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Abstract
This paper is concerned with the regularity of the global solutions in H4 to the
compressible isentropic Navier-Stokes equations with the cylinder symmetry in R3.
Such a circular coaxial cylinder symmetric domain is an unbounded domain, but we
assume that the corresponding solution depends only on one radial variable, r in
G = {r ∈ R+, 0 < a ≤ r ≤ b < +∞}, in which the related domain G is a bounded domain.
Some new ideas and more delicate estimates are introduced to prove these results.
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1 Introduction
The compressible isentropic Navier-Stokes equations with density-dependent viscosity
coefficients can be written for t >  as

ρt + div(ρU) = , (.)

(ρU)t + div(ρU ⊗ U) – div
(
μ(ρ)D(U)

)
– ∇(

λ(ρ) div U
)

+ ∇P(ρ) = , (.)

where ρ(x, t), U(x, t) and P(ρ) = ργ (γ > ) stand for the fluid density, velocity, and pres-
sure, respectively, and

D(U) =
∇U + (∇U)T


(.)

is the strain tensor and μ(ρ), λ(ρ) are the Lamé viscosity coefficients satisfying

μ(ρ) > , μ(ρ) + Nλ(ρ) ≥ . (.)

In this paper we establish the regularity of global solutions to the compressible Navier-
Stokes equations with cylinder symmetry in R. We will pay attention to the flows between
two circular coaxial cylinders. We assume that the corresponding solutions depend only
on the radial variable r ∈ G = {r| < a ≤ r ≤ b < +∞} and the time variable t ∈ [, T]. For
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simplicity, we will take μ(ρ) = ρα and λ(ρ) = ρμ′(ρ) – μ(ρ) = (α – )ρα with α > / and
D(U) = ∇U. Then system (.)-(.) reduce to the following form:

ρt +

r

(rρu)r = , (.)

rρut + rρuur – ρv + r
(
ργ

)
r –

(
rραur

)
r

– (α – )r
(


r
ρα(ru)r

)

r
+


r
ραu = , (.)

rρvt + rρuvr + ρuv –
(
rραvr

)
r +


r
ραv = , (.)

rρwt + rρuwr –
(
rραwr

)
r = . (.)

We consider the initial boundary value problem (.)-(.) subject to the following initial
and boundary conditions:

(ρ, u, v, w)(r, ) = (ρ, u, v, w)(r), r ∈ [a, b], (.)

u(a) = u(b) = , v(a) = v(b) = , w(a) = w(b) = . (.)

First we find it convenient to transfer problems (.)-(.) into that in Lagrangian co-
ordinates and present the desired results. It is well known that Eulerian coordinates (r, t)
are connected to the Lagrangian coordinates (ξ , t) by the following relation:

r(ξ , t) = r(ξ ) +
∫ t


ũ(ξ , τ ) dτ , (.)

where ũ(ξ , t) = u(r(ξ , t), t) and

r(ξ ) = η–(ξ ), η(r) =
∫ r

a
sρ(s) ds, r ∈ G. (.)

It follows from (.) and the boundary condition (.) that

∂

∂t

(∫ r(ξ ,t)

a
sρ(s, t) ds

)
= ρru +

∫ r

a
sρt ds = . (.)

Thus,

∫ r

a
sρ(s, t) ds =

∫ r

a
sρ(s) ds = ξ (.)

and G is transformed to 
 = (, ) with

 =
∫ b

a
sρ(s, t) ds =

∫ b

a
sρ(s) ds. (.)

Moreover, we have

∂ξ r(ξ , t) =
[
r(ξ , t)ρ

(
r(ξ , t), t

)]–. (.)
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For a function φ(r, t), if we write φ̃(ξ , t) = φ(r(ξ , t), t), by virtue of (.), (.), and the
chain rule, we have

∂tφ̃(ξ , t) = ∂tφ(r, t) + v∂rφ(r, t), (.)

∂ξ φ̃(ξ , t) = ∂rφ(r, t)∂ξ r(ξ , t) =
(
rρ(r, t)

)–
∂rφ(r, t). (.)

In the following, without danger of confusion we denote (ρ̃, ũ, ṽ, w̃) still by (ρ, u, v, w) and
(ξ , t) by (x, t). Therefore, (.)-(.) in the Eulerian coordinates can be written in the La-
grangian coordinates in the new variables (x, t) as follows (see also []):

ρt + ρ(ru)x = , (.)

ut

r
–

v

r +
(
ργ

)
x = α

(
ρα+(ru)x

)
x –

(ρα)xu
r

, (.)

vt

r
+

uv
r =

(
ρα+(rv)x

)
x –

(ρα)xv
r

, (.)

wt –
(
rρ+αwx

)
x = , (.)

subject to the following initial and boundary conditions:

(ρ, u, v, w)(x, ) = (ρ, u, v, w)(x), x ∈ 
, (.)

(u, v, w)(, t) = (u, v, w)(, t) = , t ≥ , (.)

where r(x, t) is determined by

rt(x, t) = u(x, t), r(x, t)rx(x, t) =

ρ

,

r|t= = r(x) =
[

a + 
∫ x




ρ(y, t)

dy
]/

.
(.)

The compressible Navier-Stokes system has been noticed academically by physicists and
mathematicians for a relatively long time. We are interested in the case that the viscosity is
density-dependent. Now let us first recall the related results in this direction. In the one-
dimensional case, for the initial boundary value problems in a bounded domain, there
have been many works (see, e.g., [–]) on the existence, uniqueness, and asymptotic
behavior of weak solutions, based on the initial finite mass and the flow density being
connected with the infinite vacuum either continuously or by a jump discontinuity. For
the one-dimensional Cauchy problem, see, e.g., [] and references therein for the results
on global existence based on the density-dependent viscosity.

In two or three dimensions, the global existence and large time behavior of solution
to compressible Navier-Stokes equations (.)-(.) with constant viscosity and density-
dependent viscosity have been investigated for initial boundary value problems, we refer
the reader to [, –] and references therein. Among them, Bresch and Desjardins [,
] obtained the global existence of D shallow water equations. For the spherically sym-
metric problem to a three-dimensional compressible isentropic Navier-Stokes problem,
Guo et al. [] analyzed the structure of the solution; Huang et al. [] studied the global
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well-posedness of the classical solutions with large oscillations and vacuum; Lian et al. []
obtained the global existence of spherically symmetric solution for the exterior problem
and the initial boundary value problem; Zhang and Fang [] investigated the global exis-
tence and uniqueness of the weak solution without a solid core. For the cylindrically sym-
metric problem to the three-dimensional compressible Navier-Stokes equations, when the
viscosity coefficients are both constants, the uniqueness of the weak solutions was proved
in [, ], the global existence of isentropic compressible cylindrically symmetric solution
was established in []; this result was later generalized to the nonisentropic case in [].
Recently, Cui and Yao [] proved the asymptotic behavior of a compressible pth power
Newtonian fluid with cylinder symmetry; Qin [] established the exponential stability in
H and H for an ideal fluid. Later on, Qin and Jiang [] proved the global existence and
the exponential stability in H. Jiang and Zhang [] established a boundary layer effect
and the convergence rate as the shear viscosity μ goes to zero. When the viscosity coeffi-
cient μ(ρ) is density-dependent and λ(ρ) is a positive constant, the global existence was
obtained in []. When viscosity coefficients μ and λ are density-dependent, Liu and Lian
[] established the global existence and asymptotic behavior of cylindrically symmetric
solutions, however, there is no result on the regularity for this system.

It is noticed that the above analysis concerns the existence of solution in H[, ], the reg-
ularity in H[, ] has never been investigated for the three-dimensional isentropic com-
pressible Navier-Stokes equations. Therefore, we continue the work by Liu and Lian []
and study the regularity of the solutions in H. In order to obtain a higher regularity of
global strong solutions, there are many complicated estimates on higher derivations of
the solution involved; this is our difficulty. To overcome this difficulty, we shall use some
proper embedding theorems, and the interpolation techniques as well as many delicate
estimates.

The notation in this paper will be as follows: Lp̄,  ≤ p̄ ≤ +∞, W m,p̄, m ∈ N , H = W ,,
H

 = W ,
 denote the usual (Sobolev) spaces on [, ]. In addition, ‖ · ‖B denotes the norm

in the space B; we also put ‖ · ‖ = ‖ · ‖L . Subscripts t and x denote the (partial) derivatives
with respect to t and x, respectively. We use Ci (i = , , ) to denote the generic positive
constant depending only on the Hi norm of the initial data (ρ, u, v, w) and the vari-
able t.

Before stating the main result, we assume the initial data

(ρ – ρ̄, u, v, w) ∈ (
H[, ]

), (.)

with ρ >  and ρ̄ = 
b–a

∫ b
a ρr dr, and we define

H =
∫ 



(


(
u

 + v
 + w


)

+


γ – 
(
ρ

γ –
 – ρ̄γ –) + ρ̄γ

(

ρ

–

ρ̄

))
dx,

H =
∫ 



(


((

u + r
(
ρα


)

x

) + v
 + w


)

+


γ – 
(
ρ

γ –
 – ρ̄γ –) + ρ̄γ

(

ρ

–

ρ̄

))
dx.

Now we are in a position to state our main results.

Theorem . Let γ > , α > /. Assume that the initial data satisfies (.) and H(H +
H) < aα(α – )–ρ̄γ +α–. Then there exists a unique generalized global solution
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(ρ(t), u(t), v(t), w(t)) ∈ (H[, ]) to the problem (.)-(.) verifying that, for T > ,

ρ – ρ̄ ∈ L∞(
[, T], H[, ]

) ∩ L([, T], H[, ]
)
, (.)

(u, v, w) ∈ L∞(
[, T], H[, ]

) ∩ L([, T], H[, ]
)
, (.)

(ut , vt , wt) ∈ L∞(
[, T], H[, ]

) ∩ L([, T], H[, ]
)
, (.)

(utt , vtt , wtt) ∈ L∞(
[, T], L[, ]

) ∩ L([, T], H[, ]
)
. (.)

Corollary . Under the assumptions of Theorem ., (.)-(.) implies (ρ(t), u(t),
v(t), w(t)) is the classical solution verifying, for any t > ,

∥∥ρ(t) – ρ̄
∥∥

C+/ +
∥∥u(t)

∥∥
C+/ +

∥∥v(t)
∥∥

C+/ +
∥∥w(t)

∥∥
C+/ ≤ C. (.)

The rest of the paper is arranged as follows. Section  is concerned with the proof of
the regularity for a cylindrically symmetric solution to the compressible Navier-Stokes
problem in detail.

2 Proof of Theorem 1.1
We will complete the proof of Theorem . and assume that the assumptions in Theo-
rem . are valid. We begin with the following lemma.

Lemma . Under the assumptions in Theorem ., there exist positive constants ρ∗ > 
and ρ∗ >  with ρ∗ < ρ̄ < ρ∗ so that the unique global solution (ρ(t), u(t), v(t), w(t)) to prob-
lem (.)-(.) exists and satisfies, for any T > ,

 < ρ∗ ≤ ρ(x, t) ≤ ρ∗, (.)

(ρ – ρ̄)x ∈ L∞(
[, T], L[, ]

) ∩ L([, T], L[, ]
)
, (.)

(u, v, w) ∈ L∞(
[, T], H[, ]

) ∩ L([, T], H[, ]
)
, (.)

∥
∥(ut , vt , wt)(t)

∥
∥ +

∫ t



∥
∥(ut , vt , wt)(s)

∥
∥

H ds ≤ C, ∀t ∈ [, T], (.)

where ρ̄ is the same as in Theorem ..

Proof Estimates (.)-(.) were obtained in Ref. [], the proof is complete. �

Lemma . Under the assumptions in Theorem ., the following estimate holds for any
T > :

∥∥ρxx(t)
∥∥ +

∫ t



∥∥ρxx(s)
∥∥ ds ≤ C, t ∈ [, T]. (.)

Proof Differentiating (.) with respect to x, exploiting (.), we have

utx

r
=

(
–ργ + αρα+(ru)x

)
xx +

(
v

r –
(ρα)xu

r

)

x
+

ut

ρr , (.)
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which gives

α
(
ρα–ρxx

)
t + γργ –ρxx = M(x, t) (.)

with

M(x, t) =
vvx

r –
vrx

r – α(α – )
(
ρα–ρxρtx – (α – )ρα–ρtρ


x
)

– γ (γ – )ργ –ρ
x –

(ρα)xxu + (ρα)xu
r

–
(ρα)xu
ρr –

utx

r
+

ut

ρr .

Multiplying (.) by ρα–ρxx, integrating the result over [, ], we deduce

d
dt

∥
∥ρα–ρxx(t)

∥
∥ +

∫ 


γργ +α–ρ

xx dx

≤ C

∫ 


‖ρxx‖

(‖vx‖ +
∥∥v∥∥ + ‖ρxρtx‖ +

∥∥ρtρ

x
∥∥ +

∥∥ρ
x
∥∥

+ ‖ρx‖ + ‖utx‖ + ‖ut‖
)

–
∫ 


α

u
r
ρα–ρ

xx dx,

which, by Young’s inequality and the interpolation inequality, implies

d
dt

∥∥ρα–ρxx(t)
∥∥ ≤ C

(‖ρxx‖ + ‖ρx‖ + ‖ux‖
H + ‖ut‖

H
)
. (.)

Integrating (.) with respect to t over [, T], using initial condition (.) and Lemma .,
we derive

∥
∥ρxx(t)

∥
∥ ≤ C + C

∫ t



∥
∥ρxx(s)

∥
∥ ds, ∀t ∈ [, T],

which, by virtue of Gronwall’s inequality, gives (.). The proof is complete. �

Lemma . Under the assumptions in Theorem ., the following estimates hold for any
T > :

∥∥utt(t)
∥∥ +

∫ t



∥∥uttx(s)
∥∥ ds ≤ C + C

∫ t



(‖utxx‖ + ‖vtxx‖)(s) ds, t ∈ [, T], (.)

∥
∥vtt(t)

∥
∥ +

∫ t



∥
∥vttx(s)

∥
∥ ds ≤ C + C

∫ t



(‖vtxx‖ + ‖utxx‖)(s) ds, t ∈ [, T], (.)

∥∥wtt(t)
∥∥ +

∫ t



∥∥wttx(s)
∥∥ ds ≤ C, t ∈ [, T]. (.)

Proof We infer from (.)-(.) and Lemmas .-. that

∥∥ut(t)
∥∥ ≤ C

(∥∥ρx(t)
∥∥ +

∥∥ux(t)
∥∥

H +
∥∥vx(t)

∥∥)
, (.)

∥∥vt(t)
∥∥ ≤ C

(∥∥ρx(t)
∥∥ +

∥∥ux(t)
∥∥ +

∥∥vx(t)
∥∥

H
)
, (.)

∥
∥wt(t)

∥
∥ ≤ C

(∥∥wx(t)
∥
∥

H +
∥
∥ρx(t)

∥
∥)

. (.)
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Differentiating (.)-(.) with respect to x, respectively, and exploiting Lemmas .-.,
we have

∥∥utx(t)
∥∥ ≤ C

(∥∥ρx(t)
∥∥

H +
∥∥vx(t)

∥∥ +
∥∥ux(t)

∥∥
H

)
, (.)

∥∥vtx(t)
∥∥ ≤ C

(∥∥ρx(t)
∥∥

H +
∥∥ux(t)

∥∥ +
∥∥vx(t)

∥∥
H

)
, (.)

∥∥wtx(t)
∥∥ ≤ C

(∥∥ρx(t)
∥∥

H +
∥∥wx(t)

∥∥
H

)
, (.)

or

∥
∥uxxx(t)

∥
∥ ≤ C

(∥∥ρx(t)
∥
∥

H +
∥
∥vx(t)

∥
∥ +

∥
∥ux(t)

∥
∥

H +
∥
∥utx(t)

∥
∥)

, (.)
∥
∥vxxx(t)

∥
∥ ≤ C

(∥∥ρx(t)
∥
∥

H +
∥
∥ux(t)

∥
∥ +

∥
∥vx(t)

∥
∥

H +
∥
∥vtx(t)

∥
∥)

, (.)
∥∥wxxx(t)

∥∥ ≤ C
(∥∥ρx(t)

∥∥
H +

∥∥wx(t)
∥∥

H +
∥∥wtx(t)

∥∥)
. (.)

Differentiating (.)-(.) with respect to x twice, respectively, using Lemmas .-.,
we get

∥
∥utxx(t)

∥
∥ ≤ C

(∥∥ρx(t)
∥
∥

H +
∥
∥ut(t)

∥
∥

H +
∥
∥vx(t)

∥
∥

H +
∥
∥ux(t)

∥
∥

H
)
, (.)

∥
∥vtxx(t)

∥
∥ ≤ C

(∥∥ρx(t)
∥
∥

H +
∥
∥vt(t)

∥
∥

H +
∥
∥ux(t)

∥
∥

H +
∥
∥vx(t)

∥
∥

H
)
, (.)

∥
∥wtxx(t)

∥
∥ ≤ C

(∥∥ρx(t)
∥
∥

H +
∥
∥wx(t)

∥
∥

H
)
, (.)

or

∥∥uxxxx(t)
∥∥ ≤ C

(∥∥ρx(t)
∥∥

H +
∥∥ut(t)

∥∥
H +

∥∥vx(t)
∥∥

H +
∥∥ux(t)

∥∥
H

)
, (.)

∥∥vxxxx(t)
∥∥ ≤ C

(∥∥ρx(t)
∥∥

H +
∥∥vt(t)

∥∥
H +

∥∥ux(t)
∥∥

H +
∥∥vx(t)

∥∥
H

)
, (.)

∥∥wxxxx(t)
∥∥ ≤ C

(∥∥ρx(t)
∥∥

H +
∥∥wx(t)

∥∥
H +

∥∥wtxx(t)
∥∥)

. (.)

Differentiating (.)-(.) with respect to t, respectively, we deduce

∥
∥utt(t)

∥
∥ ≤ C

(∥∥ut(t)
∥
∥

H +
∥
∥vt(t)

∥
∥ +

∥
∥ρx(t)

∥
∥ +

∥
∥ux(t)

∥
∥

H
)
, (.)

∥
∥vtt(t)

∥
∥ ≤ C

(∥∥vt(t)
∥
∥

H +
∥
∥ut(t)

∥
∥ +

∥
∥ρx(t)

∥
∥ +

∥
∥ux(t)

∥
∥

H
)
, (.)

∥∥wtt(t)
∥∥ ≤ C

(∥∥utx(t)
∥∥

H +
∥∥ρx(t)

∥∥ +
∥∥ux(t)

∥∥
H

)
. (.)

Now differentiating (.) with respect to t twice, multiplying the resulting equation by
( u

r )tt in L[, ], and using integration by parts and (.), we conclude




d
dt

∫ 



(
u
r

)

tt
dx = –

∫ 



(
–ργ + αρα+(ρu)x

)
tt

(
u
r

)

ttx
dx

+
∫ 



(
v – u

r

)

tt

(
u
r

)

tt
dx –

∫ 



(
(ρα)xu

r

)

tt

(
u
r

)

tt
dx

= A + A + A. (.)
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Employing Lemmas .-., (.)-(.), (.), and the interpolation inequality, we get,
for any small ε ∈ (, ),

A = –
∫ 



(
–ργ + αρα+(ρu)x

)
tt

(
u
r

)

ttx
dx

≤ –α

∫ 



ρα+

r
u

ttx dx + ε
∥∥uttx(t)

∥∥ + C
(∥∥ρtt(t)

∥∥
H +

∥∥ρt(t)
∥∥

H

+
∥∥ut(t)

∥∥
H +

∥∥utt(t)
∥∥ +

∥∥ux(t)
∥∥

H +
∥∥ρx(t)

∥∥
H

)

≤ –C–


∥∥uttx(t)
∥∥ + C

(∥∥ux(t)
∥∥

H +
∥∥ρx(t)

∥∥
H +

∥∥ut(t)
∥∥

H
)
, (.)

A =
∫ 



(
v – u

r

)

tt

(
u
r

)

tt
dx

≤ C
(∥∥ut(t)

∥
∥

H +
∥
∥vt(t)

∥
∥

H +
∥
∥utt(t)

∥
∥ +

∥
∥vtt(t)

∥
∥ +

∥
∥ux(t)

∥
∥)

≤ C
(∥∥ut(t)

∥
∥

H +
∥
∥vt(t)

∥
∥

H +
∥
∥ρx(t)

∥
∥ +

∥
∥ux(t)

∥
∥

H
)
, (.)

A = –
∫ 



(
(ρα)xu

r

)

tt

(
u
r

)

tt
dx

≤ C
(∥∥utt(t)

∥
∥ +

∥
∥ut(t)

∥
∥

H +
∥
∥ρtx(t)

∥
∥ +

∥
∥ρttx(t)

∥
∥ +

∥
∥ρx(t)

∥
∥)

≤ C
(∥∥ut(t)

∥
∥

H +
∥
∥ρx(t)

∥
∥ +

∥
∥ux(t)

∥
∥

H
)
. (.)

Integrating (.) with respect to t, applying Lemmas .-., initial condition (.), and
(.)-(.), we obtain (.).

Differentiating (.) with respect to t twice, multiplying the resulting equation by ( v
r )tt

in L[, ], and using integration by parts, we have




d
dt

∫ 



(
v
r

)

tt
dx = –

∫ 



(
ρα+(ρv)x

)
tt

(
v
r

)

ttx
dx –

∫ 



(
(ρα)xv

r

)

tt

(
v
r

)

tt
dx

= B + B, (.)

where

B(t) = –
∫ 



(
ρα+(ρv)x

)
tt

(
v
r

)

ttx
dx, B(t) = –

∫ 



(
(ρα)xv

r
–

uv
r

)

tt

(
v
r

)

tt
dx.

Using the interpolation inequality, Lemmas .-. and (.)-(.), we obtain for ε ∈
(, ),

B(t) ≤ –
∫ 



ρα+

r
v

ttx dx + ε
∥
∥vttx(t)

∥
∥ + C

(∥∥ut(t)
∥
∥

H +
∥
∥vt(t)

∥
∥

H +
∥
∥vtt(t)

∥
∥

+
∥∥ρtx(t)

∥∥ +
∥∥ρttx(t)

∥∥ +
∥∥ρx(t)

∥∥ +
∥∥vx(t)

∥∥)

≤ –
∫ 



ρα+

r
v

ttx dx + ε
∥∥vttx(t)

∥∥ + C
(∥∥vx(t)

∥∥
H +

∥∥vt(t)
∥∥

H

+
∥∥ut(t)

∥∥
H +

∥∥ρx(t)
∥∥

H +
∥∥ux(t)

∥∥
H

)
, (.)
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B(t) ≤ C
(∥∥vtt(t)

∥
∥ +

∥
∥vt(t)

∥
∥

H +
∥
∥ut(t)

∥
∥

H +
∥
∥utt(t)

∥
∥ +

∥
∥ρttx(t)

∥
∥

+
∥
∥ρtx(t)

∥
∥ +

∥
∥ρx(t)

∥
∥

H +
∥
∥ux(t)

∥
∥

H
)

≤ C
(∥∥vt(t)

∥
∥

H +
∥
∥ut(t)

∥
∥

H +
∥
∥ρx(t)

∥
∥

H +
∥
∥ux(t)

∥
∥

H
)
. (.)

Integrating (.) with respect to t, using Lemmas .-. and (.)-(.), and picking
ε small enough, we conclude (.).

Similarly, differentiating (.) with respect to t twice, multiplying the resulting equation
by wtt in L[, ], and using integration by parts, we deduce




d
dt

∫ 


w

tt(x, t) dx

= –
∫ 



(
rρ+αwx

)
ttwttx dx

≤ –
∫ 


rρ+αw

ttx(x, t) dx + C
(‖wx‖ + ‖utwx‖ + ‖ρtwx‖ + ‖ρtwtx‖

+ ‖ρttwx‖ + ‖ρtwtx‖
)‖wttx‖

≤ –C–
 ‖wttx‖ + C

(∥∥wx(t)
∥∥ +

∥∥ut(t)
∥∥

H +
∥∥wt(t)

∥∥
H +

∥∥ux(t)
∥∥). (.)

Integrating (.) with respect to t, using Lemmas .-., we derive the estimate (.).
The proof is complete. �

Lemma . Under the assumptions in Theorem ., the following estimates hold for any
T >  and ε ∈ (, ):

∥
∥utx(t)

∥
∥ +

∫ t



∥
∥utxx(s)

∥
∥ ds ≤ C + C–

 ε
∫ t



∥
∥uttx(s)

∥
∥ ds, t ∈ [, T], (.)

∥∥vtx(t)
∥∥ +

∫ t



∥∥vtxx(s)
∥∥ ds ≤ C + C–

 ε
∫ t



∥∥vttx(s)
∥∥ ds, t ∈ [, T], (.)

∥
∥wtx(t)

∥
∥ +

∫ t



∥
∥wtxx(s)

∥
∥ ds ≤ C, t ∈ [, T]. (.)

Proof Differentiating (.) with respect to t and x, then multiplying the result by ( u
r )tx in

L[, ], and integrating by parts, we deduce that




d
dt

∫ 



(
u
r

)

tx
dx

=
(
–ργ + αρα+(ρu)x

)
tx

(
u
r

)

tx

∣
∣∣
∣




–

∫ 



(
–ργ + αρα+(ρu)x

)
tx

(
u
r

)

txx
dx

+
∫ 



(
v – u

r –
(ρα)xu

r

)

tx

(
u
r

)

tx
dx

= D(x, t) + D(t) + D(t), (.)
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where

D(x, t) =
(
–ργ + αρα+(ρu)x

)
tx

(
u
r

)

tx

∣
∣∣∣




,

D(t) = –
∫ 



(
–ργ + αρα+(ρu)x

)
tx

(
u
r

)

txx
dx,

D(t) =
∫ 



(
v – u

r –
(ρα)xu

r

)

tx

(
u
r

)

tx
dx.

Now employing Lemmas .-. and the interpolation inequality, using Young’s inequality
several times, we have, for ε ∈ (, ),

D(x, t) ≤ C
(‖ρx‖

L∞ + ‖ρxux‖L∞ + ‖uxx‖L∞ +
∥∥ρ

x ux
∥∥

L∞

+
∥∥ρxu

x
∥∥

L∞ + ‖uxuxx‖L∞ + ‖ρxuxx‖L∞ + ‖ρxutx‖L∞

+
∥∥u

x
∥∥

L∞ + ‖utxx‖L∞
)‖utx‖L∞

≤ C
(‖ux‖H + ‖ρx‖H + ‖utx‖ 

 ‖utxx‖ 


+ ‖utxx‖ 
 ‖utxxx‖ 


)‖utx‖ 

 ‖utxx‖ 


≤ C–
 ε(‖utxx‖ + ‖utxxx‖)

+ Cε
–(‖utx‖ + ‖ux‖

H + ‖ρx‖
H

)
, (.)

D(t) ≤ –α

∫ 


ρα+u

txx dx + ε
∥∥utxx(t)

∥∥

+ C
(∥∥ρx(t)

∥
∥

H +
∥
∥ux(t)

∥
∥

H

+
∥
∥utx(t)

∥
∥ +

∥
∥ut(t)

∥
∥), (.)

D(t) ≤ C
(‖uxut‖ + ‖ut‖H + ‖vt‖H + ‖ux‖ + ‖vx‖ +

∥∥u∥∥ +
∥∥v∥∥

+ ‖ρtx‖H + ‖ρtxux‖ + ‖ρxxut‖ + ‖ρxutx‖ + ‖ρxx‖
+ ‖ρxux‖

)(‖utx‖ + ‖ut‖ + ‖ux‖ +
∥∥u∥∥)

≤ C
(‖ux‖

H + ‖ρx‖
H + ‖vt‖

H + ‖ut‖
H + ‖vx‖

H
)
. (.)

On the other hand, we differentiate (.)-(.) with respect to x and t, and use Lemmas
.-. and (.)-(.) to conclude

∥
∥utxxx(t)

∥
∥ ≤ C

(∥∥ux(t)
∥
∥

H +
∥
∥ρx(t)

∥
∥

H +
∥
∥ut(t)

∥
∥

H +
∥
∥uttx(t)

∥
∥)

, (.)
∥
∥vtxxx(t)

∥
∥ ≤ C

(∥∥ux(t)
∥
∥

H +
∥
∥ρx(t)

∥
∥

H +
∥
∥vt(t)

∥
∥

H +
∥
∥vttx(t)

∥
∥)

, (.)
∥
∥wtxxx(t)

∥
∥ ≤ C

(∥∥ρx(t)
∥
∥

H +
∥
∥wtx(t)

∥
∥

H +
∥
∥wttx(t)

∥
∥)

. (.)

Integrating (.) with respect to t, using (.)-(.) and Lemmas .-., we obtain
(.).
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Analogously, differentiating (.) with respect to t and x, then multiplying the resultant
by ( v

r )tx in L[, ], and integrating by parts, we deduce that




d
dt

∫ 



(
v
r

)

tx
dx

=
(
ρα+(ρv)x

)
tx

(
v
r

)

tx

∣∣
∣∣




–

∫ 



(
ρα+(ρv)x

)
tx

(
v
r

)

txx
dx

+
∫ 



(
uv
r –

(ρα)xv
r

)

tx

(
v
r

)

tx
dx

= E(x, t) + E(t) + E(t), (.)

where

E(x, t) =
(
ρα+(ρv)x

)
tx

(
v
r

)

tx

∣
∣∣
∣




, E(t) = –

∫ 



(
ρα+(ρv)x

)
tx

(
v
r

)

txx
dx,

E(t) =
∫ 



(
uv
r –

(ρα)xv
r

)

tx

(
v
r

)

tx
dx.

Now we apply the interpolation inequality and Young’s inequality to estimate E(x, t), E(t),
E(t) for any ε > ,

E(x, t) ≤ C
(‖vtxx‖L∞ + ‖vtx‖L∞ + ‖vtρx‖L∞ + ‖vt‖L∞ + ‖uxx‖L∞ + ‖uxvx‖L∞

+ ‖vxx‖L∞ + ‖ux‖L∞ + ‖ρx‖L∞
)‖vtx‖L∞

≤ C
(‖ux‖H + ‖vx‖H + ‖ρx‖H + ‖vt‖H

+ ‖vtx‖ 
 ‖vtxx‖ 

 + ‖vtxx‖ 
 ‖vtxxx‖ 


)‖vtx‖ 

 ‖vtxx‖ 


≤ C–
 ε(∥∥vtxx(t)

∥
∥ +

∥
∥vtxxx(t)

∥
∥) + Cε

–(∥∥vtx(t)
∥
∥ +

∥
∥ux(t)

∥
∥

H

+
∥
∥vx(t)

∥
∥

H +
∥
∥ρx(t)

∥
∥

H
)
, (.)

E(t) ≤ –
∫ 


ρα+v

txx dx +



∫ 


ρα+v

txx dx + C
(‖ux‖

H + ‖vx‖
H

+ ‖ρx‖
H + ‖vt‖ + ‖vtx‖), (.)

E(t) ≤ C
(‖utx‖ + ‖utvx‖ + ‖uxvt‖ + ‖vtx‖ + ‖ut‖ + ‖vt‖ + ‖ux‖

+ ‖vx‖ + ‖ρtxx‖ + ‖ρxtvx‖ + ‖ρxxvt‖ + ‖ρxvtx‖ + ‖ρxt‖ + ‖ρxvt‖
+ ‖ρxx‖ + ‖ρxvx‖ + ‖ρxux‖

)(‖vtx‖ + ‖vt‖ + ‖ux‖ + ‖vx‖
)

≤ C
(‖ut‖

H + ‖vt‖
H + ‖ux‖

H + ‖ρx‖
H + ‖vx‖

H
)
. (.)

Inserting (.) into (.), integrating (.) with respect to t, and using (.)-(.),
we can get (.).
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Differentiating (.) with respect to x and t, multiplying the resulting equation by wtx

in L[, ], integrating by parts, we have




d
dt

‖wtx‖ =
(
rρ+αwx

)
txwtx

∣∣
 –

∫ 



(
rρ+αwx

)
txwtxx dx

= F(x, t) + F(t). (.)

Employing Lemmas .-., the interpolation inequality and (.), we infer for any ε ∈
(, ) that

F(x, t) =
(
rρ+αwx

)
txwtx

∣∣


≤ C
(‖wx‖L∞ + ‖wxux‖L∞ + ‖ρxwx‖L∞ + ‖wxx‖L∞

+ ‖wtx‖L∞ + ‖wtxx‖L∞
)‖wtx‖L∞

≤ ε(‖wtxx‖ + ‖wtxxx‖) + C
(‖wx‖

H + ‖ρx‖
H + ‖ux‖

H + ‖wtx‖)

≤ ε(‖wtxx‖ + ‖wttx‖) + C
(‖wx‖

H + ‖ρx‖
H + ‖ux‖

H + ‖wtx‖), (.)

F(t) = –
∫ 



(
rρ+αwx

)
txwtxx dx

≤ –
∫ 


rρ+αw

txx dx + C
(‖wx‖ + ‖wxux‖ + ‖wxρx‖ + ‖wxx‖

+ ‖wxt‖ + ‖ρxwtx‖
)‖wtxx‖

≤ –C–
 ‖wtxx‖ + C

(‖wx‖
H + ‖wt‖

H + ‖ρx‖
H

)
. (.)

Integrating (.) with respect to t, picking ε small enough, using Lemmas .-. and
(.)-(.), we derive the estimate (.). The proof is complete. �

Lemma . Under the assumptions in Theorem ., the following estimates hold for any
T > :

∥∥utt(t)
∥∥ +

∥∥utx(t)
∥∥ +

∫ t



(‖utxx‖ + ‖uttx‖)(s) ≤ C, t ∈ [, T], (.)

∥
∥vtt(t)

∥
∥ +

∥
∥vtx(t)

∥
∥ +

∫ t



(‖vttx‖ + ‖vtxx‖)(s) ≤ C, t ∈ [, T], (.)

∥∥ρxxx(t)
∥∥ +

∥∥uxxx(t)
∥∥ +

∥∥vxxx(t)
∥∥ +

∥∥wxxx(t)
∥∥ +

∫ t



(‖ρxxx‖ + ‖uxxxx‖

+ ‖vxxxx‖ + ‖wxxxx‖)(s) ds ≤ C, t ∈ [, T]. (.)

Proof Adding (.) and (.), using (.)-(.) and picking ε small enough, we easily
obtain (.)-(.).

Differentiating (.) with respect to x, we have

α
(
ρα–ρxxx

)
t + γργ –ρxxx = M(x, t), (.)
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where

M(x, t) = Mx(x, t) – (α – )
(
ρα–ρxρxx

)
t – γ (γ – )ρxρxx.

An easy calculation with the interpolation inequality, Lemmas .-., and (.)-(.)
gives

∥
∥M(t)

∥
∥ ≤ C

(‖Mx‖ + ‖ρxρxx‖ + ‖ρxtρxx‖ + ‖ρxρtxx‖
)

≤ C
(∥∥v

x
∥
∥ + ‖vxx‖ + ‖ρxρtxx‖ + ‖ρxxρtx‖ +

∥
∥ρ

x ρtx
∥
∥ + ‖ρtρxρxx‖

+ ‖ρxρxx‖ + ‖ρxxx‖ + ‖ρxxux‖ + ‖utx‖ + ‖utxx‖ + ‖ut‖ + ‖utρx‖
)

≤ C
(∥∥ρx(t)

∥∥
H +

∥∥ux(t)
∥∥

H +
∥∥vx(t)

∥∥
H +

∥∥ut(t)
∥∥

H
)
,

which, along with Lemmas .-. and (.)-(.), implies

∫ t



∥
∥M(s)

∥
∥ ds ≤ C + C

∫ t



∥
∥ρxxx(s)

∥
∥ ds, ∀t ∈ [, T]. (.)

Multiplying (.) by ρα–ρxxx in L[, ], we deduce

α


d
dt

∥
∥ρα–ρxxx

∥
∥ + γ

∫ 


ργ +α–ρ

xxx dx ≤ C
∥
∥M(t)

∥
∥, (.)

which implies

d
dt

∥
∥ρα–ρxxx

∥
∥ ≤ C

∥
∥M(t)

∥
∥. (.)

Integrating (.) with respect to t, using (.), we conclude

∥
∥ρα–ρxxx

∥
∥ ≤ C + C

∫ t



∥
∥ρxxx(s)

∥
∥ ds,

which, by virtue of Gronwall’s inequality and (.), gives

∥∥ρxxx(t)
∥∥ +

∫ t



∥∥ρxxx(s)
∥∥ ds ≤ C, ∀t ∈ [, T]. (.)

By (.)-(.), (.)-(.), and Lemmas .-., we conclude

∥
∥uxxx(t)

∥
∥ +

∥
∥vxxx(t)

∥
∥ +

∥
∥wxxx(t)

∥
∥ ≤ C, ∀t ∈ [, T]. (.)

By virtue of (.)-(.), (.)-(.), (.), and Lemmas .-., we can get

∫ t



(‖uxxxx‖ + ‖vxxxx‖ + ‖wxxxx‖)(s) ds ≤ C, t ∈ [, T],

which, along with (.)-(.), gives (.). The proof is complete. �
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Lemma . Under the assumptions in Theorem ., the following estimates hold for any
T > :

∥∥utxx(t)
∥∥ +

∥∥vtxx(t)
∥∥ +

∥∥wtxx(t)
∥∥ ≤ C, t ∈ [, T], (.)

∥∥ρxxxx(t)
∥∥ +

∫ t



∥∥ρxxxx(s)
∥∥ ds ≤ C, t ∈ [, T], (.)

∥∥uxxxx(t)
∥∥ +

∥∥vxxxx(t)
∥∥ +

∥∥wxxxx(t)
∥∥ +

∫ t



(‖uxxxxx‖

+ ‖vxxxxx‖ + ‖wxxxxx‖)(s) ds ≤ C, t ∈ [, T]. (.)

Proof Differentiating (.)-(.) with respect to t, respectively, we deduce

∥
∥utxx(t)

∥
∥ ≤ C

(∥∥ut(t)
∥
∥

H +
∥
∥vt(t)

∥
∥ +

∥
∥ρx(t)

∥
∥ +

∥
∥ux(t)

∥
∥

H +
∥
∥utt(t)

∥
∥)

, (.)
∥
∥vtxx(t)

∥
∥ ≤ C

(∥∥vt(t)
∥
∥

H +
∥
∥ut(t)

∥
∥ +

∥
∥ρx(t)

∥
∥ +

∥
∥ux(t)

∥
∥

H +
∥
∥vtt(t)

∥
∥)

, (.)
∥∥wtxx(t)

∥∥ ≤ C
(∥∥wtx(t)

∥∥ +
∥∥ρx(t)

∥∥ +
∥∥ux(t)

∥∥
H +

∥∥wx(t)
∥∥

H +
∥∥wtt(t)

∥∥)
. (.)

By virtue of Lemmas .-. and estimates (.)-(.), we conclude (.).
Differentiating (.) with respect to x, we have

α
(
ρα–ρxxxx

)
t + γργ –ρxxxx = M(x, t), (.)

where

M(x, t) = Mx(x, t) – (α – )
(
ρα–ρxρxxx

)
t – γ (γ – )ρxρxxx

and

Mx(x, t) = Mxx(x, t) – γ (γ – )(ρxρxx)x – (α – )
(
ρα–ρxρxx

)
tx.

Using the interpolation inequality, and the embedding theorem, Lemmas .-., we can
deduce that

∥∥M(t)
∥∥ ≤ C

(∥∥ux(t)
∥∥

H +
∥∥ρx(t)

∥∥
H +

∥∥utx(t)
∥∥

H +
∥∥vx(t)

∥∥
H

)
. (.)

Inserting (.) into (.), and integrating (.) with respect to t over [, T], using Lem-
mas .-., we have

∫ t



∥∥M(s)
∥∥ ds ≤ C + C

∫ t



∥∥ρxxxx(s)
∥∥ ds, ∀t ∈ [, T]. (.)

Multiplying (.) by ρα–ρxxxx in L[, ], we can get

α


d
dt

∥
∥ρα–ρxxxx

∥
∥ + γ

∫ 


ργ +α–ρ

xxxx dx ≤ C
∥
∥M(t)

∥
∥, (.)



Huang and Lian Journal of Inequalities and Applications  (2016) 2016:117 Page 15 of 16

which implies

d
dt

∥∥ρα–ρxxxx
∥∥ ≤ C

∥∥M(t)
∥∥. (.)

Integrating (.) with respect to t over [, T], using (.), we conclude

∥
∥ρα–ρxxxx

∥
∥ ≤ C + C

∫ t



∥
∥ρxxxx(s)

∥
∥ ds, t ∈ [, T], (.)

which, by virtue of Gronwall’s inequality, gives

∥
∥ρxxxx(t)

∥
∥ ≤ C, t ∈ [, T]. (.)

Thus, we can obtain (.) by virtue of (.)-(.).
By (.)-(.), (.)-(.), (.)-(.), and Lemmas .-., we deduce that

∥∥uxxxx(t)
∥∥ +

∥∥vxxxx(t)
∥∥ +

∥∥wxxxx(t)
∥∥

+
∫ t



(‖utxxx‖ + ‖vtxxx‖ + ‖wtxxx‖)(s) ds ≤ C, t ∈ [, T]. (.)

On the other hand, we differentiate (.)-(.) with respect to x three times, use Lemmas
.-. and (.)-(.) to conclude, for any t ∈ [, T],

∥∥uxxxxx(t)
∥∥ ≤ C

(∥∥utxxx(t)
∥∥ +

∥∥ux(t)
∥∥

H +
∥∥ρx(t)

∥∥
H +

∥∥vx(t)
∥∥

H
)
, (.)

∥
∥vxxxxx(t)

∥
∥ ≤ C

(∥∥vtxxx(t)
∥
∥ +

∥
∥ux(t)

∥
∥

H +
∥
∥ρx(t)

∥
∥

H +
∥
∥vx(t)

∥
∥

H
)
, (.)

∥∥wxxxxx(t)
∥∥ ≤ C

(∥∥wtxxx(t)
∥∥ +

∥∥ux(t)
∥∥

H +
∥∥ρx(t)

∥∥
H +

∥∥wx(t)
∥∥

H
)
. (.)

Thus we conclude from (.)-(.), (.)-(.), and Lemmas .-. that

∫ t



(‖uxxxxx‖ + ‖vxxxxx‖ + ‖wxxxxx‖)(s) ds ≤ C, ∀t ∈ [, T]

which, combined with (.), implies (.). The proof is complete. �

Proof of Theorem .. Applying Lemmas .-., we readily get estimate (.)-(.) and
complete the proof of Theorem .. �
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