent if y = 0, strongly dependent if
0 < y < 0o and stationary if 7; are related to |i — j| only, and nonstationary otherwise. De-
note by Mﬁ,k) the kth maximum of {X;,1 < i < n}, whose location is denoted L(,,k) and may
vary among {1,..., n}. Leadbetter et al. [1] considered a stationary weakly dependent nor-
mal sequence {X;,i > 1} and obtained the asymptotic joint probability distribution of MY
and Mﬁ,z) and even that of Mﬁ,z) and L(,,z). Mittal and Ylvisaker [2] proved that if {X;,i > 1} is
stationary and strongly dependent, then MY (also called the maximum of the sequence)
after normalization converges in distribution to the convolution of exp(—e™) and a normal
distribution function. More recent results for maxima of stationary normal sequences can
be found in Ho and Hsing [3], Tan and Peng [4], and Hashorva et al. [5], among others.
Meanwhile, some literature was devoted to study the maxima of nonstationary normal
sequences; see Horowitz [6] and Leadbetter et al. [1] for the weakly dependence case and
Zhang [7], Lin et al. [8], and Tan and Yang [9] for the strongly dependence case.

In particular, Leadbetter et al. [1] developed an important tool, the weak convergence
of exceedance point processes, which is crucial to study the joint asymptotic distributions
of some extremes of sequences. Due to its importance, many authors further studied the
asymptotic behavior of exceedance point processes under different conditions; see Piter-
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barg [10], Hu et al. [11], Falk et al. [12], Peng et al. [13], Hashorva et al. [14] Wisniewski
[15], Lin et al. [8], Lin et al. [16], and the references therein.

In the paper, we consider {X; = Y; + m;,i > 1} where Y; is a standardized nonstationary
and strongly dependent normal sequence and 7; is a trend or seasonal component. Define
n4(t), t € [0,1], as a continuous stochastic function such that 1, (¢) islinear on [(i—1)/n, i/n],
i=1,2,...,n, and has the value X; at the point i/n (,,(0) = 0). A similar definition can also
be found in Leadbetter et al. [1]. A vector point process N, formed by exceedances of the
levels uf}) , uiqz), o ugf) by the stochastic function is called the time-normalized one since
we use ‘j/n’ and set ¢ € [0,1] in the definition of 1,(). In the sequel, for convenience, the
expression ‘exceedances by {Xj,j > 1}’ stands for ‘exceedances by n(t). We prove that the
time-normalized point process N, converges in distribution to the in plane Cox process
defined in Lin et al. [16] and extend the results in Lin et al. [16] to the case of more general
normal sequences.

The remainder of the paper is structured as follows. In Section 2, we present the notation
and main results. Proofs of the main results are postponed to Section 3. Throughout the
paper, C stands for a constant that may vary from line to line, and ‘—’ stands for the

convergence in distribution as n — oo.

2 Notation and main results
Let {X; = Y;+m;, i > 1} be astandardized normal sequence plus a seasonal component with
the correlation coefficient of {Y;,i > 1} and seasonal component satisfying the following:

sup{|nj|,i7!j} <1 and rylog(j—i)— y €(0,00) asj—i— +00, (2.1)
Bu = max Im;| = o((logn)'?) asn— +oo, (2.2)
1 - * * 1 %) 2
- Zexp ay(m; —m}) - 5(% -m})" | —>1 asn— oo, (2.3)
n

i=1

where a* = (2logn)V? — loglog n/2((21ogn)*?), and m’ is a sequence of constants such
that |m| < B,. Condition (2.3) is the same as condition (6.2.2) in Leadbetter et al. [1].
Throughout, the standardized constants a, and b,, are defined by

a, = (2logn)?, by = a, — (2a,) *(loglogn + log 47). (2.4)

Before presenting the main results, we first give the definition of the in plane Cox pro-

cess.

Definition 2.1 Let {0y;,j = 1,2,...} be the points of a Cox process N ) on L, with (stochas-
tic) intensity exp(—x, — ¥ + +/2y¢), where ¢ is a standard normal random variable, «, is a
constant corresponding to the N, and L, is the in plane fixed horizontal line on which
exceedances are represented as points. N has the distribution characterized as follows:

I w | B ki
P(ﬂ{N(r)(Bi) = k,-}) = / H((m(Bl)eXp( x’kJ Y+ VI72)
i=1 ey .

-exp(~m(B;)e V2 Z))qﬁ(Z) dz, (2.5)
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where B; are Borel sets, and m(-) is the Lebesgue measure. Let §;,j = 1,2,..., be inde-
pendent and identically distributed (i.i.d.) random variables, independent also of the Cox

process on L,, taking the values 1,2,...,r with conditional probabilities

Trosi1 — Trs)/T, fors=1,2,...,r—1,
P(,B/=S|§=Z)= (rs+1 rs) r

T/t fors=r,

that is, P(8; > s|¢ = 2) = Ty_s /7, for s =1,2,...,r, where 7; = e v+V2vz i =12 ... r For
each j, placing points oy, 03;,. ..,0p; on Bj —1lines L, 1,L,_5,... ,Lr,ﬂiﬂ, vertically above
o1, we can obtain an in plane Cox process N. Specifically, the conditional probability that
a point appears on L,_; above oy; is P(8; > 2|¢ = z) = 1,_1/7,, and the deletions are condi-
tionally independent, so that N~ is obtained as a conditionally independent thinning of
the Cox process N ), Similarly, the other N' &) 1 <k <r—2, can be constructed.

In Theorem 2.1, we study a vector point process N,, = (N,(,l),N,(,Z),...,N,(,r)) that arises
when {X;,1 < i < n} exceeds the levels uf}), u£,2), e, ui,r), the structure of which is the same
as that of the exceedance process on pp.111-112 in Leadbetter et al. [1]. We record the
exceedance points corresponding to the levels u u?, .., u on fixed horizontal lines

Ly,L,,...,L, in the plane.

Theorem 2.1 Suppose that {X; = Y; + m;,i > 1} satisfies conditions (2.1)-(2.3), and let

ug,k) =xr/ay + by + m (1 < k <r) satisfy ui,l) > uﬁ,z) >0 > uﬁ,'). Then the time-normalized
exceedance point process N, of levels uﬁ,l), uﬁ,z), e u5,’> by {X;,1 <i < n} converges in distri-

bution to the before-mentioned in plane Cox process.

Corollary 2.1 Let{X;,i > 1} satisfy the conditions of Theorem 2.1. Let By, By, . .., Bs be Borel

subsets of the unit interval whose boundaries have zero Lebesgue measures. Then, for inte-

gers m®,

PINPB)=m",j=1,2,...,5k=1,2,...,7)

— P(N(k)(B,») :m(k),j: 1,2,...,8k= 1,2,...,r).

Theorem 2.2 Suppose that the levels DA <k<r satisfy

+00
P(max X; < u(k)> — / exp(—e’xk*wmz)(b(z) dz asn— oo,

h n
1<i<n 00

with uﬁ,l) > ui,z) > > u(,,r). Let Sﬁ,k) be the numbers of exceedances ofuﬁ,k) by {X;,1<i<mn}

that satisfy the conditions of Theorem 2.1. Then, for ky > 0, k; > 0,...,k. >0,
PSP =k, SP =k + k..., S =ki + ko + -+ + k)

k
rll(TZ - Tl)kz e (Tr - fr—l)kr
klky! - - k!

' /+oo (exp(MZ B y))k1+k2+~-+ky . exp(—e"xk"’”‘/ﬁz)(b(z) dz. (26)

e¢]
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Theorem 2.3 Let {X;,i > 1} be a normal sequence satisfying the conditions of Theorem 2.1.

3
Let uﬁ,) =xr/ay + b, + m,. Then, for x; > %3, as n — 00,

P(a,, (Mf}) -b, - m’;) <x1,dy (M(z) -b, - m:‘,) < xg)

n

— / (exp(—x2 — ¥ +/2y2) —exp(=x1 — ¥ +/2y2) +1)

X exp(—e”‘rwmz)qﬁ(z) dz (2.7)
and
PGLE? <t,a,(MP b, -m}) < x) — / ’ H(y,t)dy, (2.8)
—o0
where

Ht) = / = D exploy - + Iy exp(—(L - T T)p(@) dz

oo

. / texp(=y —y ++/2y2) exp(—te’y’}’*“/ﬁz)ﬂz) dz

o¢]

+ / h exp(=(1 - £)e? 7 V) p(2) dz

(o]

. / t2exp(-2y — 2y +21/2y2) exp(—te‘y_y+mz)¢(z) dz.

o0

3 The proofs of main results

The proof of Theorem 2.1 will use the famous Berman inequality, which was first pre-
sented by Slepian [17] and Berman [18] and then polished up by Li and Shao [19]. For the
latest results related to Berman’s inequality, we refer the reader to Hashorva and Weng
[20] and Lu and Wang [21]. The upper bound of Berman’s inequality gives an estimate of
the difference between two standardized n-dimensional distribution functions by a conve-
nient function of their covariances. According to Hashorva and Weng [20], some results
for normal sequences may be extended to nonnormal cases. The proof of Theorem 2.1

also depends on the following lemma of Zhang [7].

Lemma 3.1 Suppose that {X;,i > 1} is a standardized normal sequence with correlation
coefficient r; satisfying (2.1). Define u,, = u,(x) = x/a, + b, and p, = y/logn. Then

(i) rj—>0asj—i— +oo,
(ii) Zlikjinb |75 = on] eXp(_lZ%,v,) — 0asn— +oo,

where 0 < b < +00 and w;; = max{|r;|, pu}.

Proof of Theorem 2.1 1t is sufficient to show that, as n goes to oo,
(a) E(N,(B)) — E(N(B)) for all sets B of the form (c,d] x (r,8], r < 8, 0 < ¢ < d, where
d <1, and E(-) is the expectation, and
(b) P(N,(B) =0) — P(N(B) = 0) for all sets B that are finite unions of disjoint sets of

this form.
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First, consider (a). If B = (¢,d] x (r,d] intersects any of the lines, suppose that these are
Ly Lg,...,L; (1 <s<t<r). Then

t t
N,(B)=> NP((c.d]),  N®B) =Y N¥((cd),

k=s k=s

and the number of points j/n in (¢, d] is ([nd] — [nc]). As in the proof Theorem 5.5.1 on
p.113 in Leadbetter et al. [1], we have E(N,,(B)) = ([nd] — [nc]) Y4 _,(1 - F(uY)) and

1-F(u®)=1-0u® -mj), 1<j<n.
Using conditions (2.2) and (2.3) yields

n(l - CD(uS,k) - m})) = n(l - ®(xi/ay, + by, + my, — mj)) ~e* asn— oo, (3.1)
where the last ‘~ attributes to the well-known fact that n(1 — ®(xx/a, + b,)) ~ e™* implies

n(l - ®(xp/a, + By) ~e™*if a,/a, — 1 and (B, — b,)/a, — 0. Thus, we have E(N,(B)) ~
n(d - c) Zizs(e_xk +0(1)) > (d-c) Y ;_,e. So, since

n

t

E(N(B)) = Y E((d-c)exp(-xx -y ++/2y 7))

k=s
t t
ap)?
=Y d-ge 7 e T =Y (d-ge,
k=s k=s

the first result follows. In order to prove (b), we must prove that P(N,(B) = 0) — P(N(B) =
0), where B = Ui” Ci with disjoint Cy = (ck, di] x (ri, Sk]- It is convenient to neglect any set
Cy that does not intersect any of the lines L, Ly, ..., L,. Because there are intersections and
differences of the intervals (ct, di], we may write B in the form | J;_;(c, dk] x Ex, where

(ck,dg] are disjoint, and E is a finite union of semiclosed intervals. So we have

s

{N.(B) = 0} = ["|{Nu(F0) =0}, (3:2)

k=1

where Fy = (cx, di] x Ex. Lj, stands for the lowest L; intersecting Fy. The aforementioned

thinning property induces

{Nu(F) = 0} = {N ((cx, di]) = 0}
= {M,(cx, di) < ul}, (3.3)

where M,,(c, di) stands for the maximum of {X;} with index k ([cn] < k < [dn]). Calculat-
ing the probabilities of (3.2) and (3.3), we obtain

P(N,(B) =0) = P(ﬂ{M,,(ck,dk) < uff")}). (3.4)

k=1
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In order to get the limit of the right-hand side of (3.4), we first prove the following re-
sult. Define a sequence {X; = Y; + m;,i > 1}, where {Y;,i > 1} is a standardized normal
sequence with correlation coefficient p, and {m;,i > 1} is the same as that in {X;,i > 1}.
M, (c,d; p) stands for the maximum of {X;} with index k ([¢n] < k < [dn]). It is well known
that M, (c1,dy; p), ..., My(ck, dy; p) have the same distribution as (1 — p)Y2M,(c1,d;;0) +
02, (L= p)2 M, (ck, di; 0) + pV%2¢, wherec = ¢; < dy < - - - < ¢k < dy = d, and ¢ is a stan-

dard normal variable. In the following, we estimate the bound of

p (ﬂ{Mn(Ck,dk) < uﬁfk’}> -P (ﬂ{Mn(Ck:dkrpn) < uﬁfk)}) , 3.5)
k=1 k=1
where p, = y/logn.
Using Berman’s inequality, the bound of (3.5) does not exceed
1 oy 3 () + (1))
- ij— Pn 1- 2 -2 1
oo D lri= el (1= 07) exp( Loy
1 2 2
=((xila, + by)* + (xi/a, + b,)*)
=C > Iri/—pnleXp<—2 T )
ici + Wi
1<i<j<nm
-exp(((xi/an + by) (m; — m) + (xi/ay + by) (m; — m)
1
= 5 (= m)” + (=) ")) 11+ ), (3.6)

where the first sum is carried out over i,j € | ;_,([cknl, [dinl], i < j, !, or i, stands for
ug,l") —m; or ug,l") — mj when i or j € ([cxn], [dyn]], and w;; = max{|ryl, p,}. Using the proof

of Theorem 6.2.1 on p.129 in Leadbetter et al. [1], (2.3) implies that

% Zexp((xi/ﬂn + hn)(mi - m’:,) - %(m; - m:)z) — L

i=1

Since wj;; is bounded, we further get

<(xi/an + by)(m; = m) = L (m; - m2)2>
sup exp <C.

1<i<j<n 1+ wy

So, (3.6) does not exceed

C Y - |exp< %<(xi/an+bn>2+(xj/an+bn>2)>
iy~ Mn -

1<i<j<n 1+ wij
((minlﬁign xi)/an + bn)2
<C Z |75 — pul exp| —
— 1+ a)i/
1<i<j<nm

— 0.
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The last ‘— attributes to Lemma 3.1. In order to get the desired limit of (3.4), we only
need to prove

k=1

s
P(ﬂ{M,q(ck, dr, pn) < uﬁf“}) — P(N(B) =0).
By the definition of M,,(ck, d, p,) it clearly follows that

P(ﬁ {Mn(ck, di, pn) < u;lk) })
k=1

= P(m{(l - ,On)%M,,(Ck,dk, 0) + Pn%é‘ < MS,I")})

k=1

+00 S 1
= / P(ﬂ{Mn(ck, di,0) < (L= pa)"2 () - p2) }) $(2) dz,
> k=1

where the proof of the last ‘=" is the same as the argument on the first line from the bottom

on p.136 in Leadbetter et al. [1]. Since a, = (2log n)%, by = a, + O(a;'loglogn), and p, =
y/logn, it is easy to show that

1 1 X, +Y —/2vZ
(1— pu) 2 () — pjlz) = F——>—"

-1
. +b,,+o(a )

n

Furthermore, we have

k=1

P(m{Mn(Ck; d,0) < (1- p,)~} (1) — 1 2) })

s

~ 1 1 ~

= P(m{g[ckn]ﬂ < (1 - pn) 2 (ufqlk) - :Onz Z) — Meinl+lree s s[dkn]
k=1

[T

< (1= pn) 2 (u® = p22) = Mg })

- 1_[ exp(—(dk — cx)e ™ _w*/ﬁz),
k=1

where & stands for independent standard normal variables, and the proof of the last ‘—’

is the same as that of (3.1). Using the dominated convergence theorem vyields that

ad k=1

/m P(m{Mn(Ck: diy0) = (1= p,) (4 - pi2) })¢(Z) dz

N / . [ Jexp(~(d - e TV g(2) dz

k=1

=P(N(B) =0).

The proof of (b) is completed.
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Proof of Corollary 2.1 Using Theorem 2.1, the proof is similar to that of Corollary 5.5.2 in
Leadbetter et al. [1]. So we omit it. O

Proof of Theorem 2.2 By Corollary 2.1 the left-hand side of (2.6) converges to
P(SY =k, 8¥ =k + k..., SV =k +ky + -+ + k), (3.7)
where S% = N@([0,1]) is the ith component of N. In our paper, the structure of the Cox

process is similar to that of the Poisson process in plane in Leadbetter et al. [1]. So we can
refer to the proof of Theorem 5.6.1 in Leadbetter et al. [1], and hence (3.7) equals

(ki + ko + -+ -+ k) (rl>k1 -\ /(1 -1 \"
kﬂkz! s kr‘ T Tr Tr

PIN(0,1)) =k + ko + -+ + k).

The proof is completed since

P(NO((0,1]) =ky + ko + -+~ + k)
) /+oo (exp(—x, —y + \/WZ))k1+k2+...+kr

(kl N kz ok )‘ . exp(_e*xr*)/+~/27}’z)¢(z) dz

(eX (_xr))k1+k2+m+kr h +ko+--+ky
= (k1p+ ky+ -+ k) / (exp(~y +\/ZZ))](1 "

X exp(—e"‘"”mz)as(z) dz. O
Proof of Theorem 2.3 Clearly, the left-hand side of (2.7) is equal to

P(a,(MP ~ b, —m) < x1,a,(MP ~ b, — m}) < x,)

n

=P(S? =0) +P(s¥ =0,5? =1),

n n

where SS) is the number of exceedances of uff) by X1,X3,...,X,. Using Theorem 2.2 can
complete the proof. In order to prove (2.8), write I, J for intervals {1,2,..., [nt]}, {[nt] +
1,...,n}, respectively, and MY (1), M@ (1), MV (J), MP(J) for the maxima and the second
largest of {X;,1 < i < n} in the intervals I, . Let K, (x1,%5,%3,%4) be the joint d.f. of the
normalized r.v.s

X;EID = ﬂn(M;(ql)(I) —by, - VI’I:), X;E?) =an (MS’IZ)(I) —by - WZ:),

YW =a,(MO()) - b, —mt), Y =a,MP()-b,-n).
Consider an interesting case of x; > xy and x3 > x4, that is,

H,(x1,%2,%3,%4)
= P(MP(D) <, M) < 2 M) < ), M) < )

=P(NP(I')=0,N2(I') <, NP (') = 0,NM (/') <1),

n n
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where I’ = (0,¢] and J' = (¢,1]. By Corollary 2.1 with B; = I’ and B, =]’ we have

lim H,, (%1, %2, %3,%4)
n—0o0

- lim PNY(1) =0,N2(1) <1) - P(NP(7) = 0N (1) <1)

= f (e - e”‘l)texp(\/ﬂ -y)+1) exp(—te’xz’y+‘/272)¢(z) dz

x f (€ ) A= Dexp(y/2y — ) + 1) exp(-(1- 0T @) e

00

= H; (%1, %2) Hi— (%3, %4) = H(%1, %2, %3, X4).
Now the left-hand side of (2.8) is equal to

P(MP(1) < u®, MO (1) > MV ()
+P(MPU) < u@ MO () > MP (1) > MP (). (3.8)

Obviously, H is absolutely continuous, and the boundaries of sets in R* such as {(wy, wy, w3,
Wa) : Wy < X, Wy > ws} and {(wy, wa, ws, wa) : wy < xp, w3 > wy > wy} have zero Lebesgue

measure. Thus, by Corollary 2.1, (3.8) converges to
P(Xy <3, X5 > Y1) + P(Xq < %2, Y1 > X1 > Va).

Using the joint distribution H (x1, %3, 3, %4) and a simple evaluation complete the proof. [
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