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1 Introduction

In the paper [1], we stated and proved a combinatorial lemma with the help of which we
then showed the existence of a zero for an excess demand functions and Brouwer’s fixed
point theorem. We also stated some open problems in the referred paper. The current
work answers some of these questions.

First, we prove a generalization of the combinatorial lemma presented in [1]. Then we
apply it to prove the existence of an equilibrium price vector for an excess demand map-
ping (Lemma 6 and Theorem 7). Next, we apply our combinatorial lemma to prove the
existence of a continuum of zeros for a parameterized excess demand mapping (The-
orem 8). Then we derive Sperner’s lemma (Theorem 13) from our combinatorial re-
sult.

Let us emphasize the fact that the combinatorial Lemma 2 allows us to get algorithms
for finding (approximations of) objects whose existence is claimed in Theorems 7 and 8
and a simplex enjoying properties stated in Sperner’s lemma. Hence, our proofs are not
only of existential character, but they enable the computation of objects of interest (or at
least their approximations).?

In the next section, we set up notation and introduce preliminary notions from com-
binatorial topology. Then we prove the just mentioned combinatorial lemma (Lemma 2)
and apply it to get the promised results. The last section comprises some comments.
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2 Preliminaries

Let N denote the set of positive integers, and for any n € N, let R” denote the n-dimen-
sional Euclidean space, and let [#] := {1,...,n}, [0] := 0, [n]p :={0,1,...,n}, and [n]; := @
for i > n. We take on the convention )", ,a; = 0. Moreover, €’ is the ith unit vector of the
standard basis of R”, where i € [1]. The (vector) inequality x > y (x > ¥), x,y € R”, means
%; > y; (x; > ¥:), i € [n]. In what follows, for n € N, the set A" := {x e R” : Y """ | x; = 1}, where
R, is the set of nonnegative real numbers, is the standard (closed) (# — 1)-simplex, and
int A" :={x € A" :x; >0,i € [n]} is its (relative) interior. For a set X C R”, 9(X), intX, and
conv X denote its boundary (or relative boundary of the closure of X if X is convex), interior
(or relative interior if X is convex), and convex hull, respectively. For vectors x,y € R”,
their scalar product is xy := > . x;9;. For sets A,BC R", AB:={abeR:a € A,b € B}
and A+B:={a+beR":acA,be B}; for a € R", we briefly write aB and a + B instead
of {a}B and {a} + B, respectively (similarly if the set B has one element only). If A C R”
and b € R”, then A > b (A > b) means that for eacha € A, a > b (a > b). If a € R and
b € R”, then by b > a we mean b; > a, i € [n]; similarly, for the strict inequality ‘>’ The
Euclidean norm of x € R” is denoted by |x|. For any set A, #A4 denotes its cardinality, and
diam A := sup{|x — y| : x, ¥ € A} is the diameter of the set A. For 7 > 0, B, := {x e R" : |x| < 7}
is the open ball centered at 0 € R” with radius . For a multivalued mapping F : A — B,
where A, B are some sets, F(C) := | J,.c F(c) for any set C C A. For a sequence k; € R,
g €N, k; /" +00 means that k, diverges to +0o strictly monotonically as g increases to
+00.

We need some more or less standard definitions and facts from combinatorial topology,

which can be found in [2] and [3]. Let us fix 7 € N.

- Let vV e R",j € [k], k € [n + 1], be affinely independent. The set o defined by
o:={xeR":x= le a,»vj,a e A¥} = conv{v},..., vk} is called a (k — 1)-simplex with
vertices v/, j € [k]. We write it briefly as o = (v :j € [k]) or o = (},...,V%) or

o = ({v,...,v}). Observe that the standard (7 — 1)-simplex A" is an (z — 1)-simplex
since A” = (e},...,¢e") C R". If we know that o is a (k — 1)-simplex, then the set of its
vertices is denoted by V(o). If p = lele of (p)V € o, then the vector

a®(p):=(of (p),...,a7(p)) € AX is called (the vector of) the barycentric coordinates of
the point p in the simplex o in this case, we say that the barycentric coordinate o] (»)
of p corresponds to the vertex v’ or, in short, that & (p) is the ith barycentric
coordinate of p in o, j € [u]. For each p € 0, its vector o (p) of the barycentric
coordinates in the simplex o is uniquely determined. If o is a k-simplex and we do not
order its vertices V(o), then it is sometimes convenient to think that the barycentric
coordinates of a point p € ¢ in ¢ are determined according to the unique function
a’(p): V(o) = 10,1], V(o) 2 vi> af (p) € [0,1], with Zvev(g)a;’(p) =1and

P =D vevio) @ (p)v; it is said in this case that the barycentric coordinate &y (p) of the
point p € o corresponds to the vertex v € V(o) in the simplex o. Moreover, «? (p) is
called the (mapping of) barycentric coordinates of p in S.

If o is a (k — 1)-simplex, then (A), where ¥ #A C V(0), is called a (#4 — 1)-face of 0.
If o is a (k —1)-simplex and A = V(o)\{v}, where v € V (o), then the (k — 2)-simplex
(A) is the (k — 2)-face opposite to the vertex v. Obviously, to each vertex v, there

corresponds a unique (k — 2)-face opposite to v.

A collection T'(S) = {0; C S:j € [J]}, ] € N, of nonempty subsets of a (k —1)-simplex
S CR", 0<k <n+1,is called a triangulation of S if it meets the following conditions:
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1. ojisa (k—1)-simplex, j € [J],
2. ifo;N oy # @ for j,j € [J], then 0 N oy is a common face of 0j and oy,
3. S=Uey 05-
The collection of all vertices of simplices in T'(S) is denoted by V(T'(S)). If there is no
ambiguity, then we write T instead of T'(S).
- If T is a triangulation of an (n — 1)-simplex S, then for (n — 2)-face F of S, the set
{o NF:0 NFisan (n—2)-simplex,o € T} is a triangulation of F (see [4], p.27,
Theorem 2.3(e)).
- Two different (k — 1)-simplices o}, 0y, j,j' € [J1,j #J', in a triangulation T of a
(k —1)-simplex S are said to be adjacent if (V (o) N V(0”)) is a (k — 2)-face for both of
them. Each (k — 2)-face of a simplex oy, j € [J], is a (k — 2)-face for exactly two different
simplices in the triangulation, provided that the (k — 2)-face is not contained in 9(S).
- The K,,-triangulation of an (7 — 1)-simplex § = (},...,v") C R" with grid size m™1,
where m is a positive integer, is the collection of all (1 — 1)-simplices o of the form
o = (pL,p?...,p"), where vertices p', p?,..., p" € S satisfy the following conditions:
(1) the barycentric coordinate o (p") of p* corresponding to v; in S, i € [n], is a
nonnegative integer multiple of 771,
2) a3(p*h) = aS(p)) + m1 (7 — e5*Y), where 7w = (my,...,m,_1) is a permutation of
(mn-1),le{j,j+1},je[n-1].
The K,,-triangulation of S with grid size m is denoted by K, (S), and the set of all
vertices of simplices in K,,,(S) is denoted by V,,(S). Obviously,
Vin(8) = Uge,ys) V(0) = lav' + - + v s € A", € {0,1/m, ..., 1 - 1/m, 1}}. For
any ¢ > 0 and for a sufficiently large m, each simplex in K;,,(S) has the diameter not
greater than €. Moreover, the vertex v* belongs to exactly one simplex in K,,(S).
We shall also need a variant of a result by Kuratowski [5], Theorem 5.47.6:

Lemma 1 Let G C X, g € N, where X C R” is a convex, compact, and connected set,
be a sequence of nonempty compact and connected sets such that there exists a point
g=lim, g%, g€ X,g" € G, q € N. Then the (limit) set

I:= {xeX:x: lim gkq,wherekq/’+ooasq—> +oo,gk‘1 € qu,qu}

q—+00

is compact and connected in X. Moreover,g € T'.

Gl Letykel Cc X, keN.
By the Bolzano-Weierstrass theorem we may assume that y := lims_, , yk exists in X.

Proof 1t is obvious that g € I". Let us assume that g € [ geN
Since y* € T', by the definition of I" we get that, for each k, there exist sequences k, € N,
g" € G, g e N, such that lim,_, ;. g" = X. Hence, for each k, there exists s(k) € N such
that [g5® — yX| < 1/k, and we may assume that k) /' +00 as k — +00. It is now obvious
that y € T, which proves the compactness of I". Suppose that A,A” C X are open sets
suchthatge A,ANA"=0,and I’ C A UA’. Notice that the connectedness of G? and the
fact that g € G7, g € N, imply G? C A, q € N. To show that I" is connected, it suffices to
demonstrate that ' N A’ = (. Let us now fix a point x € I' and assume that x € A’. Since A’
is open, there exists ¢ > 0 with x + B, C A’. The last inclusion implies that for any sequence
converging to x, almost all its terms belong to A’. From this, the fact that G C A, g € N,
and the disjointness of A from A’ it follows that x ¢ T". Thus, T N A’ = (.
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Now, if (,cy G = ¥, then let for each g € N, h? € G7 be a point such that |7 —g| =
inf{|g — /1| : h € G7}; such a point exists by the compactness of G?. Define the sets H? :=
G1U{tg+ (1 -1t)hi:t € [0,1]}, g € N. By the convexity of X, H? C X, g € N. Moreover, the
sets H?, g € N, are compact, connected, and the point g belongs to each of them. Thus,
the limit set I’ (defined as I', but with H? in place of G7) is compact, nonempty, and
connected. It suffices to prove that I' = I'’. Obviously, I' C I'". If x € I"\T', then « is the
limit of a sequence of points g"¢ € {tg + (1 — )k : t € [0,1)}\ G for a sequence kg /1 +00,
q,k; € N. But lim,_, .o #? = g, and thus x = g. Consequently, x € I', which ends the proof.

O

3 The combinatorial lemma and its applications

The result which is common for our proofs of the existence of zeros for excess demand
mappings, continuum of zeros for parameterized excess demand mappings, and for a
proof of Sperner’s lemma is the following combinatorial Lemma 2, which generalizes the
combinatorial lemma presented in [1].€

Lemma?2 Let S:= (v',...,v") CR" be an (n—1)-simplex, T := T(S) = {y;:j € [Q]}, Qe N,
be a triangulation of S, and let V := V(T') denote the set of all vertices of simplices in T.
Suppose that there exists exactly one simplex ¢ € T such that v € o. Assume also that
cNh... v Y = 0. Let now L : V — [n] be a function satisfying for all p € V the following
conditions:

L forie[n-1]: a7 (p) =0 & Up) #i,

2. l(p)=0 < as(p) =0,

3. lp)=nsasp) =1,

4. l(p) € [n—1] & aS(p) € (0,1),
where o (p) = ozfl. (p) is the ith barycentric coordinate of the point p in S, i € [n]. Then there
exists a unique finite sequence of simplices 01, ...,0y € T,] € N, such that o; and o;,, are ad-
jacentforj € [J-1],n € l(01),0 € l(07), [n-1] C (0)),j € U], and 0 & I(07), 0j11 & {01,...,0;},
jeJ-1].4 See Figure 1.

Proof Let oy := 7. Obviously, n € [(07). Since o is the unique (n —1)-simplex in T contain-
ing v* and oy N (V1,...,v" 1) = @, we have o = (p',...,p" L, p"), where p/ = v + (1 - ¢ )v"
for some ¢ € (0,1), j € [n - 1]. Hence, a®(p/), the vector of barycentric coordinates of the

Figure 1 lllustration of Lemma 2 for n = 3. Small
triangles are members of a triangulation T of

(', v2,v3). The triangulation T satisfies the
assumptions of the lemma. The number at a vertex
of a simplexin T is the value of the function /
assigned to the vertex, and it is clear that / satisfies
the assumptions of Lemma 2. The sequence of
simplices ay,..., o is constructed according to the
rules presented in the proof of Lemma 2.




Mackowiak Journal of Inequalities and Applications (2016) 2016:105 Page 5 of 22

vertex p/, is of the form

@*()=(0...,0, ¢ ,0,.,01-7), jeln-1]

jth coordinate

The equality o} (p/) = 0 implies /() #i, and therefore, due to the facts that &’ (/) = ¢/ > 0,
j€n-1],and a5(p") = 1, we see that [(¢/) = j, j € [n], and [1n — 1] C I(07). Moreover, since
for all v € V, o7 (v) = 0 implies /(v) # i, /(o) = [n — 1] entails that o’ is not contained in
9(S), where o' is an (n — 2)-face of some o € T. Thus, the (relative) boundary 9(S) of S
contains no (n — 2)-face o’ of a simplex o € T such that /(o’) = [n — 1]. From this we get
that there exists exactly one o, € T\ {01} that is adjacent to o7. Obviously, [n — 1] C l(03),
and if 0 € I(c,), then the proof is finished (J = 2). Suppose that [z — 1] = [(0;) and let p"*!
be the only element of V(02)\V(0y). Since {({p',...,p"'}) = [n — 1] and I(p"*}) € [n - 1],
there exists exactly one index i; € [1] such that [(p™) = [(p"*!) and [(V(62)\{p"}) = [n - 1].
So we can find a simplex o3 € T\ {01, 07} adjacent to o, with [n—1] C {(03), and if 0 € [(03),
then the process is complete, if not, then proceeding as before, we can find a simplex
o4 € T\{o1,02,03} and so on.® Suppose that we have constructed the sequence o7, ...,07.
If 0 € Il(oy), then the sequence satisfies the claim. Suppose that 0 ¢ /(oy). Since each (n —
2)-face that is not contained in 9(S) is shared by exactly two simplices of T, there exists
precisely one simplex ¢’ in T\{03,...,07} such that oy and ¢’ share the (n — 2)-face 6’ N oy
with I(¢” N oy) = [n — 1]; this ensures that 07,1 = 0’ and that no simplex of T appears twice
(or more) in the sequence o0y,...,07,1,and [(0)) = [n—1],j € [J -1]\{1}. Thus, in view of the
finiteness of T and the fact that no (n—2)-face o’ of some o/, j € [J +1], with [(¢') = [n—1] is
contained in 3(S), we conclude that there exists the firstindex/ € N such that 0 € /(o). The
uniqueness of the constructed sequence comes from the preceding sentences, properties
of the simplex containing v”, and the fact that each (n — 2)-face in the (relative) interior of
S is shared by exactly two simplices of the triangulation. g

3.1 The existence of equilibrium
Definition 3 Let us fix n € N. We say that a mapping z: int A” — R” is an excess demand
mapping if it satisfies the following conditions:
1. zis upper semicontinuous on int A” with nonempty convex and compact values z(p),
p Eint A",
2. Walras’ law: pz(p) = 0, p € int A",
3. the boundary condition: if p? € int A”, 7 € z(p?), g € N, and lim,_, ,c p? = p, then

pi=0 = lim y?:+oo, i€[n],

q—+00

4. zis bounded from below: there exists a negative number L such that
inf{y;eR:yez(p),peintA”} >L, i€ln].

Definition 4 Letz:int A” — R” be an excess demand mapping, # € N. A point p € int A”
is called an equilibrium point for z if 0 € z(p).

Lemma 5 Let z be an excess demand mapping. Then
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1. there exists &1 € (0,1/2] such that for i € [n] and y € z(p), p € int A", we have
pi<e1=y;>0) and (pi>1-e=y:<0),

2. for any &, € (0,1/2], there exists U > 0 such that z(p) C [L, U]" for each p € int A"
With p; > &, i € [n], where L is the constant appearing in Definition 3, condition 4,

3. foreach e3 € (0,1/2], there exists €4 € (0, €3/2] such that for p € int A" with
Pn <1-—e3, we have that, for i € [n—1] and y € z(p),

(pi<ea= 1=p)yi+puyn>0) and (pi=1-e4=> 1-pu)yi+puyn<0).

4. for e3, &4 for which claim 3 and its premises hold, there exists A € (0, +00) such that,
forie[n-1],

(L= pu)yi + Puyn > A,

whenever y € z(p), p € int A", p; < &4, p, <1 -3, and p; € [e4/2n,1 - £4/2n), j € [n].

Proof Suppose that the left-hand side implication in claim 1 is not true. Then there exist
i € [n] and sequences p? € int A", 1 € z(p/), j € N, such that lim,_, .« p? = p, p; = 0, and
limsup,_, |, »? <0, which is impossible due to the boundary condition. Hence, there ex-
ists &1 € (0,1/2] such that the considered implication is satisfied. To prove the right-hand
side implication in claim 1, observe that p; > 1 —¢; implies py <e&1,i#i,and yy >0, 1,
for y € z(p). Finally, by Walras’ law, 0 < 3, ; pryr = —p;i» and consequently y; < 0.

Statement 2 is true since the restriction of the mapping z to the (compact) set {p € int A" :
Pi > €,i € [n]} is an upper semicontinuous mapping with compact values, and such map-
pings transform compact sets into compact sets [6], p.560.f

To prove assertion 3, suppose that there exists €3 € (0,1/2] such that forany g € N, k > 2,
there exist p? € int A”: pf <1-e3and i, € [n— 1]:p?q < e3/gwith (1 —pZ)yZI +plyl <0 for
some y? € z(p?). Without loss of generality, we assume that i; = 1, g € N. The boundary
condition now implies that lim,_, .« ¥ = +00. Since 1 - pfl > €3, ¢ € N, and z is bounded
from below by the constant L, we obtain that (1—pf)y* + piyf > e3y7 + L > 0 for large g. This
contradicts our assumption that (1— pZ)yZI +plyt < 0for g € N. Hence, for any &3 € (0,1/2],
there exists €4 € (0, £3/2] such that the first implication in claim 3 is satisfied for any p € A™:
Pn <1 - e3. Observe that for fixed &3 and &4 for which the first implication in claim 3
holds, it follows that if p € int A”: p,, <1 - ¢3 and p; > 1 — &4 for some i € [n — 1], then
pj < &4, € [n—1]:j # i, and by the first implication of assertion 3 we get (1 - p,.)y; + puyn =
- Z}'E[n—l]\{i}[(l = Pn)Yj + Puynl < 0.

Let now &3, &4 be as in claim 3 and suppose that claim 4 is false. Thus, there exist se-
quences p? € int A”: pl <1 — &3, p;l € [e4/2n,1 — £4/2n], j € [n], y? € z(p7), q € N, and
i€ [n—1] such that p? <eggand (1 —pZ)y? + plyl <1/q, q € N. By the boundary and lower
boundedness conditions on z, the boundedness of the standard simplex, and by the up-
per semicontinuity of z and compactness of its values, from the sequences p?,y7,4 € N,
we can extract subsequences converging to p € int A” and y € z(p), respectively. But then
pi € [4/2n,1 — 4/2n), i € [n], py <1 — €3, and p; < 4. By the contradictory assumption
we get (1 - p,)y; + pnyn < 0, which is impossible due to the choice of &3 and &,. d
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We are in position to prove the first consequence of the combinatorial Lemma 2.

Lemma 6 Let z be an excess demand mapping. For each ¢ > 0, there exist p € int A" and
y € z(p) such thaty; <e, i€ [n].

Proof Fix ¢ > 0. The claim is trivial for n = 1, so assume that n > 2. To ease the reading,
we divide the proof into four parts.

Part 1: A restriction of the mapping z to a simplex S C int A”. Let us fix &; for which the
assertion of Lemma 5, statement 1 is satisfied. Let &4 correspond to &3 := &1/2 according
to Lemma 5, statement 3. Finally, suppose that U fulfills Lemma 5, statement 2 for &, = €4
and A corresponds to &3 (= £1/2) and &4 as in Lemma 5, statement 4. Notice that 1 — &; <
1—%81=1—83<1—84<1—nz—;184§1—i84.

Without loss of generality, we can assume that &4 is so small that the vectors

. £ € n-1 £ e
V= <2—4,...,2—4, — ) 84,2—4,..., 2—4> eintA”, ie [l’l], (1)
n n n n n
———

ith coordinate

are linearly independent. Let now S := (V' :i € [n]), and let ozf (p) := ozg,- (p) denote the ith
barycentric coordinate of p € S in the simplex S, i € [1]. Hence, p = Y, & (V. It is
obvious that § C int A", the set S is an (n — 1)-simplex with the vertices V', i € [x], and
pi € [e4/2n,1 - ”2—;’184] for p € S. Moreover, for each i € [x], any value in [£4/2n,1 — ”2—;’184]
is taken on by p; for a point p € S. Observe that if for a point p € S, & (p) = 0 for some
i € [n] (& p; = €4/2n), then p; < &1 and y; > 0 for y € z(p); ifaf(p) =l(ep=1- ”2—;184) for
some i € [n], then p; >1 —&; and y; > 0 for y € z(p). Further, if p€ S, p, <1-e3=1-¢1/2,
and af(p) =0 for some i € [n —1], then p; < g4 and (1 — p,,)y; + pnyn > A for y € z(p); in the
case where o (p) = 1 for some i € [n — 1], we have p; > 1 — &4 and (1 - p,,)y; + pyn < O for
y €z(p).

Part 2: Two triangulations of S. From the upper semicontinuity of z we obtain that,
for any p € S, there exists &, € (0,£/2) > 0 such that z((p + Bs,) N S) C z(p) + Be2. By the
compactness of S there exist points p',...,p? € S, Q € N, such that the sets p + B, i € [Q],
where B := ngl., are an open cover of S. Now, let D:=1 + sup{|y| : y € z(p),p € S} (D €
[1, +00) by Lemma 5, statement 2). Define § := min;e[q) 3, and let A € (0, min{A,/2}) be a
Lebesgue number of the covering {p* + B* : i € [Q]} of S satisfying the inequality

(mn—1)de4

A<
- 8n

2)
Hence, any set A C S whose diameter is less than A satisfies the condition A C pi + B! for
some i € [Q]. Let us now fix m; € N so large that diamo < min{2, &,/6} for o € K, (S),
and to each vertex v € V,,,, (S), arbitrarily assign a point y(v) € z(v); notice that |y(v)| < D,
v € V,,, (S), and if a simplex o € K, (S) contains a point p such that p, > 1 — £;/2, then
p,>1-2¢/3, p' € 0. Let us also fix m, € N such that for each simplex o in the trian-
gulation TS := Ky, xm, (S), we have diamo < min{A/D, &1/3}. Observe that V,,, (S) C V5 :=
Vi xmy (S). For any o € TS, by & we denote the unique simplex & € K, (S) such that
o C 6. So, it makes sense to speak on the barycentric coordinates of points p € o € TS
in 6 € K,,(S). We denote the barycentric coordinates of p € o € T* in the simplex
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6 € Ky, (S) by o’ (p) and the barycentric coordinate of p corresponding to v € V(6) in
& by & (p), v € V(6). Hence, p = D vevie) oS (p) and 2 vevis) al(p) =1, & (p) € [0,1],
v € V(6). Since the set K, (S) is finite and A and D are fixed independently of the tri-
angulation of S and the barycentric coordinates of a point p in a simplex are continuous
functions of p, without loss of generality (increasing 1, if necessary), we may assume that
> vevis) el (p) — @ ()] < A/D for any o € T and p,p’ € o, that is, the barycentric coor-
dinates of points p,p’ € o € T in the simplex 6 € K, (S) differ by less than A/D.

Part 3: A labeling of V5. Recall that to each vertex v € K, (S) C T%, we have arbitrarily
assigned y(v) € z(v) in Part 2 of the proof. Let

h(p) = (m@),....ha(p)) = Y _ o (p)y(v) eR”, 3)

veV(s)

where p € S, and o is any simplex in T° with p € o; it is clear that 4(p) is independent of
the choice of o aslong as p € 0. For p,p' € o € T®, we have

) -h(@)] = | D (@) - ()| = D o (o) - o )| [y»)]
veV(6) veV(6)
< Yl -ol ()P < %Dﬂ- @
veV(o)

Further, for any p € o € T*, we have

php)= > iy = Y ol () (v+y(p)y) = (x),

veV(6) veV(5)

where y (p,v) := v—p, v € V(6), and by the choice of m, we have |y (p, v)| < min{A/D, &1/3},
v e V(6), so by Schwarz’s inequality

W=D @+ > @yt < Y e (p)%DfA,

veV(5) -0 veV(6) veV(6)

and hence, for eachp € S,

ph(p) < 1. (5)

It is an elementary task to check that, for p € S,

(U =p)ph(p) = Y pi((A=p)hip) + pultn(p)). (6)

ie[n-1]

Conditions (5) and (6) imply that, for p € S, we have

> 2l -phip) + pahap) < 1.

i€[n-1]

By Lemma 5, statement 1 and the choice of my, /,(p) < 0 for p € S with p, > 1 - &/2
and 4,(p) > 0 for p € S with p,, < £1/2. Further, by Lemma 5, statement 4, (1 — p,)h(p) +



Mackowiak Journal of Inequalities and Applications (2016) 2016:105 Page 9 of 22

Prhn(p)>A>iforpeS, p, <1-¢1/2,and p; = g4/2n (& af(p) =0) for some i€ [n-1].
These considerations show that the function /: VS — [u], defined by the formula8

VpeVS:
n ifp,,:l—’é—’nl&h
0 ifp, =2,

p)=1 S e @)
min{i € [n—1]: &} (p) > 0} ifp,e1-3,1-"5"¢€4),

minfi € [n-1]: (1 - p)hi(p) + pahu(p) <2} ifp, € (GL,1-3),

the simplex S, the triangulation TS of S, and its vertices V¥ satisfy the assumptions of
Lemma 2.

Part 4: The existence of the asserted point. By Lemma 2 and Part 3 we obtain that there
exists a sequence of different simplices o1,...,07 € T, J € N, such that V" € 01, 0 € oy, o
and oj,; are adjacent, j € [J — 1], and [#n —1] C l(0}), j € [J], 0 ¢ l(0}), j € [ — 1]. It is obvious
that the set (J,;
S with the ‘bottom’ (v':i € [n—1]) of S. Since 0 € l(o7), we have that /,(v) > 0 for the
unique vertex of oy for which /(v) = 0. It is also clear that there is the first simplex o;,,
j1 €], such that o; C {p € S: p, <1-61/2},j €j1,...,]. The choice of &; and the fact
that the diameters of simplices in T are sufficiently small guarantee 0, C {p € S:p, €

o; is an arcwise connected subset of S joining the ‘upper’ vertex V" of

[1 - &1,1 - &1/2]}. Hence, h,(v) < 0 for v € V(o;). The arcwise connectedness of the set
Uzj‘:h oj implies now that there is o;,, j» € {ji,...,/} such that /1,(v) > 0 for some v € V(o)
and /,(v') < 0 for some V' € V(g},) > 0, which in view of the construction of vectors k(p),
p € S, and the convexity of 0j,, implies that there exists p € 0j,: h,(p) = 0. From (4) we
obtain that |/,(v)| < A, v € V(0j,). Notice that for each v € V(0},) with {(v) = i for some
i € [n—1], we have (1 — v,,)l1;(v) + v,h,(v) < A. In view of the inequality v, <1 - "—;1.94 for
all i € [n— 1], we have

A Vuh A 2A 4ni

Vi
A= ——h,v) < + < 1+v,) < <—,
1-v, 1-v, n(v)_l—v,, l—vn_l—vn( Vn)_l—vn_(n—1)84

hi(v) <
from which, according to (2), we get
hi(v)<8/2 iflv)=iie[n-1],ve V(s,).

Since for each i € [n — 1], there is v € V(0},) such that [(V) = i, by (4) we see that /1;(v) <
8/2+ 1<, veoy,, ic[n-1],and h,(v) < A < 8. Hence, /;(v) < 8 for any v € 0j,, i € [n].
To end the proof, notice that v € 0}, C &}, € K, (S), and thus /(v) € conv(z(p) + B,2) for
some p € {p' : i € [Q]} (see Part 2 of the proof). But z(p) + B, is a convex set, so that
h(v) € z(p) + Bz, and there are y € z(p) and x € B, such that k(v) = y + x. We have

yi=h(v)—x<8+¢e/2<¢e/2+¢e/2=¢, i€ln].
The points p € S C int A” and y € z(p) satisfy the assertion. See Figure 2. d

From Lemma 6 and its proof we obtain the following.

Theorem 7 Let z be as in Lemma 6. There exists an equilibrium point for z.
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Proof Observe that the simplex S constructed in Part 1 of the proof is independent of
& > 0. Hence, there are points p? € S and 7 € z(p?), satisfying y! <1/q, i € [n], g € N. The
compactness of S allows us to assume that the sequence p? converges to a point p € S.
From the upper semicontinuity of the mapping z and from the compactness of its values
we may also assume that the corresponding sequence of points y7 € z(p?) converges to a
point y € z(p) with y; <0, i € [n]. Since p € S Cint A", y = 0 (by Walras’ law). O

3.2 A continuum of equilibria for parameterized excess demand mappings
The main result of this section is a version of Browder fixed point theorem for excess

demand mappings.

Theorem 8 Let z:int A" x [0,1] — R"}, n € N, be a nonempty, convex, and compact-
valued upper semicontinuous mapping such that
1. pz(p,t) = 0, (p,t) € int A"! x [0,1],
2. if (p?,t9) € int A" x [0,1], 97 € z(p?,29), g € N,
limys .00 (@7, 1) = (p,t) € A" x [0,1], then

pi=0 = limy'=+00, i€[n-1],
q+00
3. there exists a negative number L such that
inf{y; e R:y € z(p, 1), (p, 1) € int A" x [0,1]} L, ie[n-1].

Then there exists a compact and connected set E C int A"™* x [0,1] such that EN (int A" x
{0}) #0, EN (int A" x {1}) #0, and 0 € z(p, t), (p,t) €E.

Before we present a proof of Theorem 8, let us remark that for any ¢ € [0, 1], the mapping
z(+, t) is an excess demand mapping in the sense of Definition 3. Theorem 8, assumptions 2
and 3 (and the assumption of upper semicontinuity) impose some uniformity conditions
on the family of mappings {z(-, ¢) : t € [0,1]}, and we suppose that the claim of Theorem 8
may not be valid for a nonempty, convex, and compact-valued upper semicontinuous map-
ping z: int A”! x [0,1] satisfying Theorem 8, assumption 1 and such that each mapping
z(+,t) is an excess demand mapping, ¢ € [0, 1], but either Theorem 8, assumption 2 or The-
orem 8, assumption 3 is not satisfied. However, we were not able to construct an example
of such mapping nor to deliver a proof of Theorem 8 without introducing the just men-

tioned conditions.

Proofof Theorem 8 The claim is certainly true for n = 1, so assume that # > 2. Let us define
the mapping £ : int A” — R” by
p1 Pn-1 :
z( S Zie[n—l]pi,o) x {0} if p, <1/3,
. P1 Pn-1 _ :
£(p) = { =( Sz Zie[n_l]pt’gp” 1) x {0} ifp, €[1/3,2/3],

P1 Pn-1 :
z( S Zie[n_upi’l) x {0} if p, >2/3,

for p € int A”. By the assumptions on the mapping z and the construction of &, reasoning

similarly as in the proof of Lemma 5 (with £ in place of z), we deduce that:
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(i) for each &, € (0,1/12), there exists U > 0 such that &(p) C [L, U]" for each
peint A" with p; > 5,1 € [n],

(ii) for each e3 € (0,1/12), there exists g4 € (0, £3/2] such that for p € int A” with
Pn <1—¢e3, wehave that, fori € [n—1] and y € £(p),

(pi<ea= A=p)yi+Puyn>0) and (pi=1-¢e4=>(1-pu)yi+puyn<0),

(iii) for €3, &4 for which claim (ii) and its premises hold, there exists A € (0, +0c0) such
that, for i € [n —1],

(L =p)yi + Puyn > A,

whenever y € £(p), p € int A", p; < &4, p, <1— €3, and p; € [e4/2n,1 — £4/21],
jeln].
Remark that for p € int A” and y € &£ (p), we have y,, = 0, and thus the inequality (1 - p,)y; +
Pnyn > 0 is equivalent to y; > 0 for i € [n — 1]; similarly, if we replace ‘>’ with ‘<’ Let €4 cor-
respond to some fixed €3 € (0,1/12) according to (ii) and & := 2¢3, &3 := £4." Moreover, let
U, A correspond to &5, €3, and &4 as in (i), (iii), respectively. Finally, fix ¢ > 0. Observe, that
¢; are chosen independently of €. Literally repeating the passage of the proof of Lemma 6
starting from ‘Without loss of generality, we can assume that &4 is so small that...” in Part 1
and ending with ‘It is obvious that the set Uje ;
the ‘upper’ vertex V" of S with the ‘bottom’ (V' :i € [n—1]) of S’ in Part 4, with the excep-
tions that
» we replace z with &, and

0} is an arcwise connected subset of S joining

+ we keep in mind that y,, = 0 whenever y belongs to the image of &, so that, in
consequence, /1,(p) =0,p €S,
we obtain the simplex S, its triangulation 7%, and a sequence of consecutively pairwise
adjacent (n — 1)-simplices 01,...,0;7 (with no simplex appearing twice in the sequence) in
T® joining V" and (v,...,7"™) and satisfying the following equivalences: 0 € I(¢/) < j =],
nel(oj) & j=1forje[J], (o7) C [n-1]. We also have that there exists the first j; € [J]
< 2/3, and there exists the greatestj € {j; + 1,...,J} such

such that p € gj, j > j1, implies p,,
that p € 0}, j € {j1,/j1 + 1,...,jo — 1}, implies p, > 1/3. Let

A= {j],j1 +1,...,j2}, EA = (UG;) n {[}GSZP,, € [1/3,2/3]}

jeA

Observe that since the diameter of each simplex in T is small, p € 0/! U ¢/ implies
Pn € (64/2n,1 — £1/2). It is also clear that there are p € 0j,: p, =2/3 and p’ € 0j,: p), = 1/3.
Moreover, for any j',j” € [J],j <", the set U/’EI]]:/S/‘S/‘” o) is arcwise connected.

The definition of the function / and the fact that /(oj) = [ — 1], j € A, entail that for

ie[n—1]andj € A, thereis v € V(o)) with (1 - v,);(v) + v,h1,(v) < A; hence,
hi(v) <4/2,
and thus (see Part 4 of the proof of Lemma 6)

hi(v)<8<el2, ie[n-1l,veo;,jeA.
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For each j € A, there are 6; € K,,,, (S) with conv{A(v) : v € ¢;} C conv{y(w) : w € 5;} and

€ [Qlwitho; C 65 C P + B (see formula (3) and Part 2 of the proof of Lemma 6). Hence,
conv{h(v):veaj} C E(p")+B,pandy; <8 <e/2fory e convi{h(v):ve oj},i€[n-1],j e A.
By the arcwise connectedness of the set E,4 there exists a continuous function g : [0,1] — S
such that

(iv) g([0,1]) Cc{p € S:p, € [1/3,2/3]},

(v) g4(0)=2/3, g,(1) =1/3,
(vi) for each t €[0,1], h;(g(t)) <e/2,ie[n-1], h,(g(?))=0
(vii) foreach ¢ € [0,1], there are p € S and y € &(p) with |p — g(¢)| < 3, |y — hi(g(¥))| < £/2,
i€[n-1],and thusy; <e,ie[n-1].

From up-to-now considerations we conclude that for each ¢ > 0, there exist § € (0,¢/2)
(see Part 2 of the proof of Lemma 6) and continuous functions g° : [0,1] — Sand #°: S —
R” satisfying properties (iv)-(vii). Let €7 = 1/q, g € N, and let g7, h? be functions meeting
properties (iv)-(vii) (with g%, /° instead of g, /1, respectively). Without loss of generality, let
us assume that lim,_, .o, g7(0) = g. By (v), g,, = 2/3. Notice that the continuity of g7 implies
that the set I'? := g7([0, 1]) is a compact and connected subset of the convex compact set
S, q € N. Define

[:= {xeX x= lim %, where &, ' +00 as g — +00,x € Gk, qu]

q—>+00

By Lemma 1 the set I is a connected and compact subset of S. By property (v) there is a
pointg € I': g, = 1/3. Observe also that g € I' and recall that g, = 2/3. From (vii) we see
that 0 € £(g), g € I'. Indeed, if x € T, then there exist sequences k; € N, x7 € gX([0,1]), g €
N, k; /' +00, such that lim,_, .o x? = x. By property (vii), for each g € N, there exist p? € §
and 7 € £(p?) such that |p? — x7| < 1/q, y! < 1/q, i € [n - 1]. Obviously, lim,_, ;0o p7 = %,
and since &(p?) C [L, U]", g € N, we may assume (extracting a subsequence if necessary)
that lim,_, ;. ¥? = y € [L, U]", where y; < 0, i € [n — 1]. By the upper semicontinuity of the

compact-valued mapping & on theset S,y € £(p). Now, since p € § C int A”, by assumption
1 on the mapping z and the definition of & we get

Y pyi= ) pyi= ( > p;) Z,e[n =

i€[n] i€[n-1] jeln-1] i€[n-1]

which, due to the inequalities y < 0 and p > 0, implies y = 0, and hence 0 € £(p).
Let now the function w: {p € int A" : p,, € [1/3,2/3]} — int A"} x [0,1] be defined by

P1 Pn-1
W(P):( yeees 73pn_1)’
Zie[n—l] bi Zie[n—l] Pi

peintA”, p, € [1/3,2/3]. The function w is a homeomorphism between {p € int A" : p,, €
[1/3,2/3]} and int A"! x [0,1], w,(p) =0 & p, =1/3,and w,(p) =1 & p, =2/3, p € int A™:
Pn € [1/3,2/3]. It follows that the set E := w™(I") satisfies the assertion. See Figure 2. [
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Figure 2 This figure explains the idea of the

@
proofs of Lemma 6 and Theorem 8 for n = 3. The 2 A

vertices vV, i € {1,2,3}, are defined by (1). The simplex  psle | 4
§:=(v!,v2,v3) is triangulated with thick-lined WATAN p2l-€5=1-€1/2 |
triangles (Ks(S) triangulation, my = 6) and then with A Ry A
thin-lined triangles (K;,(S) triangulation, m, =2). The | p:22/3 AN, \ ps2log |

path P of simplices marked with thick-dots or
thick-line is determined by adequate labeling
(dependent on the theorem being considered) and
combinatorial Lemma 2. For Lemma 6: there is a

AVAVAVAY)
simplex o € P below the line p3 > 1-¢1/2 and \7{,\.°WW\/\
points v,v' € o such that hs(v) <0 and h3(v') > 0

(see Part 4 of the proof). For Theorem 8: the NVW\/W\N\N\
simplices in P marked with thick-line represent the S v
compact connected set £4 corresponding to the

given accuracy level € and joining level-lines
p3=1/3and p3 =2/3.

JAVAY \VAVAN
VAVAVANE 7, VAN
\VAVAVAVA\'AV/

3.3 Sperner’s lemma
Let us fix n € N\{1} and define, for i € [n - 1],

o1, 2
w= =€+ =¢€",
3 3 8)
o201
Vii=—e + =¢€",
3 3

where e’ € R” denotes the ith unit vector of R”, i € [n]. We can easily see that !, € A",

n—1

i € [n —1], and that the vectors w!,...,w"! and v!,...,v""}, are linearly independent, so

(wiie[n-1]) and (v':i e [n—1]) are (n — 2)-simplices contained in A”. Moreover, di-

rectly from formula (8) we obtain that each of the sets {v},..., v L, wl}, (v2,...,v" L, wh, w?},

o L wl, L, w1l is a set of affinely independent vectors, and thus these sets generate

(n —1)-simplices

)

4 , . , .
In what follows, by v/,...,w" we mean v/,...,v" L, wl,..., w' foranyi,i € [n—1]. We first

present some lemmas. Their proofs are postponed to the Appendix.
The next lemma is a bit technical, but the geometry behind it is rather intuitive. Namely,

1

the lemma reveals that it is possible to decompose the polytope conv{s},...,v", w!, ..., w"}

into the simplices S,...,5"}, and the intersection of any pair of those simplices is their
common face.!

Lemma9 Letw',v,ic[n—-1],beasin (8),and S',ic [n—1],as in (9). Then

sins' =(v,...w), iien-1li<i (10)
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and
conv{vl,...,w”_l} =Stus?u..-us (11)

Remark 10 Similar decomposition applies for the set conv{y!,...,v" 1, €l,...,e"}. The
idea for a proof is identical to that presented in the proof above (only some minor changes
are necessary).

The situation presented further in Lemma 11 can be imagined easily.

Lemma 11 Fix n > 3, n € N. Let T be a triangulation of an (n — 2)-simplex S =
ph....p" Y CR", and let S' = (p',...,p""L,r) be an (n —1)-simplex. Then the collection
T .= {{V(o)U{r}) :0 € T} isatriangulation of S'. Moreover, each simplex o € T and each
simplex o’ of the form (V(F) U {r}), where F is an (i — 1)-face of a simplex in T, i € [n - 2],
belong to the set of all i-faces of simplices in T', i € [n - 2].

We shall now show that there is a special triangulation of the standard closed simplex A”.
The special triangulation allows us to embed a triangulated (n — 2)-simplex S in the stan-
dard simplex A" keeping simplices from the triangulation of S as faces of simplices in the
triangulation of A”. This lemma allows us to apply our combinatorial Lemma 2 to detect
a simplex satisfying the assertion of Sperner’s lemma.

Lemma 12 Fix n>3,n e N. Let vV, W, j € [n — 1], be defined by (8). Suppose that T is a
triangulation of the (n —2)-simplex (v',...,v" ). Then there exists a triangulation T' of A"
such that (V',w',...,w"™Y) € T' and, for each o € T, there is a simplex o' € T' for which o
is its an (n — 2)-face. We also have

V(T) = V(D) U fe,.... e whoo, ). 12)

Moreover, if for a simplex o' € T', there is exactly one i € [n—1] such that e € V(o'), then
o' =(V(o)U{e}) for someo € T.

Theorem 13 (Sperner’s lemma) Fix n > 3, n € N. Suppose that T is a triangulation of an
(n—2)-simplex S = (p',...,p" ). Let 1 : V(T) — [n] be a function such that [(v) # i whenever
o;(v) = 0, where a;(v) := ot; (v) is the ith barycentric coordinate of the vector v in S. There
exists o € T with [(o) = [n — 1]. Moreover, the number of such simplices is odd.

Proof Letv', w', i € [n—1], be defined by (8). Without loss of generality, assume that p’ = v/,
i € [n—1]. Since T triangulates (v',...,v"), we may assume that 7" is a triangulation of
A" whose existence is asserted in Lemma 12. Let now /' : V(T") — [n], be defined by

n ifp=e",
) 0 ifpele,...,e"
lp)=1. P ,

i if p=w',for someie [n-1],

lp) ifpeV(T),

where p € V(T"). The function I and triangulation 7" of A” evidently meet the assump-
tions of Lemma 2. Hence, there exists a sequence o1, . .., 0y of adjacent simplices in 7" such
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Figure 3 The idea of the proof of Sperner’s
lemma (Theorem 13) for n = 3. Then simplex
(p',p%) isembedded in (e',e?,€3) as (v!,v2). The
triangulation T of that simplex consists of small
sectors in (v!,v?) whose vertices are labeled by the
function /. The labels at the other vertices are
produced by /' (see the proof). The simplices o7,...,
o5 come from combinatorial Lemma 1. The
simplices o1,...,0¢ come from the pairing of
simplices by the procedure described in the proof of
Sperner’s lemma (see also endnote j). Finally,
observe that the simplex (e',e?,€) is triangulated as
in the claim (and proof) of Lemma 12.

that o; is the first simplex with a vertex contained in {e!,..., ¢""'}. Obviously, by Lemma 2,
I'(07) = [n = 1]o, and from Lemma 12 we see that oy = (V(o) U {¢'}) for some & € T and
i € [n—1]. Hence, /'(c) = {(7) = [n — 1], which proves the existence of a simplex in 7T sat-
istying the desired property. Now, if o € T, 0 # o, then using a similar procedure to that
presented in the proof of Lemma 2 to generate the sequence oy, ..., 0y, we obtain a unique
sequence o07,...,0;, of simplices in 7" such that o}, is the first simplex in that sequence
different from o, that possesses a face ' € T\ {7} with /(") = [n — 1]J This way we can
pair the simplex o with a different simplex ' € T, where /(o) = /(c”). So, to each simplex
o in T\{o'} with /(o) = [n — 1], we can uniquely assign a different simplex ¢’ € T\ {T} with
l(0’) = [n —1]. It follows that the number of simplices satisfying the claim is odd since &
has no paired simplex (obtainable using the presented procedure of generating sequences
of simplices in T”). See Figure 3. g

4 Final remarks

4.1 An algorithm for finding a zero of an excess demand mapping

From the proof of Lemma 2 we obtain the following algorithm for finding approximate
solutions to the equation y = 0 for y € z(p), p € int A", where z is an excess demand map-

ping.

Step 0: Fix accuracy level € >0.Determine &y, €3, &4, A and verticesV,
i € [n], and simplex S := (V:ie[n]) as in Part 1 of the
proof of Lemma 6. Fix numbers §, A, my, my as in Part 2 of
the proof.Let also T := Ky xm,(S). To each vertexve V(K,(S)),
arbitrarily assign y(w) € z(v). Further, to each v € V(T), as-
sign the point h(v) according to formula (3) and label
eachve V(T) as l(v) € [n]p, where labelingl/is defined by (7).
Let also 07 be the only simplex in T with V" € 0y. Put F :=
V(e)\{V"},v:=V",and go to Step 1.

Step 1: Determine the only vertex v € T such that v # v and
(FU{v})e T.Go to Step 2.

Step 2: If h,(v)>0,then STOP: there is a point p e (v+ B;s)NintA” and
y € z(p) with y; < ¢, i€ [n]. Otherwise, assign the only element
of I'Y({(v)) N F as the value of ¥. Set F:= (F\{¥}) U {v} and go to
Step 1.
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Let us emphasize once again that the proofs of Theorems 8 and 13 also contain descrip-
tions of algorithms for finding the asserted objects, although we leave their detailed for-
mulations to the reader.

4.2 Kakutani fixed point theorem and Gale-Debreu-Nikaido lemma

Suppose that F: A" —o A" is an upper semicontinuous nonempty convex and compact-
valued mapping. Kakutani’s fixed point theorem ensures that such a mapping possesses a
fixed point [3], p.27. It is possible to derive Kakutani’s theorem from our Theorem 7. To

this end, for any fixed ¢ > 0, define the mapping z° : int A” — R” by
¢ py o
zp):=g (p)+{y—p—pp:yel—"(p)}, peintA”,

where g°(p) = s(ﬁ -1,..., np% —1). We can prove that z° is an excess demand mapping in

the sense of Definition 3. By Theorem 7, for each ¢ > 0, there exists p® € int A” such that

0 € z°(p®), and thus 0 = g°(p°) + y* — ;’:;ips for some y° € F(p®). Hence, for a sequence €7,

q € N, converging to 0%, there exist sequences p?,y? € F(p?), g € N, with

1 1 944
0=sq<——1,..., —1> Y e

np! npj; pip?

that converge to some p € A” and y € F(p), respectively. Then, for each i € [n], we have

and since the right-hand side sequence is bounded, we can assume that the left-hand side
terms converge to some a € R. Multiplying the last equation by p; (for each i € [n]), sum-
ming over i € [n], and taking the limit as ¢ — +o0o, we see that a = 0 (by Walras’ law).

Hence,

y= p—ylﬂ,
pp
and y,p € A" implies that 1% =1,sop=y€F(p).

Now, if F: A" — R” is an upper semicontinuous nonempty convex and compact-valued
mapping satisfying a weak version of Walras’ law pF(p) < 0, p € A", then the Gale-Debreu-
Nikaido lemma asserts that there are p € A” and y € F(p) with y < 0 [7], p.81. Going along
the lines above for Kakutani’s fixed point theorem, we obtain points p € A", y € F(p) with
y= 5—}{ p. By the weak Walras law we get py < 0, hence, due to the inequality p > 0, we have
y=0.

4.3 Browder theorem

Browder’s fixed point theorem for mappings states that if F: A” x [0,1] —o A” is an up-
per semicontinuous mapping with nonempty, convex, and compact values, then there is
a compact connected subset E C {(x,t) € A” x [0,1] : x € F(x,£)} with EN (A” x {0}) # 0@
and EN (A" x {1}) #@ [3], p-29. It is possible to derive this theorem from our Theorem 8



Mackowiak Journal of Inequalities and Applications (2016) 2016:105 Page 17 of 22

and Lemma 1. Indeed, let for € > 0, z° : int A” x [0,1] — R” be defined by

z(p,t) :=g°(p) + {y—l‘tj—;p:yeF(p,t)}, (p,t) eint A" x [0,1],

where ¢g° is defined in Section 4.2. The mapping z° satisfies the assumptions of Theorem 8.
So, there exists a compact and connected set E° C int A’ x [0,1] such that £° N (int A" x
{0}) #@, E? N (int A" x {1}) #0, and 0 € z°(p, t), (p,t) € E°. By Lemma 1 we obtain that
for a sequence ¢7 > 0, g € N, converging to 0%, and nonempty compact and connected
sets E9 C A" x [0,1] (E7 := E*"), the limit set E C A” x [0,1] is compact, connected, and
EN(A"™ ! x {0}) #0, EN (A" x {1}) # . Arguing as in Section 4.2, we conclude that each
point (p, t) € E is a fixed point of F(-,£): p € F(p, ).

Let us notice that in a recent work [8], there was also proved a generalization of
Browder’s theorem. However, it seems that our less general approach is simpler than that
presented in [8].

4.4 Abit on economics

Our findings in [1] were well motivated by economics. However, it appears that our results
have natural origins in economics. Indeed, Theorem 7 allows us to state that there exists
an equilibrium for a pure exchange economy (where agents’ excess demands are multival-
ued mappings), whereas Theorem 8 ensures the existence of equilibrium in an exchange
economy with price rigidities ([3], Chapter 2 or [8]). Even Sperner’s lemma has an inter-
esting economic/social implication; it enables us to deduce that there exists a fair division
of a good (see, e.g,, a nice introduction in [9]).

Appendix
Recall that v/, ..., w’ means v/,...,v" ", wl,...,w’ foranyi,i € [n—-1].

Proof of Lemma 9 Leti,i' € [n—1],i<i'. It is obvious that (/,...,w) C §'N S". To prove
(10), it suffices to show that (/,...,w) C §'N S”. On the contrary, suppose that there is
x € (S'NSO\(G,...,w). Define

yi=ad@), jelbitl..n-1},  y=ad), je{l2,...i,

MimaS ), jelisitloan-1),  y=aS @, je{lL2...i},

where o5 (x) denotes the barycentric coordinate of a point x € S corresponding to the ver-
texve V(S). So,x= Y A + Y0 yw, x= 375 A + 31 y/wl. Observe that by the
assumption on x there exists j € {i,i +1,...,i —1}: ;> 0. We have

n-1 i n-1 i
PSS DIED WA
j=i j=1 j=i j=1

i'-1 n-1 i-1

& ZA}-V’ = Z ()»1/ —A,-)vi + Z(yj’ - y,»)w’ + (A;, —)\i/)vi/

j=i j=i'+1 j=1
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which, due to (8),implyk1’.—)Lj =0,je{i+1,i+2,...,n—1} and yj’—yj =0,je{l,2,...,i-1},

S0
i'-1 ' i1
ZA,'V’ = (Al = )V + (v —yi)w + yl,w + Z yiw
j=i j=i+l

The last equation and (8) imply

2 1, , 2 1 2 1, 2., 1,
g)»i = g()/i - )/i) >0, §)”+1 33/”1, ) 3)»1"71 = gJ/i/_p g()xi/ - )»i’) = —gyy
and
1 1 2
32 b= (=) + S =) + 3 y, Zy,,
J=i 1 i+1

from which we obtain by multiplying both sides by 3 and carefully substituting y’s for A’s

1 = ) /-1
E(y[ -vi)+ 3 Z Y = _EVi// +2(y —vi) + 2y +2 Z V)
j=ivl joivl

which is equivalent to

i'-1

0=3(y/ =) +3y, +3 ) _ .
jirl

But ¥/ —y: > 0 and y's are nonnegative, so v, =y =0,y =0,j € {i +1,i +2,...,i'}, which
entails A; =0 forje {i,i+1,..., i’ — 1}, which is impossible due to the assumptions on the
point x. Hence, equation (10) holds.

To prove (11), we shall first show that

conv{vl,...,w”‘l} =St Uconv{vz,...,w”‘l}.

Suppose that x € conv{¥!,..., v L, wl,..., w" 1}, x # v}, so there exist nonnegative numbers

)"jﬁ )/]7] € [l’l - 1]) Zje[n—l] ()\.] + ]//) = 1, )\.1 < 1, fOr Wthh

x= Y e Y (13)

jeln-1] jeln-1]

By (8), ¢” =2w! — v}, w = %vj + %e”,j €{2,3,...,n—1}, and, due to (13), we get
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n-1 n-1 n-1 v n-1 ¥ n-1
1 ] 1 ] 1
:(1—ZA]— y,)v —( E)V +Z<A,+—)v’+(2y,>w
j=2 j=1 j=2 j=2 J=1
n-1 n-1 1 n-1 n-1 v
1 1 ]
:(1—(‘ Y+ : (A,+§y,)>)v +<' y,)w +Z(A,+—>v’
j=1 j=2 j=1 j=2
Sy f = *ﬁt%

;;(A- + %yj) Since A1 <1, ¢ > 0. Define now t; := ==

Let ¢ := Z;‘Elj/j+
14 =1,and

]6{2 o= 1} Thent>0}€[n 1] Z]enl

n-1
x=1-tW+ t(t1w1 + Zt;ﬂ).

=2
Notice that if ¢ € [0,1], then x € S!, and if £ = 1, then x € { w!), and x belongs to the

(n — 2)-face of S* opposite to the vertex vi.

If t > 1, then

1 t-1
Ex+—v =fHwt +Ztv’e >

wh) C S'and V! = £v - -Lx. By (13),

Let now v:= 1x + £y Then v € (+?

and, subsequently,

e 2 )e- re Ea &
+— Jx= —v+ +
1) 7= v
which results in
Mt n-1 A n-1 Vi
1 j j i
X = V+Z V’+Z w.
) ) )
L+ 74 Sl o1+

Remark that all coefficients at the vectors v, v/, w on the right-hand side are nonnegative

and
At n-1 n-1 )\.lt n— 1 -1
-1 Aj Vi = 2 M +Z/ 1Y t Hitl-n
M + St Z Mo = M =L
I+5 T lva T lta 1+m L+

and hence x € conv{1?,...,w" '} (if £ > 1).

We have just proved that

conv{vl, ce w”’l} =Sty conv{vz, e w"’l}.
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Proceeding similarly, we get conv{v?,...,w" 1} = S2Uconv{1?,...,w" 1}, then conv{s?,...,
w1} = SBUconv{v?,..., w1}, conv{v?, ..., w1} = S*Uconv{1?,...,w" 1}, .. until we meet

the set conv{v"L,...,w" 1} = §"1, Decomposition (11) follows. O

Proofof Lemma11 Since S’ is an (n—1)-simplex, (V (o) U {r}) is also an (n —1)-simplex for
any o € T.Indeed, the inclusion ¢ € T implies that vertices V(o) are affinely independent,
and from this and due to the assumption that S’ is an (# — 1)-simplex, we can conclude
that the vectors V(o) U {r} are affinely independent, which implies that 7" is a collection
of (n — 1)-simplices.

Each point x € ' is uniquely represented as x = Y, |, Ap' + yr with nonnegative
As and y that sum up to 1. Therefore, x = yr + (1 = ¥) X iy %p‘. Let p :=
Zie[n_l] m‘n’ € (p%,...,p"). Hence, p € o for some o € T, and y € [0,1], and ac-
cording to the fact that y € [0,1], x = yr+ (1 - y)p € 0’ € T’ for some ¢’ € T'. Observe
that for any o}, 0; € T', there exist 01,05 € T: 0] = (V(01) U{r}), o5 = (V(03) U {r}). Thus,
o{ Nay = {(V(e1) N V(o3)) U{r}), and since o1 N oy (if nonempty) is a common face of
simplices o1, o, and due to the fact that » and vertices of V(o; N 03) are affinely inde-
pendent, the set ((V(o1) N V(02)) U {r}) is a face of both o] and 0. If 01 N 0y = @, then
of Noy = (V(e) U{r}) N (V(oy) U{r}) = (r). We conclude that 7" is a triangulation of §'.
Now, because each ¢’ € T is of the form o’ = {(h,...,h,_1,r) for some {(hy,...,h,1) € T,
we get that its nonzero faces are of the form ({/;:i € A} U {r}), where # #A C [n - 1], or

({h;:i€ A}), A C [n—-1], #A > 2. The assertion follows. O

Proof of Lemma 12 Let S, i € [n - 1], be determined by (9). Put T! := T and define
T .= {(Vieyu{w'}):o e T'}.
By Lemma 11, Tl is a triangulation of S'. Now, recursively define for i € [n —1],i > 2,

Ti:= {a N <Vi, . ..,WH) 10 € TH,U n (vi,...,wi_l) isan (n —2)-face ofo},

T = {(Vo)U{w)):o e T').

For each i € [n — 1], the collection T" is a triangulation of (v/,..., w1} (see Section 2), and
by Lemma 11, T isa triangulation of S'.

IfFC (v,...,v" 1Y isan (n — i — 1)-face of some o € T', i € [ — 1], then by Lemma 11,
(Vi ...,v" L wl) is an (n — i)-face of some simplex in T Again by Lemma 11, (+/,...,v",
wh, w?) is an (1 — i + 1)-face of some simplex in T Repeating the reasoning, we obtain that
(V,,...,w 1) is an (1 — 2)-face of a simplex in T, and hence (v/,...,w) € T'.

Observe that (n — 2)-faces of a simplex o7 € T" contained in (v2,...,w!) are of the form
(V(Fy) U {w'}), where F| C (+%,...,v" %) is an (u — 3)-face of o1. Thus, simplices in T
are of the form (V(F)) U {w!',w?}), where F| C (+?,...,v* 1) is an (n — 3)-face of some
o] € T Further, (n — 2)-faces contained in (v3,...,w?) of a simplex oy € T” are of the
form (V(F,) U {w?}), where F, C (+3,...,w!) is an (1 — 3)-face of 0y. But w! € V(0,), so
w! € F,. Now, since F» C (+3,...,w') is an (1 — 3)-face of oy and oy = (V(F}) U {wh, w?}),
where F; C (12,..

in T° are of the form (V(F) U {w1, ws, w3}), where F C (+,...,v" 1) is an (n — 4)-face of a

. =1 L
V" 1Y is an (n — 3)-face of some o7 € T, we conclude that simplices
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simplex o € T Continuing that way, we obtain that, for i € [n - 2],
T - {(V(F) U {wl,...,wi}):F C (vi,,..,v”’l) isan (n—i-1)-face of 0,0 eTl}
and

7w ) = 5.

. f=10 . . s . = =i .,
Since T is a triangulation of S', it is clear that if o € T and o’ € T',i,i € [n—1], then

o No’isa common face of o, o'.

Now, taking ¢/, i € [n—1], in place of w’ and observing that we can treat conv{v',..., "1,

el,...,e" 1} symmetrically to conv{v!,...,v"L,w,...,w"1}, we obtain a collection C of (n—

1)-simplices contained in conv{v},...,v" L, €l,...,e" !} with properties 1 and 2 mentioned

in the definition of triangulation of a simplex and whose union is conv{vh,...,v" 1 él,

...,€"1}. By the construction, each o € T is a common face of a simplex in the family
T:= Usepnn T' and a simplex in C. Moreover, by symmetry, there is exactly one sim-
plex in C whose face is (€', ...,e"!). Observe that the family of simplices 7’ := CU T U
{(w!,...,w" L "} is the desired triangulation of A”.

The above construction ensures the correctness of (12) and the claim following it. [
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Endnotes

4 In the last section of the paper, we present an algorithm for finding an (approximate) zero of an excess demand
mapping; the other algorithms may be derived from proofs of Theorems 8 and 13, but we leave the details for the
reader. A comprehensive review of existing algorithms is presented in [3]. We would like to stress that we just show
some novel ways leading to the existing/known results. These ways have a common factor, Lemma 2.
The Kp,-triangulation is also called the K, (m)-triangulation [3], p.64.
The generalization consists in allowing for a wider class of triangulations of the simplex; the only triangulation
considered in [1] was our Kp,-triangulation.
To simplify the notation, l(o) := I(V(0)), 0 € T, or o is a face of a simplex in T. The proof below is an adaptation of
the proof of Lemma 1in [1].
The method of construction of the sequence is similar to that used in the proof of the correctness of the Scarf
algorithm; see [3], p.68.
In [6], the "hemicontinuity” is used in the sense of our ‘semicontinuity’
Let us recall that a*(p) denotes the vector of the barycentric coordinates of p € S in the simplex S.

j= (o]

We introduce &; only to enable literal usage of passages of the proof of Lemma 6.

So, from the formal point of view, the family of simplices S',..., ™" is a triangulation the polytope
conv{v',...,v",w',...,w"}. For a definition of triangulation of a polytope, see, e.g., Definition 1.4.3 in [3].

We describe this procedure in short: we ‘start’ from a simplex in 7" whose face is o and which has a vertex
contained in {e',...,e""}; call this simplex o/, then choose o7 to be the simplex adjacent to o that shares the face
o with o7. Next, we use the same rule for rejection of a vertex to get the next adjacent simplex of the sequence as
in the proof of Lemma 2. At each step, [n - 1] C /(o). We can continue the procedure until we meet the first simplex
0'/’, e T’ that possesses a vertex in {e',...,e"'}. The constructed sequence a/,j € [/],is unigue and has no simplex
common with the sequence oy, j € [J]. Moreover, if we start from 0}’,, then the procedure leads us back to o7. See
the proof of Lemma 2 for details.
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