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Abstract

The notion of general mixed chord integrals of star bodies was introduced by Feng
and Wang. In this paper, we extend the concept of the general mixed chord integrals
to general L,-mixed chord integrals of star bodies. Based on this new notion, we study
their extremum values and obtain an Aleksandrov-Frenchel type and a cyclic
inequality for general L,-mixed chord integrals of star bodies, respectively. Further, as
applications, we establish two Brunn-Minkowski type inequalities for L,-radial bodies.
Finally, we get an interesting identical equality on combining L,-radial bodies.
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1 Introduction and main results
The setting for this paper is #n-dimensional Euclidean spaces R”. Let K" denote the set of
convex bodies (compact, convex subsets with nonempty interiors) in R”. K denotes the
set of convex bodies containing the origin in their interiors. The n-dimensional volume
of a body K is written as V(K). The unit sphere in R” is denoted S"! and B denotes the
standard unit ball in R”.

If K is a compact star shaped (about the origin) set in R”, then its radial function, px =
p(K,-) : R"\{0} — [0, 00), is defined by (see [1, 2])

p(K,u) =max{\ > 0,Au €K}, ueS"

If px is positive and continuous, then K is called a star body (about the origin) and &”
denotes the set of star bodies in R”. We will use S§ to denote the subset of S” containing
the origin in their interiors. Two star bodies K and L are said to be dilated of one another
if px (u)/pr(u) is independent of u € S" 1.

The notion of mixed chord integrals of star bodies was defined by Lu (see [3]). Feng and
Wang (see [4]) generalized the definition of mixed chord integrals to the general mixed
chord integrals of star bodies: For Kj, ..., K, € 8§ and t € (-1,1), the general mixed chord
integral C™)(Kq,...,K,) is defined by

1
COK,...,K,) = = / ANK, u) - - - K, u) du,
n Jgn-1
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where c™(K, ) = fi(t)p(K, -) + /(1) p(~K, -) and the functions f;(r) and f3(7) are defined as
follows:

A+

-1y
A7) = m,

S(o) = 21+ 1)

The general mixed chord integral is a map S, x --- x S; — R. It is positive, continu-
—— —_—

ous, multilinear with respect to radial Minkowski lirqear combinations, positively homo-
geneous and monotone under set inclusion. Star bodies Kj, .. ., K, are said to have a similar
chord if there exist constants Ay, ..., A, > 0 such that A;¢P(Ky, %) = - - - = A,,cD(K,,, u) for
all u € §"1. Feng and Wang (see [4]) established the following inequalities.

Theorem 1.A Ift € (-1,1) and Ki, ..., K,, € S}, then
CK, ..., K)" < V(K- V(K,),

with equality if and only if Ky, ..., K, are dilates of each other centered.

Theorem 1.B Ift € (-1,1) and K;,...,K,, € S, then for 1 <m < n,

m
COKy, ..., K)" < [[COK, .. K Kncists K- Kioi),
i=1

with equality if and only if K, 41, . .., K, are all of similar general chord.

Theorem 1.C Ift € (-1,1) and K,L € S}, then for i <j <k,
COK, LI P (K, Ly = ¢V (K, L,
with equality if and only if K and L have a similar general chord.
Here Cfr)(l(, L)= Cl@(K, n—i;L, i) in which K appears n — i times and L appears i times.
Motivated by Lu and Feng and Wang (see [3, 4]), in this paper, we define the general

L,-mixed chord integrals as follows: For Kj,...,K, € 5, p > 0, and 7 € [-1,1], the general
L,-mixed chord integral C,(f)(Kl, ...,Ky) of Ky,...,K, is defined by

1
CHUKy, ..., Ky) = - / 1c§;>(1<1,u)-.-cgﬁ([q,u)alu. (1.1)
Sn-

Here ¢ (K, -) is defined by

=

UK, u) = (F(0)p? (K, ) + fo(7) o (=K, )

for any u € $", and f1(z) and f5(t) are chosen as (see [5])

1+7)y 1-7)

A+ +A-1p’ flT) = AQrors(_op 1.2)

A(T) =
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Obviously, fi(t) and f,(7) satisfy

A +A0) =1
Ah=r)=f(), A1) =AD).

The general L,-mixed chord integral is also amap S x --- x S) — R and it is positive,
——

-

continuous, multilinear with respect to L,-radial Minkowgki linear combinations, posi-
tively homogeneous and monotone under set inclusion. If there exist constants Ay, ..., A, >
0 such that )Llc,(f)(Kl,u) =...= )an;f)(l(n,u) for all u € S"71, star bodies K}, ..., K, are said
to have a similar general L,-chord.

Let Kj=---=K,_; = K and K,_j;1 = -~ =K2 =L (i =0,1,...,n) in (1.1), we denote

C;,fi) (K,L) inn\;llhich K appearsn —i timels and L appears i times. From this, if i is any real,
we define the following.

For K,L € S}, p>0, v € [-1,1], and i any real, the ith general L,-mixed chord integral,
Cgi) (K,L), of K and L is given by

1 A A
CK,L) = = / K, u)" e (L, u) du. (1.3)
’ n Jgn-1

Further, if L = B in (1.3), we write Cz(;i) (K,B) as CI(L.) (K) and notice that cl(f)(B, u) =1, we
have

1 ,
C(K) = = / (K, u)"" du, (1.4)
’ n Jsn-1

where C;fi) (K) is called the ith general L,-mixed chord integral of K. If i = 0, we write
C;f()) (K) = C,(f)(K ), which we call the general L,-chord integral of K, that is,

w1 [

(K, u)" du.
Sn—l

The general L,-mixed chord integrals of K belong to a new and rapidly evolving asym-
metric L, Brunn-Minkowski theory that has its origins in the work of Ludwig et al. (see
[5-11]). For the further research of asymmetric L, Brunn-Minkowski theory, also see [12—
28].

In this paper, motivated by Feng and Wang (see [4]), we deduce several inequalities for
the general L,-mixed chord integrals.

Theorem 1.1 Ift € [-1,1] and Ki,...,K,, € S, then for p < n,

CHKy, ..., )" < V(KG) -+ V(Ky); (1.5)
forp>n,
COKy, ..., K" = VK -+ V(K,), (L6)

with equality if and only if K1, ..., K, are dilates of each other.
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Theorem 1.2 IfK € 8! and v € [-1,1], p > 0, then for i < n - p,

) = CK) = GV (K); .7)
forn—-p<i<mnori>n,

k) < ¢ K) < VK. (18)
If K is not origin-symmetric, equality holds in the left inequality if and only if t = 0 and

equality holds in the right inequality if and only if T = £1. When i = n, (1.7) and (1.8) are
identical.

Theorem 1.3 IfK,...,K, €S} and v € [-1,1], p > 0, then for 1 <m < n,
m
CHK, . Ko)" < [ [CV Ky s Kipos Koty Kty Koncinn), (1.9)
i=1

with equality if and only if K,,_11, ..., K, all have a similar general L,-chord.
Theorem 1.4 IfK,L € S and t € [-1,1], p > 0, then, for i <j <k,

CK, D < C(K, LI CR)K, Ly, (1.10)
with equality if and only if K and L have a similar general L,-chord.

Further, as applications, for the L,-radial combination, we give two Brunn-Minkowski
type inequalities for the general L,-mixed chord integrals as follows.

Theorem 1.5 IfK,L € S} and v € [-1,1], p > 0, A, u > O (not both zero), then for i < n—p,

C(ho K ypoL)i < ACH(K)# + pCll(L)#; 1.11)
forn—-p<i<nori>n,
Cll (Lo K ppoL)i > ACH (K)# + pClrl(L)7, (112)

with equality in each inequality ifand only if K and L have a similar general L,-chord. Here
and in the following theorem A o K ¥, u o L denotes the L,-radial Minkowski combination
of K and L.

Theorem 1.6 IfK,Le S} andt e[-1,1],p>0,thenfori<n-p<j<n,

(C;fg([(l,,L))/i _ (c;f}(K))/i' . (CX}(U);?

) (1 = (t) (1) ’ (1.13)
Cp,i (K ¥p1) Cp,j (K) Cp,/' (L)

forj>n=>i>n-p,inequality (1.13) is reversed, with equality in each inequality if and
only if K and L have a similar general L,-chord.
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Finally, we get an interesting identical equality for the L,-radial bodies.

Theorem 1.7 IfK € S} and p > 0, then for Vt € [-1,1], we have
CiN(B,K) = Cpi(K). (1.14)

The proofs of Theorems 1.1-1.7 are given in Section 3 of this paper. In the following
section, we summarize some associated properties of the general L,-mixed chord integrals

needed in the proof of main results.

2 Preliminaries
The dual quermassintegral was defined by Lutwak (see [29]) as follows. For K € & and
any real i, the dual quermassintegral, W;(K), of K is defined by

1 ,
Wi(K) = ;/ ) p(K,u)"™" du, (2.1)
Sn-

obviously, (2.1) implies the volume V(K) of K is

V(K) = Wo(K) = % /

Sn

o(K,u)" du. (2.2)
-1
If E is a nonempty set in R”, then the polar set of E, E*, is defined by (see [1])
Ef={xeR":x-y<lanyycE}

For K € S}, an extension of the Blaschke-Santal6 inequality takes the following form
(see [30]).

Theorem 2.A IfK € S/, then

VK)V(K*) <}, (2.3)
with equality if and only if K is an ellipsoid. Here w,, = V(B).

For K,L € S), p>0,and X, u > 0 (not both zero), the Firey L,-radial combination, A o
K%, oL, of K and L is defined by (see [6, 31])

p(hoK ¥, oL,V =rp(K, Y + up(L, ), (2.4)

here A o K denotes the L,-radial scalar multiplication and A o K = )\%K .
In (2.4),let A =pu = % and let L = —K, we have the definition of L,-radial body A,K as
follows (see [31]):

_ 1 1
ByK =5 0Ky oo (-K). (2.5)
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3 Proofs of main results
In this section, we prove Theorems 1.1-1.7. The proofs of Theorems 1.1 and 1.2 require the

following lemma.

Lemma 3.1 IfK €S! and v € [-1,1], p >0, then for i<n—p,

Cy () = Wi(K); (3.1)
forn—p<i<nori>n,

Cp (K) < Wi(K), (32)
with equality if and only if K is centered. When i = n, (3.1) and (3.2) are identical.

Proof From definitions (1.1) and (1.4), and using Minkowski’s inequality (see [32]), for i <

n— p, we have

2 |1

Ry = | = / c;”(K,u)"-idu]
’ _Vl Sn-1

s
n-i

n—i

) l/ (i@e p(K'”)+J’2(f)pp(—1<,u))"7idu}
L7 Jsn-1

-

n—i

1 (fl(r)pp(K, u))n?_i du]

L7 Jsn-1

) [% /‘9"’1 (A()p? (=K, u)) o d”]
[% /:9"—1 (,Op (K, u)) ”T‘i du] £

i
- [l / p(K,u)"_idu:|
n Jsn-1

IA

V2
L

1
HOERY)
! n

Sn

o (K, u)" du = Wi(K).
-1

Similarly, for n — p < i < n or i < n, by Minkowski’s inequality we know (3.2) holds. From
the equality condition of Minkowski’s inequality, we see that equalities hold in (3.1) and
(3.2) if and only if K and —K are dilates of one another, that is, K is centered. 0

In Lemma 3.1, let i = 0 and notice (2.2), we have the following corollary immediately.

Corollary 3.1 IfK € S} and t € [-1,1], p > 0, then for p < n,

C(K) < V(K); (3.3)
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forp>n,
CI(K) = V(K), (3.4)
with equality if and only if K is centered.
Theorem 2.A leads to the following corollary.

Corollary 3.2 IfK € S and v € [-1,1], p > 0, then for p <nand n > 1,

CH(K)CH(K*) < oy, (35)

with equality in each inequality if and only if K is an ellipsoid centered at the origin.

Proof of Theorem 1.1 Using Holder’s inequality (see [32]), we have for p < nand n > 1,

N

1 n
CIUK, ..., Ky) = [— f (K, 1) - 7 (K, ) du]
n Jgsn-1

1 L 1 . .
< [;/SH (cl(f)(Kl,u)) du:| X o X I:; /5"-1 (c;)(K,,, u)) du]

1 1
CPK) 7 -+~ CK)

1
n

V(L) - V(K,)7

IA

ie. COKy, ..., K,)" < V(K- V(K,).

Similarly, we can obtain C;T)(I(l,...,l(,,)” > V(Ky)--- V(K,) when p > n. The equality
conditions of (3.3) and (3.4) tell us that equalities hold in Theorem 1.1 if and only if
Ki,..., K, are dilates of each other. O

Proof of Theorem 1.2 From the proof of Lemma 3.1, for i < n — p, we get

1 i 1 ¥
COK) < = / (PP (K,u)) 7 du  or _/ (" (=K, uw)) 7 du. (3.6)
n Sn-1 n Sl

Notice (1.2), fi(+1) =1, f2(+1) = 0, we have

. 1 ni
CiV(K) = - / (0P (K,w)) 7 du.

Sn-
Similarly, we obtain

1

c Yk
) =

/ (0" (=K, u)) 7 du.
Sn-1
Together with (3.6), it follows that

C(K) = €M),

which is just the right inequality of (1.7).
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According the equality condition of Lemma 3.1, we know that if 7 # £1, equality holds
in the right inequality of (1.7) if and only if K is centered, that means that, if K is not
origin-symmetric, equality holds in the right inequality if and only if 7 = £1.

Now we prove the left inequality of (1.7). When t = 0, we have fi(7) = fo(7) = %, thus, by
Minkowski’s inequality,

1 1 1 R
CO k)™ = [— / (—pP(K, w) + = pP (=K, u)) ' du}
n Jgsn-1 2 2

= |:l/ (%ﬁ(f)pp(1<, M) + %ﬁ(f)pl’(_[{) L{)

n Jgsn-1

+ %ﬁ(‘f)ﬂp(—K, u) + %fz(f)pp(l(, bt)) 7 du] praei

- [% /3”’1 (éfl(f)pp(l(, u)+ %ﬁ(f)pp(—K, u)> ’ du:| i
+ [% /gn_l (éfl(r)pl’(—K, u) + %fz(r)p"(K, u))p du]ﬂ_i

- [1 / ()P 10) + fo(T) p? (<K, ) 7' dui|
n Jsn-1

)4

1 . n—i
= [_ f K, uy" du}
n Jgsn-1

) ()i
= C,; (K)ni

ie. C;?i) (K) < CI(;i) (K), which just is the left inequality of (1.7).

The equality condition of Minkowski’s inequality tells us that if ¢ # 0, equality holds in
the left inequality of (1.7) if and only if K is centered, then if K is not origin-symmetric,
equality holds in the right inequality if and only if T = 0.

For the case n — p < i < n or i > n, the proof is similar. d

The proof of Theorem 1.3 requires the following inequality (see [29]).

Lemma 3.2 If fo,fi,...,fn are strictly positive continuous functions defined on S"' and

A, .- .» Ay are positive constants the sum of whose reciprocals is unity, then

1
A

/ Fo)fi(u) - - - frn(u) du < 1_[[/ fo(u)fi)»; (u) du] , (3.7)
Sn-1 i1 Sn-1

with equality if and only if there exist positive constants o, .. ., oy, such that oclflAl (w)=---=
fm (u) for all u € S™1.

Proof of Theorem 1.3 For Kj,...,K, € Si,in (3.7), take Ay =Xy = - -+ = A;,, and

fo= DK, u) - & Koo)  (fo =1ifm = n),

fi= DKy w) (1 <i<m),
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then it follows that

/ ) 01(7’)(1(1, u)--- 01(7’)(1(,,, u)du
Sn-

N

m

< [ / CL’)(Kl,u)---C,(J)(Kn_m,u)CL’)(Kn_m,u)mdu]
. Sn-1
i=1

By definition (1.1), this yields
COK, oK) < [ [ CV Ky s Kopoms Koty Kty Kopcin).
i=1

From the equality condition of inequality (3.7), we can see that equality holds in Theo-
rem 1.3 if and only if K,,_,,1,..., K, all have a similar general L,-chord. O

When m = n in Theorem 1.3 and use (1.4), we have the following corollary.
Corollary 3.3 IfKy,...,K, €S and v € [-1,1], p > 0, then
G (K, Kn)' < CPIG) GO (Ks) -+ CP (K,
with equality if and only if Ky, ..., K, all have a similar general L,-chord.
Proof of Theorem 1.4 For i < j < k, by Hélder’s inequality (see [32]), we have

ke i
Cr) (K, L) C)(K, L)

>

=)

1 . ) &=
= (—/ cl(f)(K, u)""c;f)(L, u)" du)
n Jgn-1

1 (n=i)(k=))+(n=k)(j~i)
e
n Jgsn-1

1 . .
== / cl(f)(l()”_’cl(f)(L, uy du
n Jgn-1

/‘_

1 k=i
(— / c[(f)(K, u)”_kcl(f)(L, u)k du)
n Jgn-1

i(k=j)+k(=i)
=T

()
cpf (L, u)

_ (0
= Cp,j (K, L),
that is,
() k—i (t) k—j ~(T) j—i
Cplj(K,L) SCp,i(K,L) ’Cp'k(l(,L)’ .

From the equality condition of Holder’s inequality, we know that equality holds in (1.10)
if and only if K and L have a similar general L,-chord. O

Letting i = 0, k = n in Theorem 1.4, we have the following fact.
Corollary 3.4 IfK,L € S} and v € [-1,1], p >0, then for 0 <j <mn,

C(K, L) < CPOK)™TCE (LY. (3.8)
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For j <0 orj > n, the inequality (3.8) is reversed, with equality if and only if K and L have
a similar general Ly,-chord.

Let j =1 in Corollary 3.4, we obtain the following dual Minkowski inequality for the
general L,-mixed chord integrals.

Corollary 3.5 IfK,L € S} and t € [-1,1], p > 0, then
C(K,L)" < COK)y (L), (3.9)
with equality if and only if K and L have a similar general L,-chord.
Now we prove the associated inequalities based on L,-radial combinations.
Proof of Theorem 1.5 For i < n — p, it follows from Minkowski’s inequality (see [32]) that

~ L
CH oKy polL)ii

1 .
== / cﬁf)()\ oK¥,puoL,u)"™ dui|
L1 Jsn-1

2
n-i

- )2

1 n—i n—i

= —/ (A@)PPoKFypnoL,u)+f(t)p’ MoK Ty pol,~u)) ? du]
L 71 Jsn-1

-1 f (Mi(x)p? (K, u) + M() p? (=K, )
_Vl Sn-1

+ AP (Lo + (D) (L) T du] :

< [1 / (M (D)0P (K1) + Aa(2)p (—K, ) 7' du}

n Jgn-1
L.
n-i

' [l/ (AP (Lo10) + wh(D)pP (L) T du]
n Sn-1
- Aclg?([()% + /J«CI(,Z.)(L)%,

Similarly, we can prove the case of n — p < i < n or i > n. From the equality conditions of
Minkowski’s inequality, we know that equality holds in Theorem 1.5 if and only if K and L
have a similar general Z,-chord. O

In order to prove Theorem 1.6, we require the following lemma which is an extended
form of Beckenbach’s inequality (see [33]) obtained by Dresher (see [34]) through the
means of moment-space techniques.

Lemma 3.3 (The Beckenbach-Dresher inequality) Ifp >1>r >0, f,g >0, and ¢ isa
distribution function, then

(f5<f+gw¢)i—r < (fffw)f-r . (fggpdqb)f-r 65.10)
Jef+orde) =\ [pfrde Jegrae) '

with equality if and only if the functions f and g are positively proportional.



Li and Wang Journal of Inequalities and Applications (2016) 2016:58 Page 11 of 12

Moreover, the inverse Beckenbach-Dresher inequality was obtained by Li and Zhao (see
[35]).

Lemma 3.4 (The Inverse Beckenbach-Dresher inequality) Ifr <0<p <1, f,g >0, and

¢ is a distribution function, then

(f5<f+g>pd¢)i—r § (fEf”d</>>Pl-' . (fggpdcb)nfr s
Jef+gyrde)  —\[pfrdé Jrgrde) '

with equality if and only if the functions [ and g are positively proportional.

Proof of Theorem 1.6 By definitions (1.4) and (2.4), we have

(dr (K +,,L))
C(Ki,L)

L fon 1cp (K %, L, u)" ‘du)
nlc (K+ L,u)"7 du
fs P 12

fsn HA@PP(K 3y Lu) + fo(v) pP (K ¥, L, —u)] 7 7 du)
fsn AP (K 3, L u) + fo(0) pP (K ¥, L, —u)] 7 7 du

( s ()PP (K, u) + fo(0) pP (=K, u) + i) pP (L, u) + fo(T) pP (=L, u)] 7 v du)

2

L [ona [A(D)p? (K, 1) + f5(2) pP (—K, ) + fi(2) pP (L, ) + fo(T) pP (=L, )] 7 T du

fsn TA@PP K w) + fo(T)pP (<K, u)] 7 du)
s l(@)0P (K, ) + fo(0)pP (<K, )] 7 du

N ( * Jsnalfi(D)p? (L, u) + fo(T) P (~L, u)] 7 G du)
L [u [A(@)pP (L, 1) + fo(T) pP (L, )] 7 7 du

. ( CK) ) f . ( cw) > #i
cH(K) cow)

pJ

L

inequality (1.13) is proved. Using the same method, we can see that whenj>n>i>n-p,
the reversed inequality of (1.13) is obtained.

From the equality condition of Lemma 3.3 and Lemma 3.4, we know that equality in
inequality (1.13) if and only if K and L have a similar general L,-chord. O

Finally, we prove the interesting equality for the L,-radial bodies.

Proof of Theorem 1.7 For ¥Vt € [-1,1],

_ 1 _ ,
C(B,K) = - /S B (B pK, u)" du

= lf [A(D)?(B,K, u) + fo(1)p? (B, - K, u)]%
n Sn-1

- / Bfl(r)p”(K, W) + 200 (K )

n Jgn-1
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- AP + DR, u)} 7 au

1

1 1 %i
—f |:—,op(K,u)+ —,oP(—K,u):| du
n Jgsn-1 2 2

1 .
- / OV (K, u)"™ du
n Jgsn-1

Cpi(K),

that s, C\) (A,K) = Cpi(K). O
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