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Abstract

The concern of this paper is to introduce a Kantorovich modification of

(p, g)-Baskakov operators and investigate their approximation behaviors. We first
define a new (p, g)-integral and construct the operators. The rate of convergence in
terms of modulus of continuities, quantitative and qualitative results in weighted
spaces, and finally pointwise convergence of the operators for the functions
belonging to the Lipschitz class are discussed.
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1 Introduction
The (p, q)-calculus is a generalization of the well-known g-calculus and it is constructed
by the following notations and definitions. Let 0 < g < p < 1. For each nonnegative integer

n, the (p, q)-number is denoted by [#],4 and is given by

For each k,n e N, n > k > 0, the (p, q)-factorial [k], 4! and (p, g)-binomial are defined by

(pg! = [Klpg =1, [0],4! =1,
k=1

|:n:| _ (1] ,4!
k e [ — k] pg![klpq!

The (p, q)-power basis is defined by

x® “)Z,q =(x+a)(px + qa)(pzx + qza) e (p”_lx + q”_la)

and

*e “)Z,q =(x—a)(px - qa)(pzx - qza) e (p”‘lx _ qn—la)'
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Let f : R — R then the (p, g)-derivative of a function f, denoted by D, ,f, is defined by

S px) —f(gx)

(D)) = (p_q)x ,

x70,  (Dpgf)0):=£"(0)
provided that f is differentiable at 0. The following assertions hold true:

Dp,q(x@d) [n]pq(px@apq, n>1,

Dp,q(ﬂ@x) [Vl]pq(“ Equ)pq , n=>1,
and D, ;(x ® zz)qu = 0. The formula for the (p, g)-derivative of a product is
DM( (x)v(x )) =D, q( (x))v(qx) +Dyy (V(x))u(px).

Let f: C[0,a] — R (a > 0) then the (p, g)-integration of a function f is defined by

a s k k
/ [ dpgt=g-pay f( lzﬂa) P |2«
0 —~ \g"*'" ) q q
. . (1.1)
q q P
) dyqt=(p- q)aE f( a) if [=|>1.
/ f@)dyq v P’ ) phot q
The formula of the (p, g)-integration by parts is given by
b b
/ S (px)Dy g (%) dpqgx = f (b)g(b) - f(a)q(a) - / 8(qx)Dyp,qf (%) dpg. 1.2)

Here we note that all the notations mentioned above reduce to the g-analogs when p = 1.
For more details of the (p, g)-calculus, we refer the reader to [1-5].

The (p, g)-calculus has been used efficiently in many fields of science such as oscillator
algebra, Lie group, field theory, differential equations, hypergeometric series, physical sci-
ences. Therefore, to approximate the functions via polynomials based on (p, g)-integers,
no doubt, would have a crucial role. To fulfill this necessity, very recently the well-known
sequences of linear positive operators of approximation theory have been transferred
to the (p, g)-calculus and the advantages of (p,g) analogs of them have been intensively
investigated. For some recent work devoted to (p,q)-operators, we refer the reader to
[6-11]. Very recently, Aral and Gupta [12] introduced the (p, g)-analog of the well-known

Baskakov operators by

Bupalfi) =3 ey (2 e
":qu(f’x Z nk(x ] » ’ (13)

k=0

where x € [0,00),0<g<p <1, and

, ntk=1| s xte xk

bZ,Z(x) — p +n(n 1)/2q (k=1)/2 —
Ry

pYq ’
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and they calculated that

r p
Bpa(Lix) =1, Bypa(t:%) = x, Bpa(£%5%) =2° + (1 + —x>. (1.4)
[”]p,q q

Another problem in the approximation by linear positive operators is to present an ap-
proximation process for Riemann integrable functions. The main tool to solve this prob-
lem is to consider the Kantorovich modifications of the corresponding operators, which
mainly depends on the replacing the sample values f(k/n) by the mean values of f in the
intervals [k/(n + 1), (k + 1)/(n + 1)]. Since the (p, q)-integral of f over [a,b] is defined as
follows:

b b a
/ﬂ F(&)dy gt = /0 O dpgt - /0 O dpyt, (15)

one cannot say (1.5) is positive every time unless it is assumed that f is a nonde-
creasing function. Hence, use of (1.5) to introduce a Kantorovich modification of any
(p,q)-operators may lead to some problem. Recently Mursaleen et al. [13] introduced a
Kantorovich modification of (p, g)-Szdsz-Mirakjan operators using the (p, g)-integral (1.5)
for the functions being nondecreasing. However, in this paper we define a new (p, q)-
integral, hence we do not need to impose any condition on f. For the generalizations of
Baskakov operators and Kantorovich operators in classical calculus and g-calculus, we
refer the reader to some recent papers [14-19].

The aim of this paper is to introduce (p, g)-Baskakov-Kantorovich operators and in-
vestigate their approximation properties. In the next section, we construct the operators,
calculate the moments, central moments of the operators, and give some lemmas which
will be necessary to prove our main results. In Section 3, we prove a local approximation
theorem for the new operators in terms of Peetre’s K-functional and its equivalent modu-
lus of continuities. In Section 4, we investigate the uniform convergence of the operators
and present the rate of convergence via the weighted modulus of continuities. In the last

section, we give some pointwise estimates for the functions belonging to Lipschitz space.

2 Construction of operators

To present a method to solve the problem mentioned in the Introduction now we propose
anew definition of the (p, g)-integral. Let a, b € R, a < b, and h(x) := f(a + x) be an arbitrary
function and D, H (x) = h(x), where H(x) := F(a + x), then we can write

H(px) — H(qx)

v-ar h(x),

that is, H(px) — H(gx) = (p — q)xh(x). Hence we get
H(pq'x) - H() = (p - 9)q'xh(q '),

H(p’q*x) - H(pq 'x) = (p - Qpq *xh(pq ),

H(pn+1q—(n+l)x) _H(pnq—nx) _ (p _ q)pnq—(nﬂ)xh(p q—(n+1)x)’
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which allows us to write

F(a +pq_1x) —~Fla+x)=p- q)q_le(a + q‘lx),
F (a + pzq_zx) -F (a + pq’lx) =(p- q)pq‘zxf (a + pq‘zx),

F(ﬂ +pn+1q—(n+l)x) _ F(&l +pnq—nx) — (p _ q)an_(n+l)xf(ﬂ +pnq—(n+1)x).
Adding these formulas term by term, we have

Pk

k+1

n
F(&l +pn+1q—(n+1)x) —F(&l +x) — (p _q)x Zf(a +pkq—(k+l)x)q
k=0

and taking the limit as # — oo with the fact |§| <1 we have

00 k k
F(a+x)—F(a) = (q—P)fo(“ + qilx) qpk+1'

k=0

Similarly we have, for |j—£| <1,

- ¢ \ 4
F(a +x)—F(a) = (p—q)fo(a + p"*lx)ﬁ

k=0

and if we take x = b — a then we get

00 qk qk
F(b)-F(@)=(p-q)(b-a)) _f (a +(b- a>pk+1 )W :
k=0

Definition 1 Let f be an arbitrary function. The (p, g)-integral of f can be defined by

b o0 } )
/f(t)dp,qt=(p—CI)(b—a)Zf<a+(b—a)pqml)pzﬂ when [+ <1,

. n=0

b 00 ., . (2.1)
/f(t)dp,qt:(Q—P)(b—a)2f<a+(b—a);+l)qpn+l when g <1.

n=0

Considering the new (p, g)-integral given in (2.1) we can define the Kantorovich modi-

fications of the operators (1.3) as follows.

Definition 2 For x € [0,00), 0 < g < p <1, the (p, g)-analog of the Baskakov-Kantorovich

operators is defined as

© X [k+1]p,q/[n]p,q pn—lt
Bz,p,q(f; x) = [n]p,q Z bi"Z(x)q_ / f(ﬁ) dp,qt' (22)
k=0 plklpg/[nlpg q
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Lemmal For0<qg<p <1andneN we have

[k+1]p,q/[1]p.q qk
[ e
plk (Mlpq

(Klp.q/[nlp.q

/[k+l]p,q/[n]p,q d s qu [k]p,q q2k 1

= + 5
WpalUlpg n2, [, (p+q

/‘[k+1]p q/nlpg 2y p2qk [k];,q 2p[k]p,q qzk 1

= +
Ipq![nlp,q P [n]z,q [n]p,q [n]lzy,q pt+q
q3k 1
+

(n3, P2 +pg+q*

Proof The proof easily follows from (2.1).

Lemma 2 Forx € [0,00),0<g<p<1,neN, the following hold:

B, , . (e05%) =1,

n—1
qp
B (e;x) =px+ ————,
P P+ Dy
pn+1x p
B} (exx) = (p X+ (1 + —x))
ki [n]p,q q
2qpnx q2p2n 2

w+aln2, @ +pg+adn,

where e;(x) =x%,i=0,1,2.

Page 5 of 14

(2.3)

(2.4)

(2.5)

(2.8)

Proof By the definition of the operators (2.2) and equality (2.3) we obtain Bj, , (eo;x) =

B,,p,4(1;%) = 1. In a similar way, using (2.4) we can write

[k+1]p,q/[1]p.q n—1
’ - pt
bri@q " / <—_> dp,qt

B, (e;;x) = [Vl]p,q
ol Plklpglinlpg  \ 4

o0

k=0

o n-1 [k+1]y 4/ (1]

, p _k pq pq
= [n]pq Z bi,Z(x) q / tdpqt

k=0 r

o0

k=0

g K/ Ilpq
= e ) 2 s
e gbi’z(x) e [Z]zzk “ova
Y e
o ébiji(x)
- PBupglern) s — T B (o)

@ +q)nlpg
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Using the equalities B, ,4(eo; %) = 1, B, p4(e1;%) = x we immediately have

n—-1

qp

B* S —
@+ qnlpg

npgELX) = pX +

Finally, using (2.5) we have

o p2n—2 ‘ [k+1]p,q/[n]p'q )
B, ,q(€2:%) = [nlpq Z Ui =54 / dygt
k=0 q PlKpq/nlpg
> 2n-2 [k+1]p,4/[n]
y p _k Pq pq
= [n]p, Z bi,Z(x) w24 / tdygt
k=0 q PlKlpq/nlpg

00 2-2 k]2
=P Y s

2k-2 2
=0 g nly,

o0

St K

F [n]p,q

17

2qp

+

(p +q)[n]?

Pq k=0

2 ,2n-2 o

ap :
+W+m+ﬂwzzy%m

P9 k=0

1

2qp

2
=p Bn,p,q(325x) + 7Bn,p,q(el$x)
p+qlnl;,

q2p2n—2

+
®*+pq +q))nl},

Bn,p,q(eo; x).
And the equalities (1.4) give us
pn+1x

2 v

2.,2n-2

ap

2.2
nm@m=@x+

(1 + ‘I—yx)) +
(1]pq q +qlnl;

which completes the proof.

Remark 1 Using Lemma 2, we get

B:‘l,pyq((el —x)%x) = o1 (M)x? + aa(m)x + a3 (n),

where
n+2
ar(n) = (p-1° + 2—,
qlnlpq
n+1 [l’l] + 1)
aﬂm=€—gL§i—ﬂ
qlnl?,
2n
p
o3(n) = —————.
3q*[nl},

Further, choosing

a*(n) = max{al(n), (sz(n)

» O3 (}’l) }

q

®* +pa+q)nl,’

(2.9)
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we can write
B} q((e1 = 2)%52) < " ()L + 2.

Remark 2 For g € (0,1) and p € (g,1] we easily see that lim,_.[#n],4 = 1/(p — ). Hence,
the operators (2.2) are not approximation processes with the above form. In order to study
the convergence properties of the sequence of (p, g)-Baskakov-Durrmeyer operators, we
assume that g = (g,) and p = (p,) such that 0 <g, <p, <land g, — 1, p, — 1, 4} — a,
P — basn— oco.

Here we note that with these assumptions o (1) — 0, ay(n) = 0, a3(n) = 0 as n — oo,
hence o*(n) — 0 as n — oo.

Let Cp[0, 00) denote the space of all real valued continuous and bounded functions on
[0, 00). In this space we consider the norm

Ifllcs = sup |[f(x)].
x€[0,00)

Lemma 3 Letf € C5[0,00). Then for all g € C3[0,00), we have

1B.pq(&%) = 2@0)] < "], (v* ()1 +2)” + B, 0,), (2.10)
where B p.q 1S an auxiliary operator defined by
"
x x) + X+ 211
npq(g npq(g g ) g(p (p+q)[n]p,q> ( )
and
pn 1
w059 1x
B, q,%) = (0 - T

Proof By the definition of B* g and Lemma 2, it is obvious that

B*

npq(€1— %) = 0. (2.12)

Since g € C3[0, 00), using the Taylor expansion for x € [0, 00) we have

g(t) =gx) + gx)(t —x) + / (t—u)g"(u)du

X

Applying the operators B* ,q L0 both sides of the above equality and considering the fact

(2.12) we obtain
npq(g x) g
_Bqu(f (t —u)g" (u) du; ) ,,M(/ (t—u)g”(u)du;x)
_ o v > ") d
/x (px+ G+, u g’ (u)du. (2.13)
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Also we get

=

t
/ |t — u||g”(u)| du
X

t
/ |t —u|du

/t(t —u)g" (u)du

< |¢"lle, < [¢"], (¢ -%)° (2.14)

and

P+ —(pff;;fn]p,q ( qpn—l )
px+ ————— —u g (u)du
/x +aln, )¢

qp"! 2 ot
< (o 2 a) 1, = (- vee 2 )ngu%

pn—l 2
< (-0 L) 1,

=809 |, (215)

Using the inequalities (2.14) and (2.15) in (2.13) we immediately have

’Bnp &%) —gW)| = ||g//||c3 (" (A +2)* + B (0,9, %)) O

3 Local approximation
Let us consider the following K functional:

Kalf.8) = inf {If ~glcy +3]¢"] )

where § > 0and W? = {g € C3[0,00) : g’,g” € Cg[0,00)}. By [20], p.177, Theorem 2.4, there
exists an absolute constant C > 0 such that

Ka(f,8) < Can(f, V), (3.1)
where

wy(f,8) = sup  sup V(x+ 2h) = 2f (x + h) +f(x)’
0<h=<+/8 %€[0,00)

is the second order modulus of smoothness of f € Cz[0, 00). The usual modulus of conti-
nuity of f € Cp[0, 00) is defined by

o(f,8) = sup sup [f(x+h) f(x)|

0<h<8 x€[0,00)

Let us recall the definitions of the weighted spaces and corresponding modulus of conti-
nuity. Let C[0, 00) be the set of all continuous functions f defined on [0, 00) and B;[0, c0)
the set of all functions f defined on [0, 00) satisfying the condition |f(x)| < M(1 + x?) with
some positive constant M which may depend only on f. C;[0, 00) denotes the subspace of
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all continuous functions in B,[0, 00). By C;[0, 00), we denote the subspace of all functions

f € C3[0,00) for which lim,_, o 1 s finite. B,[0,00) is a linear normed space with the

1+ T2
norm [[f [z = sup, L.

Theorem 1 Let f € Cg[0,00). Then for every x € [0, 00), there exists a constant L > 0 such
that

’Bnpq |<La)2(f\/ )(L+x)? +,3r2,(P;q;x)) +o(f; Bulp, q,%))-

Proof By (2.11), for every g € C3[0,00) one can obtain

|B;, ,,(f3%) —f(®)]
q n 1
B e )
iBnpq(f_g;x)_(f_g)(x”
qpn—l
+P(’C)_f(’””(p+qr)[n],,,q> 1Br0(@5%) =83

Taking into account (2.2), (2.6), and (2.11) we have

1B, (F30)] < 4If iy

Using this inequality and Lemma 3 we get

qr'"!
’Bnpq f(x)|§4|lf_g||CB+‘f(x)—f(Px+ m)‘
+ g, (e (@ +2)* + B, 0, %)

and taking the infimum on the right-hand side over all g € C%[0, o0) and using (3.1), we
deduce

|Bnpq(f x) = f ()|
< ALK (f;0*(m)(L+%)* + B (0,4, %)) + o(f; Ba(p, 4 %))
< 4w, (f, \/a*(n)(l +x)2 + B2(p, q,x)) +o(f; Bu(p, g, %))

=Ly (f \/ )L +x)* + B (s 4% ) + o (f; Bu(p, 4, %)),
where L = 4M > 0. O

Theorem 2 Let f € C,[0,00), pu,qn € (0,1) such that 0 < q, < py, <1 and w,1(f,8) be
its modulus of continuity on the finite interval [0,a + 1] C [0, 00), where a > 0. Then the
inequality

’Bnpq f(x)f < 4Mf(1 + az)y*(n)(l +x)% + 2a)a+1(f, 1+ x)\/a*(n))

holds, where M; is positive constant independent of n and o*(n) is as indicated in (2.9).
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Proof By [21], w,41(+,8) has the property

V(t) —f(x)| < 4Mf(1 +612)(t—x)2 + (1 + |t;—x|)a)a+1(f,8), 5>0.

Applying the Cauchy-Schwarz inequality and choosing § = /a*(n)(1 + x)?, we have

|By, 0 (f3%) = f ()]

<4M(1+a’)B;,, ((t—x)%x%)

tupvq(
+ wa(f, ) (1 + %(Bfmq((t - x)2;x))1/2)

< 4Mf(1 + az)a*(n)(l +2)% + 20411 (f, 1+x) a*(n)),
which completes the proof. d

4 Weighted approximation
Theorem 3 Let g =g, € (0,1), p = p, € (g,1] such that q, — 1, p, - 1 as n — oo. Then
for each function f € C;[0,00) we get

lim ”B:,pn,qyf _f”z =0.

n—00

Proof According to the weighted Korovkin theorem proved in [22], it is sufficient to verify
the following three conditions:

lim |B;, e —ef,=0, i=0,1,2. (4.1)

ool mbndn "t

By (2.6), (4.1) holds for i = 0. By (2.7) and (2.8) we have

BB Gns %)
B* - =sup———
” n,pman €1 T €1 ”2 xgg 1+ a2
ap;”!
< (1-py)sup +
! x>0 1 + a2 (pn + q)[n]p,q
p
S(U=pu)+ 55—
" 2[nlpq

and by a similar consideration we have

) pn+2 x2
Bl _ex—e §<1—p + - >sup
I P I, " gy ) amo 1+ 22

+< 2q0, P >Sup x
En+aqn)nly . Mlp,g, ) >0 1+x2

i !

+ sup
(P%, +Pnqn t 613,)["1]127”,,1" x=0 1+x2

<(1_p2+ pTz )+( PZ + PZ” >+ pﬁ”‘z
- " qn [n][?nﬂn [n]127mqn [n]p"’q” 3 [n][%”'q”
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The last two inequalities mean that (4.1) holds for i = 1,2. Hence, the proof is com-
pleted. d

To obtain the rate of convergence, we consider the weighted modulus of continuity de-
fined by

[f (x + 1) —f (&)

Q,(f;6) =
2(f ) x>0,0<h<$ 1+ (x + h)2

for f Ch [0,00), and €2,(-;-) has the following properties.

Lemma 4 ([23]) Iff € C%,[0,00) then
(i) 2(f;6) is monotone increasing function of 8,
(i) lims_ o+ Q25(f58) =0,
(iii) for any A € [0,00), Qa(f;18) < (1 + 1)Qx(f;3).

Theorem 4 Letp = p, and q = q,, satisfy 0 < q, < p, < 1 and for n sufficiently large p, — 1,
qn — 1,and g, — 1 and p;, — 1. If f € C, [0, 00), then for sufficiently large n we have

1B g F50) = f )] < K (14 67) (3 " (), (4.2)

where A > 1 and K is a positive constant independent of f and n, a*(n) is as indicated in
(2.9).

Proof By the definition of the weighted modulus of continuity and Lemma 4, we can write

(&) -] < (1+ (x+ |t—x|)2)(1+ 't;’”)gz(f;a)
< (1+(2x+t)2)<1 1 8x|)522(f 8).

The above inequality allows us to write

|Bz‘pmqn(f;x) —f(x)| < ( npnqn(1+(2x+t) x) +BZP n ((1+ (2x+t)2) |t;x|;x>>
x Qa(f;6).

Using the Cauchy-Schwarz inequality we have

|Bnpﬂqn ) —f(%)] < ( i (1+(@2x+1)%x) +—\/Bnpnqn (1+(2x+t)2)2;x)

\/Bnpn (@ —x)z;x))Qz(f;é).

On the other hand, by (2.8) we get

! ——B
1+ x2 npnqn(

n+2 2
X
qn [n]anqn 1 +Xx

1+ %)
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2qnp;, AR
* PR 2
(pn + Qn)[i’l]pn,q,, (Mlpng, ) 1 +%
. <q£pin2 + (U5, + Pudn + qﬁ)["];n,qn> 1
®5; + pngn + @)l 1+«2

<1+L (4.3)

for sufficiently large n, where K is a positive constant. From (4.3), there exists K, > 0 such

that B, i 1+ (2x + £)%x) < Ky(1 + «2), for sufficiently large #. In a similar way we get

1
1—4sz q (1+t4,x) §1+1<3,
+x®

where Kj is a positive constant. Hence we have \/B;';’pmqn((l + (2% + £)2)%;%) < Ku(1 + x2),

for sufficiently large n. Hence we have

1
By o 3%) —f@)] < (1+47) <K2 + g1<4(1 + x)\/ot*(n)) Q(f;8).
Hence choosing §, = /a*(n) we have

1B g F50) = )] < (1+22) (Ko + Ka(1+ )2 (f5 /o (1))
<K(1+x*)Q(f; v ar(n)

for sufficiently large # and x € [0, 00), where K := K; + Kj. O

Corollary 1 With the assumptions of Theorem 4, if we take the limit as n — oo in (4.2) we
have

|B;, %) = f (%)
lim sup marf f =0

>0 xe[0,00) (1 + x2)1+A

5 Pointwise estimates
Theorem 5 Let 0 < o <1 and E be any subset of the interval [0,00). Then, if f € Cp[0, 00)
is locally in Lip(w), i.e., the condition

V@) —f(x)| <Lly-x|% ye€Eandxe]0,00) (5.1)

holds, then, for each x € [0, 00), we have

al2

|B:‘,,p'q(f;x) —f(x)f < L{(a*(n)) 1+x)*+ Z(d(x,E))a},

where L is a constant depending on o and f; and d(x,E) is the distance between x and E
defined by

d(x,E) = inf{lt—x| it GE},
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Proof Let E denote the closure of E in [0,00). Then there exists a point x, € E such that
lx —xo| = d(x, E). Using the triangle inequality

[f(©) —f@)| < |f (&) = fxo)| + |f () = f (wo)

we immediately have by (5.1)

B, (F3%) = f@)| < B;,, . ([f () = f(x0) ;%) + B}, , (If ;%)

= L{B:pq(|t_x0|a;x) + |x = ol "}

< L{B:pq(|t—x|°‘ + |x—xo|°‘;x) + |x—x0|°‘}

= L{B;, , (It —x[%x) + 2|x —xo|*}.

Using the Holder inequality with p = 2/«, g = 2/(2 — ), we obtain
1
’Bnpq )_f(x)’ <L [Bz,p,q(|t—x|ap )]p + (d(x, ) }
(B (16 =2%5)]* + 2(d, E)) )

(" (m)(1 +%)?) LI 2(d(x,E))"}
( 1 +x)* +2(d(x,E))a}. a

Next we obtain the local direct estimate for the operators By, , ., using the Lipschitz type
maximal function of order « introduced by Lenze [24]:

@q(f, %)= sup @) —f &)l

, x€[0,00)and « € (0,1]. (5.2)
t=#x,t€[0,00) |t —x|*

Theorem 6 Letf € Cg[0,00) and 0 <« <1. Then, for all x € [0, 00) we have
1B F5%) = f )] < @alfo ) (e (m) (1 + ).

Proof From equation (5.2), we have

|Bnpq(f x) f(.?C)| < au(f, x)Bnpq(|t _x|a;x)-
Applying the Holder inequality with p = 2/, g = 2/(2 — @), we get
1By f5%) = F ()] = Balf, 0By (12 - 21%5) ]
< &a(f, ) (@ (1) (1 + %) 0

Remark 3 The further properties of the operators such as convergence properties via
summability methods (see, for example, [25, 26]) can be studied.

Conclusion1 To introduce Kantorovich modifications of the approximation operators in
(p, q)-calculus, the existing (p, g)-integral did not meet the purposes since the positivity of
the operators was not guaranteed. In this paper, we solved this problem and presented a
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new Riemann type (p, g)-integral. As an application, we introduced the (p, q)-Baskakov-
Kantorovich operators and investigated their approximation properties. Using the new
(p, q)-integral, one can introduce Kantorovich modifications of other well-known opera-
tors.
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