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1 Introduction

We denote by C"*” and R"*” the sets of n x n complex matrices and # x n real matrices,
respectively. For a positive integer #, let S, be the set of all n! permutations of {1,2,...,n}.
If A=(ay) € C”" and o € S, then the sequence ay (1), @25(2);- .1 Ano(m is called the
transversal of A [2]. Let Ac C"", 1<ij <ip < - <p<mandl<j; <j, <---<j; <n.
We denote by Aliy,iy,...,iklj1,j2---,js] the k x s submatrix of A that lies in the rows
i1,i2,...,ix and columns ji, s, . .., js. Denote by A(i1, iz, . . ., iklj1,j2, - - -, Js) the (m—k) x (n—35)
submatrix of A obtained by deleting the rows iy, iy, ..., ix and columns ji, jo, .. ., js. A matrix

A =(a;;) € C"™" is called diagonally magic if

n n
Z Aio(i) = Z Aj,m (i)
i=1 i=1

forallo,m €8,.
Obviously, the zero matrix 0,x, and J = [1],,x,, the matrix of all ones, are diagonally

magic matrices. In [1], we prove that

n+1 n+2 --- 2nm
By =
m-Dn+1 m-n+2 --- n?
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and the Henkel matrix

1 2 n

2 3 n+1
C, =

n n+l --- 2n-1

are diagonally magic matrices. So, there are a lot of diagonally magic matrices. The non-
negative matrices B, and C, have been a hot research area [3, 4].

2 Main result

The rank inequality for diagonally magic matrices can be stated as follows.

Theorem 2.1 ([1], Theorem 2.1) Let A € C"*" be a diagonally magic matrix. Then
rank(A4) < 2.

There are diagonally magic matrices of ranks 0, 1, 2. Indeed, rank(0,s,) = O,
rank([1],,x,) = 1, and rank(B,,) = rank(C,,) = 2.

The purpose of this note is to give a simple proof of Theorem 2.1. Our proof depends
only on the following fact.

Theorem 2.2 Let C = (c;j) € R™*" be a positive matrix with
n n
1_[ Ciy@) = H Gz ()
i=1 j=1

for all y,t € S,. Then there exist positive diagonal matrices X = diag(xy,%3,...,%x,) and
Y =diag(y1, 52, . ..,yu) sSuch that

C=XJY.

Proof Let B be a k x k submatrix of C. Then there are row and column indices o =
(i1, 42, ...,ix) and B = (j1, /2, .. .,jk) such that B = C[«|B]. Note that the union of a transver-
sal of B and a transversal of C(«|B) is a transversal of C. Choose an arbitrary but fixed
transversal T of the square matrix C(«|B). For any o, 7 € Sk, Citjoy+++» Cirfo i) and the en-
tries in T constitute a transversal of C, whereas ¢;y ), -+ -»Ci j, and the entries in T also
constitute a transversal of C. Let b be the product of the entries in 7. Obviously, b > 0.
Since

n n
]_[ Ciy(i) = 1_[ Gz ()
i=1 j=1

forall y,t € S,, we have

k k
b H Civjay = b H Citj
t=1 t=1
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which yields

k k
l_[ Civjow = H Cit ity
t=1 t=1

Particularly, this shows that any 2 x 2 submatrix

B- Civji
Cig,ji

of C satisfies
Ciyj1Cizjjo = Ciryja Cig 1 -

Cirjn

Ciyjo

For any x; > 0, let

Cl,/

v =
] %

forj=1,2,...,nand

Ci1
= _xl
€11

Xi

fori=2,3,...,n. According to (1), (2), and (3), we have

forall i,j =1,2,...,n. Let X = diag(x;,%y,...,%,) and Y = diag(y1, y»,
and Y are positive diagonal matrices, and we have

C=XJY.
This completes the proof.

We are now ready to present our proof of Theorem 2.1.

Page 3 of 5

()

(3)

..-»¥n). Obviously, X

Proof of Theorem 2.1 First, let A be real. Let A be a diagonally magic matrix. Then the ele-

mentwise exponential C = exp(A4) := (¢;;) € R"*” is a positive matrix

with all permutation

products equal. Hence, by Theorem 2.2 it is diagonally equivalent to J, the all-1s matrix,

that is,
,j=12,...,n,

Cij = X))

for suitable positive vectors x = (x1,%,...,%,)7 and y = (y1,y,...

,y.)". Hence, if q =

(log(x1),log(x2), ...,1og(x,))T and r = (log(y1), log(y2), ..., 10g(¥,)), then

a;j =log(x;) +log(y;), ij=12,...,n



Zhou et al. Journal of Inequalities and Applications (2016) 2016:66 Page 4 of 5

Hence,

T

n?

A=e,-q" +r-e

where e, = (1,1,...,1)7. Thus, A is the sum of two matrices of rank 1 and, hence, at most
——

of rank 2. "
Now let A be complex, so that

A=B+iC (B,Creal).

Since A is a diagonally magic matrix, so are B and C. Hence, both B and C are of the form

T

B=¢,- qlT +r-e, withgq,r real,

C=e,- qg + 7y - e,{ with gy, r; real,

and hence
A=e, (q+iq)" +(r +iry) -el. (4)
The matrix A has rank at most 2. This completes the proof. d

According to (4), we obtain that a diagonally magic matrix A can be presented in the

form
X1+)y1 Xx1+Y2 - X1tV
T T Xo+Y1 X2t)Y2 -0 XotYu
A=e,-x" +y-e, = ) . . . (5)
xn"'yl xn+y2 xn+_yn

If A = (a;;) € C"™" is a diagonally magic matrix, for any x; € C, let
Yj = anj— %1

forj=1,2,...,nand
Xi=da;1 —a + X1

fori=2,3,...,n. By (5) we have
aij =X+

foralli,j=1,2,...,n. For example,

1 2 e o
n+1 n+2 - 2nm

m-n+1 (m-Dn+2 --- un?



Zhou et al. Journal of Inequalities and Applications (2016) 2016:66 Page 5 of 5

0+1 0+2 0+n
n+1 n+2 n+n
n-n+1 m-)n+2 --- m-Dn+n
and
1 2 n 140 1+1 -+ 1+@m-1)
2 3 o n+1 2+0 2+1 -+ 2+(m-1)
Cn: =
n n+l -+ 2n-1 n+0 n+l -+ n+(m-1)

By (5) we can get the characteristic polynomial, the eigenvalues, and the eigenvectors
of A. In fact, the characteristic polynomial of A is

pa) =22 = a D i) |+ ) w Y ymm > (x| (6)
i=1 1 i=1

=1 =

From (6) we can see that the algebraic multiplicity of the eigenvalue 0 of the diagonally
magic matrix A is at least n — 2.
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