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Abstract

We study Browder and CJM contractions of integral type. As a result, we give an
alternative proof of some recent generalization of the Banach contraction principle by
Jleli and Samet.
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1 Introduction
We have introduced many types of contractions. We give the definitions of three of them.
Define @ as follows: ¢ € @ iff ¢ is a nondecreasing, right continuous function from [0, co)

into itself satisfying ¢(t) < ¢ for any ¢ > 0. It is obvious that ¢(0) = 0 holds.

Definition 1 Let T be a mapping on a metric space (X, d).
o T is said to be a (usual) contraction (C, for short) [1, 2] if there exists r € [0,1) such
that d(Tx, Ty) < rd(x, y) for any x,y € X.
o T is said to be a Browder contraction (BroC, for short) [3] if there exists ¢ € @ such
that d(Tx, Ty) < ¢ o d(x,y) for any x,y € X.
« T is said to be a CJM contraction (CJMC, for short) [4—6] if the following hold:
(j) For every ¢ > 0, there exists § > 0 such that d(x,y) < ¢ + § implies d(Tx, Ty) < ¢.
(i) x #yimplies d(Tx, Ty) < d(x,y).

We know the following implications:

C = BroC = CJMC.

There are some conditions equivalent to BroC; see [7]. Lemma 5 in [8] gives seven equiv-
alent conditions connected with BroC. See [9] and the references therein for further in-
formation as regards contractions.

Branciari [10] introduced contractions of integral type as follows: A mapping T on a
metric space (X, d) is a Branciari contraction if there exist r € [0,1) and a locally integrable
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function f from [0, 0co) into itself such that

d(x,y)
ft)de

s d(Tx,Ty)
/f(t)dt>0 and / f@de<r
0 0 0
foralls>0andx,y € X.
We have studied contractions of integral type in [11, 12]. Very recently, Jleli and Samet
[13] introduced the following new type of contractions.

Theorem 2 (Jleli and Samet [13]) Let (X,d) be a complete generalized metric space and
let 0 be a function from (0, 00) into (1, 00) satisfying the following:

(01) 0 is nondecreasing.
(02) For any sequence {t,} in (0,00), lim, 6(¢,) = 1 iff lim, ¢, = 0.
(63) There exist r € (0,1) and £ € (0, 00] such that lim;_, .¢(0(t) —1)/t" = £.

Let T be a mapping on X. Assume that there exists k € (0,1) such that
Tx# Ty implies 60 od(Tx,Ty) < (0 o d(x,y))k
forany x,y € X. Then T has a unique fixed point.

Remark

+ Considering the domain and range of 6 and (01), it is obvious that (62) is equivalent to
inf{0(¢):t € (0,00)} = 1.

+ The underlying space of Theorem 2 is a generalized metric space. This interesting
concept was introduced by Branciari [14]. See also [15-18] and others. However, we
omit the statement of the definition of a generalized metric space because it is not
essential in this paper.

In this paper, motivated by Theorem 2, we deepen the study of contractions of integral
type. We also give an alternative proof of Theorem 2.

2 Preliminaries
Throughout this paper we denote by N the set of all positive integers and by R the set of
all real numbers. For a function f, we denote by Dom(f) the domain of f.

Let f be a function from a subset of R into R. Then f is said to satisfy (U); if the following
holds:

(U)s For any t € Dom(f), there exist § > 0 and & > 0 such that f(s) < ¢ — ¢ holds for any
s € (t-6,t+38) NDom(f).

We list some further notation in order to simplify the statement of the results of this
paper:
(A1) Let Y be an arbitrary set and let / be a function from Y into [0, 00). Let S be a
mapping on Y satisfying that /(x) = 0 implies /(Sx) =0 foranyx € Y.
(A2) Let 6 be a function from (0, o0) into R. Put ® = 6((0, o0)) and

- =U{[t,oo):te®}.
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The purpose of this study is to obtain the mathematical structure of contractions men-
tioned in Section 1. So, we simplify our setting as follows:

Definition 3 Assume (Al).
«» Sis said to be a Browder contraction if there exists ¢ € @ such that

h(Sx) <@ oh(x)

foranyxeY.
+ Sissaid to be a CJM contraction if the following hold:
(j) For any € > 0, there exists § > 0 such that /(x) < & + § implies &(Sx) <.
(jj) h(x) >0 implies h(Sx) < h(x).

Remark Let (X,d) and T be as in Definition 1. Put ¥ = X x X and define / and S by
h((x,y)) = d(x,y) and S(x,y) = (Tx, Ty). Then the concept of Browder contraction in Defi-
nition 3 becomes that in Definition 1 and the concept of CJM contraction in Definition 3
becomes that in Definition 1.

We give some lemmas concerning (U);.

Lemma 4 Let f be a function from a subset of R into R. Then f satisfies (U); iff
lim sup[f(u) ‘u— LUuE Dom(f)] <t
holds for any t € Dom(f).

Remark We define limsup[f(u) : u — t,u € Dom(f)] = y iff the following hold:
« There exists a sequence {u,} in Dom(f) such that {u,} converges to ¢ and {f (u,)}
converges to y.
« limsup,, f(u,) < y holds for any sequence {u,} in Dom(f) converging to ¢.

Note that we do not exclude the case of u,, = t.
Proof of Lemma 4 Obvious. d

Lemma 5 Let f be an upper semicontinuous function from a subset of R into R such that
f(t) <t for any t € Dom(f). Then f satisfies (U)y.

Proof Obvious. g

Lemma 6 Let  be a function from a subset D of R into R satisfying (U)y,. Let M be a real
number with M > 1. Define a function ¢ from D into R by

o)==+ %max{sup{w(u) rueDu< t},

N[~

sup{l//(u) +M({t—-u):ueD,t< u}}

fort € D. Then the following hold:
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(i) ¢ satisfies (U),.
(ii) @ is strictly increasing and Lipschitz continuous.
(iti) ¥ (¢) < @(t) holds for any t € D.
Proof In this proof, we always assume s, ¢, u € D. Define a function w from D into R by
o(t) = max{sup{iﬁ(u) u< t}, sup{w(u) +M(t—u):t< u} }

For each u, we define a function v, from D into R by

Y(u)+ M(t—u) ift<u,
¥ (u) ift>u.

wu(t) =

Then from the definition of w, we note

o(t) = sup{l/fu(t) : u}

So it is obvious that ¥(£) < w(t). We can easily check that v, is nondecreasing and
[V (s) — ¥, (t)] < M|s—t| holds. Hence w is nondecreasing and

’a)(s) - a)(t)’ <M]|s—t|

holds. Hence w is continuous. Fix ¢; and choose § and ¢ as in the definition of (U);. We

have

w(e) = max] sup i (0), sup Y (0) sup v, (8), sup ¥, (0)]

u<t-48 t—8<u<t t<u<t+6 t+6<u

- max{ sup v (u), sup ¥ (w),

u<t-48 t—-8<u<t

sup (¥ (u) + M(t —u)), sup (v (u) + M(t ~ u))}

t<u<t+6 t+6<u

IA

max{ sup u, sup ¥ (u), sup (u+M(t—u))}

u<t-48 t—8<u<t+§ t+8<u
< max{t-4,t—¢&,t+ 38 — Mé}

<L

Hence by Lemma 5, w satisfies (U),. It is obvious that

M+1
[p() 0@ = ——ls—tl and Y() <o) <e)<t
hold. We can easily prove the remainders. O

Remark We use the method in the proof of Proposition 1 in [19]. Note that the domain
of ¢ is D. We cannot extend the domain of ¢ to | J{[£,00) : £ € D}. See ¥ in Example 15

below.

Page 4 of 11
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3 Browder contraction

In this section, we discuss Browder contractions.

Lemma 7 Assume (Al). Let { be a function from (0, 0o) into [0, 00) such that (U)y, holds
and

h(Sx) < o h(x)
for any x € Y with h(x) > 0 and h(Sx) > 0. Then S is a Browder contraction.
Proof By Lemma 6, there exists a nondecreasing continuous function 7 from (0, 00) into

[0, 0o) such that (U), is satisfied and y(£) < n(¢) holds for any ¢ € (0, 00). Define a function
¢ from [0, 00) into itself by

n(t) ift>0,
0 ift=0.

p(t) =

It is obvious that ¢ is nondecreasing continuous function such that ¢(¢) < ¢ for any ¢ €
(0,00). Thus, ¢ € @. Fix x € Y. We consider the following two cases:

e h(Sx)=0,

o h(Sx) > 0.
In the first case, 1(Sx) < @ o h(x) obviously holds. In the second case, we note that /(Sx) > 0
implies /4(x) > 0. So h(x) > 0 holds. We have

h(Sx) < oh(x) <noh(x) =@ o h(x).
Therefore S is a Browder contraction. O
Proposition 8 Assume (Al), (A2) and the following:
(i) 6 is nondecreasing and continuous.
(ii) There exists a_function ¥ from ® into R satisfying (U)y, and

0 o h(Sx) < 06 o h(x) (1)

for any x € Y with h(x) > 0 and h(Sx) > 0.
Then S is a Browder contraction.

Proof Define a function 6;! from R into [0, o0] by

or1(p) - | SRS € (0,00):0() <7} if {5 €(0,00):60() <7} 72,

N
0 otherwise.

Put ¢ =0 o ¥ 0 6. We note

o(t) = sup{s €(0,00):0(s) <o G(t)} provided ¢(t) > 0.
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Since ¥ o0 0(t) < 6(t) < O(s) for any ¢,s € (0,00) with £ < s, we have ¢(t) <t for any ¢ €
(0,00). Thus, ¢ is a function from (0, 00) into [0, 00). Arguing by contradiction, we assume
that (U), does not hold. Then there exist ¢ € (0, o0) and a sequence {¢,} in (0, 00) such that
{t,} converges to t and

o(ty) > 1 -1/n)t

holds for n € N. Since ¢(t,) > 0,
sup{s € (0,00):0(s) <Y 0 0(t,)} > (1 - 1/n)t

holds. Hence there exists a sequence {u,} in (0, co) satisfying
Ou,) <Yy ob(t,)<0(t,) and wu,>1-2/n)t

for n € N. Since 0 is nondecreasing, u, < t, holds for any n € N. Thus {u,} also converges
to ¢t. Hence

0(t) <limsupy o0 0(¢t,) < limsup[gﬂ(r) T —>0(),T € @],

n—00

because 6 is continuous. This contradicts (U)y,. Therefore (U),, holds. For any x € ¥ with
h(x) > 0 and h(Sx) > 0, we have by (1)

h(Sx) < sup{s €(0,00):0(s) <y obo h(x)} =@ o h(x).
Therefore by Lemma 7, S is a Browder contraction. O
By Lemma 5, we obtain the following.

Corollary 9 Assume (Al), (A2), (i) in Proposition 8 and the following:
(ii) There exists an upper semicontinuous function  from © into R satisfying (t) <t
forany t € ® and (1) for any x € Y with h(x) > 0 and h(Sx) > 0.
Then S is a Browder contraction.

The following examples tell that the continuity of 6 in Proposition 8 is needed. In Ex-
ample 10, 0 is right continuous, however, it is not left continuous. On the other hand, in
Example 11, 6 is left continuous, however, it is not right continuous.

Example 10 (Example 2.3 in [12]) Define a complete metric space (X, d) by

i ,2) ifx 7y,
X=[0,1]U[2,00) and d(x,y)= min{x + 5,2} ifx+y
ifx=y.

Define a mapping 7 on X and functions 6 and ¢ from (0, oo) into itself by

0 ifx <1, 1 ift<2,
Tx = 0(t) =
1-1/x ifx>2, 2 ift>2,
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and ¥ (¢t) = £/2. Put Y = X x X and define /1 and S by h((x, y)) = d(x,y) and S(x,y) = (Tx, T¥)
for (x,y) € Y. Then all the assumptions of Proposition 8 except the left continuity of 6 are
satisfied. However, T is not a Browder contraction.

Example 11 (Example 2.6 in [11]) Define a complete metric space (X, d) by X = [0, 00) and
d(x,y) =x+y for x,y € X with x # y. Define a mapping T on X and functions 6 and ¥ from
(0, 00) into itself by

0 ifx<l, t ift<1,
Tx = 0(t) =
1 ifx>1, 1+t ift>1,

and ¥ (t) =t/2. Let Y, h, and S be as in Example 10. Then all the assumptions of Proposi-
tion 8 except the right continuity of 6 are satisfied. However, T is not a Browder contrac-
tion.

4 CJM contraction
In this section, we discuss CJM contractions.
The following is a modification of Proposition 2.6 in [12].

Proposition 12 Assume (Al), (A2), and the following:
(i) 0 is nondecreasing.
(i) For any e € O, there exists § > 0 such that h(x) > 0, h(Sx) >0, and 6 o h(x) <& +
imply 6 o h(Sx) <e¢ forallxe Y.
(ili) A(x) > 0 and h(Sx) > 0 imply 0 o h(Sx) < 6 o h(x).
Then S is a CIM contraction.

Proof Inorder to show (jj), we fixx € Y with /(x) > 0. Arguing by contradiction, we assume
h(Sx) > h(x). Then h(Sx) > 0 obviously holds. We have from (iii),

0 o h(Sx) < 0 o h(x),
which contradicts (i). Therefore we obtain /(Sx) < /(x). We have shown (jj). We shall
prove (j). Fix ¢ > 0 and put B = lim[6(¢) : t — & + 0]. We consider the following two cases:
+ B<6(e+y)holds for any y > 0.
» There exists 8, > 0 such that 8 = 6(¢ + §5).
In the first case, since 6(¢) < B, B € O holds. From (ii), there exists & > 0 such that

h(x) >0, h(Sx)>0 and 6Hoh(x)<B+a imply 0oh(Sx)<p.

We can choose §; > 0 satisfying 6(¢ + 1) < B + «. Fix x € Y with h(x) < & + §;. Arguing by
contradiction, we assume 4(Sx) > . Then we have /4(Sx) > 0 and hence 4(x) > 0. We have

Ooh(x) <O(e+8)<B+a
and hence

B <0 0h(Sx) < B,
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which is a contradiction. Therefore we obtain /4(Sx) < ¢. In the second case, we also fix
x € Y with h(x) < & + 8. Arguing by contradiction, we assume /(Sx) > ¢. Then we have
h(Sx) > 0 and hence k(x) > 0. By (iii), we have

B<0oh(Sx)<0oh(x)<0(c+8)=48,
which is a contradiction. Therefore we obtain /(Sx) < &. We have proven (j). a

The proof of the following is obvious, however, we give a proof in order to show how
differently ® and ®< work.

Corollary 13 Assume (Al), (A2), (i) in Proposition 12 and the following:
(ii) There exists a function \ from O into R satisfying (U)y and (1) for any x € Y with
h(x) > 0 and h(Sx) > 0.
Then S is a CIM contraction.

Proof We first note that from (U)y, ¥ (¢) < ¢ for any t € Dom(y) = ©<. For x € Y with
h(x) > 0 and 4(Sx) > 0, we have

0 o h(Sx) < ¥ 00 o h(x) <0 o h(x).
We have shown (iii) in Proposition 12. Let us prove (ii) in Proposition 12. Fix ¢ € ®~. Then

from (U)y, there exists § > 0 such that ¥(s) < ¢ holds for any s € [, ¢ + §). Fix x € ¥ with
h(x) >0, h(Sx) >0, and 0 o hi(x) < € + 8. Then if 0 o hi(x) < &, then we have

0 oh(Sx)<Boh(x)<e.
If 6 o h(x) > &, then we have
0 o h(Sx) <y o0 oh(x)<e.
Therefore by Proposition 12, S is a CJM contraction. O

By Lemma 5, we obtain the following.

Corollary 14 Assume (Al), (A2), (i) in Proposition 12 and the following:
(ii) There exists an upper semicontinuous function  from O into R satisfying Y (t) < t
forany t € ®< and (1) for any x € Y with h(x) > 0 and h(Sx) > 0.
Then S is a CJM contraction.

There is a counterexample if we replace © - with © in Corollary 14.

Example 15 Define a complete metric space (X, d) by

1+ Ux+1ly ifxy,
X=[Loo) and dimy =] THETYY HxFy
ifx=y.
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Define a mapping T on X by Tx = 2x for x € X. Define functions 6 from (0, co) into R and
¥ from (0,1] U (2, 00) into R by

t ift <1, t/2 ift <1,
0(t) = and ¥ (t) =
1+t ift>1, 1+¢/2 ift>2.

Let Y, h, and S be as in Example 10. Then all the assumptions of Corollary 14 except
Dom(v) = O are satisfied. However, T is not a CJM contraction.

Remark We note that 6 is left continuous, however, 6 is not right continuous.

Proof For any x,y € X with x # y and Tx # Ty, we have
1 1 1 1 1 1
woeod(x,y):x//o9<1+—+—)=1//(2+—+—):2+—+—
x )
and

1 1 1 1
0od(Tx, Ty) =0 0d(2x,2y) =01+ —+ — | =2+ — + —.
2x 2y 2x 2y

Thus, (1) holds. Since T has no fixed point, T is not a CJM contraction. O
We assume additionally that 6 is right continuous. Then we can prove the following.

Proposition 16 Assume (Al), (A2), (iii) in Proposition 12 and the following:
(i) 0 is nondecreasing and right continuous.
(i) For any € € O, there exists § > 0 such that h(x) > 0, h(Sx) >0, and 6 o h(x) <& +§
imply 6 o h(Sx) < e forallxeY.
Then S is a CJM contraction.

Proof We will show (ii) in Proposition 12. Fix ¢ € ©< \ ©. Then there exists § > 0 such that
[e,e +8] C O\ O.

If not so, then there exists a sequence {t,} in (0, 00) such that {0(¢,)} is strictly decreas-
ing and converges to ¢. Since 6 is nondecreasing, {¢,} is strictly decreasing. Since {t,} is
bounded from below, {#,} converges to some ¢ € [0, 00). Since ¢ € O, ¢ > 0 holds. Since
0 is right continuous, we obtain 6(t) = ¢, which implies ¢ € ®. This is a contradiction. Fix
x € Y with &(x) > 0, 4(Sx) > 0, and 0 o h(x) < £ + 5. Then we have 6 o h(x) < . Hence we
obtain from (iii) (in Proposition 12)

0 o h(Sx) <0 o h(x) <e.
So all the assumptions in Proposition 12 are satisfied. Therefore S is a CJM contraction. (]

Corollary 17 Assume (Al), (A2), (i) in Proposition 16 and (ii) in Proposition 8. Then S is
a CJM contraction.
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Proof We can prove (iii) in Proposition 16 (in Proposition 12) as in the proof of Corol-
lary 13. Also, we can prove (ii) in Proposition 16 as in the proof of Corollary 13. Therefore
by Proposition 16, S is a CJM contraction. 0

By Lemma 5, we also obtain the following.

Corollary 18 Assume (Al), (A2), (i) in Proposition 16 and (ii) in Corollary 9. Then S is a
CJM contraction.

Finally, using Corollary 14, we give an alternative proof of Theorem 2.

Proof of Theorem 2 Let Y, h, and S be as in Example 10. Define a function ¥ from (1, oo)
into (1,00) by ¥ (t) = t*. Since ¥ is continuous and ¥/ (¢) < ¢ for any ¢ € (1,00), all the as-
sumption of Corollary 14 are satisfied. So by Corollary 14, S is a CJM contraction. By The-
orem 13 in [16], T has a unique fixed point z. Moreover, lim, d(7"x,z) = 0 for any x € X. [J

Remark
(i) We do not need (62) and (63) in Theorem 2.
(ii) If we assume additionally that 6 is continuous, then T is a Browder contraction.

5 Some comments

As stated in Section 1, Lemma 5 in Jachymski [8] gives seven equivalent conditions con-
nected with BroC. Finally, by Proposition 8 and Corollary 9 we can obtain the following,
which is similar to Lemma 5 in [8].

Lemma 19 Let D be a subset of (0,00)2. Then the following statements are equivalent:
(i) There exists ¢ € @ such that for any (t,u) € D, u < ¢(¢).

(i) There exist a nondecreasing, continuous function 0 from (0,00) into R and a
Sfunction  from 0((0,00)) into R satisfying (U)y, such that for any (¢, u) € D,
O(u) <y o0(t).

(iii) There exist a nondecreasing, continuous function 6 from (0,00) into R and an upper
semicontinuous function ¥ from 0((0, 00)) into R satisfying ¥ (t) < t such that for
any (t,u) € D, 0(u) < 0 6(t).
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