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1 Introduction
Suppose that p > 1, }7 + é =1, by, >0, a={an), € ¥, b={b)2, €l ||al, =

(O alfn)l% >0, ||bll4 > 0. We have the following well-known Hardy-Hilbert inequality:

(o] [o¢]

ZZ lall, 12114, (1)
n=1 m:l n(P)

where the constant factor - ( is the best possible (cf [1]). Also we have the following

Hilbert-type inequality:

Yy ax{ o <palalplibly, 2)
=1

n=l m

with the best possible constant factor pq (cf [2]). Inequalities (1) and (2) are important in
analysis and its applications (cf. [2—4]).

In 2011, Yang gave an extension of (2) as follows (cf [B]):If0 <A, <1, A + )»2 =,
Ay by > 0,0 < ||allpy = { oo mP1—)- la’,’n}p <00, 0 < ||bllgy = {> o2, n112) lbz}q < 00,
then

Z Z (max{m }’l}))‘ 2 ”a”p,w ||b||q,1/n (3)

where the constant factor is the best possible.
ForA=1,A; = 5, Ay = 17’ mequahty (3) reduces to (2). Some other results relate to (1)-(3)
are provided by [6-23].
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In this paper, by the use of weight coefficients and the technique of real analysis, an
extension of (3) in the whole plane is given as follows: For 0 < A, Ay <1, Ay + Ay = A,

am by > 0,0 < Z\O:A:I |m|PA-2D-140 < 50,0 < ZT:I:I |n|70-22-1pT « 50, we have

o0 o0 1
2 2 ol 7

|n|=1|m|=1

o [ B[ oo 7
< — Z |m|p(1—)\1)—1a1:n Z |n|q(l—kz)—1bz . (4)
142

|m]=1 In]=1

Moreover, a generation of (4) with multi-parameters and a best possible constant factor is
proved. The equivalent forms, the operator expressions and a few particular inequalities
are also considered.

2 Some lemmas

In the following, we agree that N = {1,2,...}, p > 1, % +-=1,a,8 €(0,7), Ai, Ay > -1,

1
q
AM + Az = A, and for ||, |y| > 0,

(min{|x| + xcos, |y| + ycos B})"

k(x,y) :=

~ (max{|x| + xcosa, |y| +ycos B})M

(5)

Lemma 1 (cf [24]) Suppose that g(t) (> 0) is decreasing in R, and strictly decreasing in
[10,00) (no € N), satisfying [,° g(t)dt € R,. We have

fl a0 < gt < f a(t)dt. 6)

Definition 1 Define the following weight coefficients:

o0
(|m| + mcos o)™
)\, 5 = k ) T 1 N) 7
o(ha, m) HZI ) eos iz 1€ (7)
o0
(|n| + ncos B)*
Apn)i= ) k(m, , N, 8
@ (M, 1) ‘§1 (m n)(|m| pymr——— In| € (8)
where 377 - =30+ 308 - (= myn).

2
Lemma 2 If %, <1-1, then for kg(r1) := %, we have

kﬁ()\l)(l - 0()\2, Wl)) < w(kz,m) < kﬁ()\l), |m| €N, (9)

where
1+cos .
(A +n)(Ay +n) [ Trmcose (min{l, M})nukz—l

O(Ay, m) := Al et FA
(ha, m) A+2n 0 (max{1, u})**n

= o( ! ) €(0,1), |m|eN. (10)

(|m| + m cos a)+*2
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Proof For |x| >0, we set

[min{|x| + xcosa, y(cos B —1)}]"

kD (x, y) := , <0,
(.9) [max{|x| + xcos e, y(cos B — 1)}]**"
K2 (x )= [min{|x| + xcos o, ¥(1 + cos 8)}]"
77 [max{|x| +xcosa, y(1 + cos B)} ]+ ’
from which we have
KD )= [min{|x| + xcos o, ¥(1 — cos 8)}]" >0
’ [max{|x| +xcosa,y(1 — cos B)}]*’ ’
We obtain
-0
(Im] + mcos )t
w(hy,m) = kO (m, n) ————
(o, 1) Zl 1) oS B2
oo
(Im| + mcosa)
+) kP(m,n)———
; b, ) [n(1 + cos B)]1—*2
_ (Im] + mcosa) i kW (m, —n)
~ (1-cos B2 — nl-*2
(|m| + mcosa)™ i k@ (m, n) )
(1 +cos B)1-*2 — nl-*2
For fixed |m| € N, A, <1 -5, we find that
kD (m, —y) ~ [min{|m| + mcosa,y(1 — cos B)}]"
ylb2 yl=*2[max{|m| + mcosa, y(1 — cos B)}]**1
(1—cos B)" 1 |m|+mcosa
(|m|+mcos o)1 yl=(ra+n)? O<y< 1-cosp ’
(|m|+mcosa)” 1 |m|+mcosa
(1-cos B)**11 yL+(r+m)? y= 1-cos B
is decreasing for y > 0 and strictly decreasing for y > "”E?’Tml;“ Under the same assump-
tions, it is evident that
k2 (m,y)  [min{|m| +mcosa,y(1 +cos B)}]"
yl=22 yl-%2[max{|m| + mcosa, y(1 + cos B)}]+1
(+cos B)" 1 Im| S
(|m|+mcosa) 1 yl=(ka+n)? 0< y< ml-t?(l)g(;a’
(|m|+mcosa) 1 - |m|+m cos a
(L+cos p)A+n - yl+(ry+n)? Y=z 1+cos
is decreasing for y > 0 and strictly decreasing for y > ""lljr’;"TwI;‘x

By (11) and (6), we have

(|m| + mcosa)t > kW (m,—y)
w(Ay, m) < /
0

(1 —cos B)i-*2

(Im| + mcos o)1 /°° K (m, y)
d
(1 +cosB)r2 J,

1-A
y 2

1-A
y 2
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y(l-cos B) , y(l+cosp)

Setting u = /=" \m|+mcusa) in the above first (second) integral, by simplifications, we
find
1 1 * (min{1, u}))"u*>!
w(hy, m) < + / (min{l, u}) Li du
1-cosB 1+cosB/Jy  (max{l,u})**n

1 00 L ra-1
=2csc? B (f w2 gy + f " du)
0 1wt

_2(h+2n)cse® B

= GaamUpan et

Still by (11) and (6), we have

Ao (1) _
W0 1) > (|m| + mcosa) / k%W (m,—y)

(1—-cosB)t-*2
(|m] + mcosa)t [ kP (m,y)
(1 + cos B)1-*2 /

1 /°° (min{1, u})" 21
>— ————du
1-cosB J trcosp  (max{l,u})*+n

[ml+mcosa

1-A
y 2

1-A
y 2

min{l, u})"u*21

1 /"O (
+ — e —
1+cosf eosp (max{1, u})*+n

= kg(M) (1= 60(r,m)) > 0.
We obtain for |m| + mcosa >1+cosf

(A +m)(Aa +1) Tlimebsa (min{1, u})" 2L

0<0O(hy,m)= —-——— A St LA
A+2n 0 (max{1, u}) "

_ltcosp

_ GarmCa+n) [

un+kz—1 du
A+ 277 0

~ A1+n< 1+cosp )"“\2

C A +2n \|m| + mcosa

Then we have (9) and (10). O
In the same way, we have the following.

2
Lemma 3 If A <1 -1, then for ky(11) = %, we have

ko(M1) (1= (A1, m)) <@ (A1, m) <ko(M1), |n| €N, (12)

where

0

A+2n (max{1, u})*+n

= o<;> €(0,1), |n|eN. (13)

(In| + ncos B)nth
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Lemma 4 [f0 € (0,n), then for p >0, H,(0) := Z|O5|:1 W, we have

1 1 1+p0(Q1)
H,0)= ). 14
»0) |:(1+c059)1+/)+(1—cos@)1+/):| 0 ('0_>O ) (14)
Proof We have
H =
»0) ; [n (c0s9 1))+~ " nZ:I: (cos@ +1)]1+/O

[oe]

1 1 Z 1
= + .
(1-cosO@)+r = (1+cosf)l*r —~ nl+p

By (6), we find
1 =1
H,0)= 1
»©) |:(1—cos9)1+P (1 +cos@)l+e ( +Zn1+f°)

1 [o¢]
1
< [(1 —cos@)1*» ' (L+ cos 9)“” ] ( ’ /1 yre )

B 1 1 a )
_;[(1—0059)“/" (1+cos€)“pi| TP

1
H,(0
»(0)> |:(1 - 0059)1“’ 1+ cos@)“/’] /1‘ yltp

1 1 1
=— + .
pl @ =cos@)+r  (1+cosh)l+r
Hence we have (14). O

3 Mainresults
Theorem 1 Ifi1,Ay <1-1, am, b, > 0 (|m|, |n| € N),

1-21)-1
0< Z(|m|+mcosa)p( v ab, < 0o,

|m|=1

0< Z |n| + ncosﬂ)q(1 ha)- 1 < 00,

|n|=1

2 2
2(M +2n)cscP Bescd o
A1+ +n)

ke p (M) = K (MK (A1) = (15)

then we have the following equivalent inequalities:

ti= 32 3 komaant,
|n]=1 |m|=1
1

- »
<K p (1) |: Z (Im| + mcos a)l’(l—)\1)—1a1:”:|
|m|=1
1

00 q
X |:Z(|n| + ncos,B)q(l_m_le] , (16)

In|=1
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J:= [i(w + necos ) (Z . )IT

[m|=1
1

00 P
< kq,g(A1) |: Z (|m| + mcos a)p(l_m_laﬁq:| . 17)

|m|=1
In particular, for o = B = 7, we have the following equivalent inequalities:

[e¢]

m=~n

o~ (min{|m],|n|})"
>

o iy (X {[771], [}

1 1
2(A +21) - 1-Ap)-1 = )1y |
< |m|17( 1) a}yﬂn |Vl|q( 2) bz , (18)
()»1+77)()»2+77)|:Z Z

|m|=1 In|=1
[o¢]
>

= (min{jml, |n)?
o 3 (max{lml»lnl})“"am) }

|m|=1
< M[Z Im p(1=21)- :| ) (19)

(A1 +m) (a2 + 1)

ST

ST

Proof By Holder’s inequality (cf [25]) and (8), we have

s p
(|m| +mcosa) -4 /qa (|n| + ncos B)1-*2)/p
k 7 k
(Z Ut B} ) [Z (|n] + ncos B)A=22P  (|m| + m cosa)1-41)/q

|m|=1 |m|=1

o (1-r1)plq
m| + mcoso
< E k(ﬂl, (l | ) 4

a
=1 (|| + mcos B)l-22 "™
o0 -
(|n] + ncos B)-*2alp
X k(m,n
2 K (Im| + mcosa)i-41
|m|=1
(@ (A1, 1) Iml + mcos o)l P
P2l Z klom, 1-ho [
" (Il +ncos;3) o (i + ncos B)
By (12), we have
i 1
7 Shs (|m| + m cos a)1-*)@-D) »
ko (A k(m, »
J<ki ()| D) kim,m) s noos BT
Ln|=1|m|=1
7 EaRs (|m| + m cos a)1-D@-D) »
= kat ( k(m,n 2
a( 1) Z Z ( ) (|I’l| +nCOSﬂ)1—A2 P
L|m|=1|n|=1
1 [ > 1
= ki (1) Z w(ho, m)(|m| + mcosa)p(lmlafn] . (20)
L|m|=1

By (9), we have (17).
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By Hélder’s inequality (cf. [25]), we have

I-= Z|:(|n| + ncosﬁ)kz_%’ Z k(m, n)am:| (Im] + ncosﬁ)%_kzbn

[n|=1 |m|=1

< ][Z(w + ncos/a)q“‘“)‘lbz] : (21)

In|=1

Then by (17), we have (16).
On the other hand, assuming that (16) is valid, we set

%) p-1
by:=(In| + ncosﬁ)ph_l(Z k(m,n)am) , |nleN.

|m|=1

Then it follows that

J= |:Z(|n| + 71cos ﬁ)q(l_h)_lbz:| .

In|=1

By (20), we find J < 00. If ] = 0, then (17) is evidently valid; if / > 0, then by (16), we have

o0
0< Z(|n| + ncosﬂ)q(hmflbz =JP =]
|n|=1
o 1
< ky,p(1) |: Z (Im| + mcos a)p(lkl)laﬁl}
|m|=1

1
o0 q
x |:Z(|n| + 1 COS ﬁ)q(lk2)lbz:| ,

|n|=1

00 p
J = |:Z(|n| + ncosﬂ)q(l_AZ)_le]

[n]=1

S b
<kap(h) [ > (Iml + mcos a)l’(l—h)—lafn} ’

|m|=1
namely, (17) follows, which is equivalent to (16). O

Theorem 2 As regards the assumptions of Theorem 1, the constant factor ky (1) in (16)
and (17) is the best possible.

Proof For any ¢ € (0,q(12 + 1)), we set =+ 2 (>=n), ka = Ay — 2 (€ (-n1,1-1)), and

Uy = (Im| + ;'rzcosoz)m_;?)_1 = (Im| + mcosoz)xl_g_1 (Im| €N),

b= (Il + ncos )20 = (jn] + ncos ) (1n] €N).
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Then by (14) and (9), we find

o0
T = |:Z(|m|+mcosoz 1~p:|

Iml=1

X|:Z |n|+ncos/3 i|

[n|=1
1

00 p . !
1 1 1 5 Lo
- g|:(1+COSO[)1+8 * (1—COSO[)1+5i| ( +& 1( ))
1
1 1 g N
1 1))4,
8 |:(1+cosﬂ)1+5 * (1_COSIB)1+S] (1+£0,(1))
= Z Z k(1m, 1)y
|n|=1|m|=1
- i i k(m,n)(|m| +mcosa)xig_l
Im|=1 |m|=1 (|n| + ncos B)l-*2
a)()\Zr m) it 1- 0(3\,‘2’ m)
= )\ _ 1-0ha,m)
\;1 (|m| + WlCOsoe)“l a 1) ‘;1 (|Wl| + mcosa)8+l
= kp(A1) _
o L;l (] +mcosa)t \;1 O((|m| + mcosa)'? +'\M)ﬂ)]

:kﬂ(xl){[ L ](mol(l))_goa)}.

£ (1 +cosa)l*e (1 —cosa)l+e

If there exists a constant k < k, g(X1), such that (16) is valid when replacing k,,g(A1) by

k, then in particular, we have £] < ekI;, namely,

kﬂ(il){[ ! + ! ](1 +e01(1)) - 30(1)}

(1 +cosa)l*e (1 —cosa)lte

1

<k[ ! + ! ]p(1+801(1))11’

(1 +cosa)l*e (1 —cosa)lte

s

(1 +cosB)*e (1 -cosp)i*+e

X |: 1 + 1 :|_(1+502(1))

It follows that

40n +21)

2 2 2 2 +
———— —csc“Bescia <2kcscPacsc?i B (e — 07),
(A1 +m) (2 + 1) ( )



Xin et al. Journal of Inequalities and Applications (2016) 2016:133 Page 9 of 12

namely,

2 2
(A +2n)csc? Besct a
(A1 + (A2 +1)

2
ka,p(21) =

Hence, k = ky,g(A1) is the best possible constant factor of (16).
The constant factor ky g(1;) in (17) is still the best possible. Otherwise, we would reach

a contradiction by (21) that the constant factor in (16) is not the best possible. O

4 Operator expressions

We set functions ®(m) and W (n) as follows:

D(m) := (Im| + ;f;/zcosoz)lg(l_h)_1 (Im| €N),

W(n) := (|n] + ncos ﬁ)q(lka)fl (Inl €N),
from which we have
WP (n) = (In| + ncos ﬂ)p'\rl (In] €N).

We also set the following weight normed spaces:

o= :a ={an} - lallpo = { > <I>(Vn)|tzm|”} < 00},

lm|=1

lq,\ll = {b = {bn}m:l; ||b||q,\l/ = :Z “I'l(n)|bn|q} < OO};

|n|=1

o ;
Lyis = {e = (ea)Siosi el gip = {Z wl-f’(nncm} < oo}.

[n|=1

Then for a = {am}pmi=1 € lpo, c= {entazrr €n = Zlo,fllzl k(m,n)a,,, in view of (17), we have

llclly, w1 < ko,p(M1)llallp,0 < 00, namely, c € lp’lpl—p.

Definition 2 Define a Hilbert-type operator T : [, o — 1, y1-» as follows: For any a =
{am} 1 € lp,e, there exists a unique representation ¢ = Ta € [, y1-». We also define the

formal inner product of 7z and b = {bn}ﬁﬂzl €lyw (b, = 0) as follows:

(Ta,b):= Y > k(m, n)amby. (22)
[n|=1|m|=1
Then for a,, > 0 (|m| € N), we may rewrite (16) and (17) as follows:
(Ta, b) < ko g(A)allpo 1Bl 4w, (23)

I Tall,p1-r < ka,p(A1)llallpo- (24)
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We define the norm of operator T as follows:

I Tall,g1-»

1T = (25)

aWele lalpo

Then || Ta| ,y1-» < IT| - lallp0- Since by Theorem 2, the constant factor kg 4(A1) in (24)

is the best possible, we have

2 2
(A +2n)csc? Besc? o

2
T\ = kg (A1) =
1T = k) = = o )

Remark 1 (i) For n =0, (16) reduces to the following inequality:

o0 o0 1
mbn
Z Z (max{|m| + mcosa, |n| + ncos,B})*a

|n|=1|m|=1

1

< 2 csch ﬁcsc‘% o OOE (Im| + mcosa)p(l_m_lap ’
A1 "
lml=1

1

00 q
X |:Z(|n| +1CoS ﬂ)q(l_h)_lbfl:| . (27)

In|=1

In particular, for o« = g = 7, (27) reduces to (4). If a_,, = a, b_, = b, (m,n € N), then (4)
reduces to (3). Hence, (16) is an extension of (4) with multi-parameters.
(ii) For n = =\, =1 < A1, Ay < 0 in (16), we have

o0 o0 1
by,
Z Z (min{|m| + mcosa, |n| + ncosﬁ})*am

In|=1 |m|=1

1
2(=2) 2 2 pi-11)-1 i
E : »
< oY csc? fBcsca a|: (|m|+mcosa) a,

1/2 =1

X |:Z(|n| + 11COSs ﬂ)q(l_m_lbz:| q. (28)

|n|=1

In particular, for & = 8 = 7, we have

o0 o0 1
2 2 i,

[n]=1|m|=1
1

1
o] » [es)
[Z |m|p“-“>‘1a‘:n} [Z |n|q“-*2>-lbz} : (29)

|m|=1 In]=1

2(-2)
<
A1ho
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(iii) For A = 0 in (16), we have A, = —Aq, |A1] < 1 (n > 0) and

i i minf{|m| + mcosa, |n| + ncos B} \” b
a
max{|m| + mcosa, |n| + ncos B} e

Inl=1 m]|=1
1
4 2 : | — . i
< 2—77)\2 csc? Bescd o Z (Im| + mcosot)p(1 ) lafn
n=—-2 |m|=1
1
= L)1, |
X Z(|n| +ncos,3)q( T (30)
|n|=1
In particular, for @ = 8 = 7, we have
Z Z (mln{|m| |Vl|}>
amby
2= 2\ max{jml, [nl}
T o0 i
S S g ] S | e

1 Ljm|=1 |n|=1

The above particular inequalities are all with the best possible constant factors.
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