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1 Introduction
The gravity is an essential attribute of any physical matter. Therefore, the study of gravity
has great theoretical significance and extensive application value.

The theory of satellite is important in space science. In [1-4], the authors systemati-
cally studied the theory of satellite and obtained some interesting results. In particular,
in [2], the authors defined the centered 2-surround system, established several geometric
inequalities for the centered 2-surround system under the proper hypotheses, and illus-
trated the background of the centered 2-surround system in space science.

It is well known that the Moon is a satellite of the Earth. In space science, we are con-
cerned with the gravity of the Moon since the gravity may be disastrous causing tsunami
and tidal wave, etc.

In this paper, we first define the mean central distance rp of a centered 2-surround sys-
tem S@(P, I, 1}. Next, we study the boundary curve of the /-central regions and the prop-
erties of the asymptotic system and establish several identities and inequalities involving
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the centered 2-surround system. Next, we prove an isoperimetric inequality in the cen-
tered 2-surround system. Finally, we demonstrate the application of our results in space
science and obtain the best lower bounds of the mean A-gravity norm ||[E,(I", P)||.

A large number of algebraic, functional analysis, differential equation, convex geometry,
physics, computer, and inequality theories are used in this paper. The proofs of our results
are both interesting and difficult, as well as which are depend on our previous work. Some
of our proof methods can also be found in the references of this paper, such as [1-3].

2 Basic concepts and main results
We continue to use the notation of the references [1-3].

We begin by recalling some of the basic concepts and preliminary results of [1-3].
Let y : I — R? be a continuous function, where I C R is an interval, and let the image

r£y={y@eRy()=x@)i+y0)jtcl}

of ¥ be a smooth curve [5], that is, the derivatives x'(¢) and y'(¢) are continuous, and the

derivative of the vector y (¢) satisfies the condition
Y () 2XO)i+y(0)j#0, Vel
where
0=(0,0), i=(1,0), j=(0,1), R £ (00, 00), RZAR xR.

Then the length |I"| of the curve I” exists:

ri2 [lyold- [Jivor « yor aso

and |I"| < oo if I is a bounded interval, where the norm |xi + yj|| of the vector xi + yj € R?

is defined as

llxi +yjll = /a2 + 52

In this paper, we assume that I is a smooth and convex Jordan closed curve in R? [1-3].
Then

Féy(R):{y(t)G]R2|y(t):x(t)i+y(t)j,teR} and y(t)zy(t+|F|), VteR,

that is, y(¢) is a periodic function, where the parameter ¢ is the natural parameter, that is,

t+l
0<i<|I' = yy([t,nz])yé/ VIFO «[y@] de=1, vieR.

We denote by D(I") the convex region enclosed by the Jordan closed curve I, that is,

P,P,eD(I) = AP +(1-MP,eD(I'), Yrel0,1]



Wen et al. Journal of Inequalities and Applications (2016) 2016:74 Page 3 of 28

and
|D(I")| & AreaD(I")

denote the area of the region D(I").

We remark here that, for the Jordan closed curve, we have the following Jordan theorem
[3]: An arbitrary Jordan closed curve must divide a plane into two regions, and one of
the regions is bounded and the another is unbounded. The bounded region is called the
interior and the another is called the outside of the Jordan closed curve.

In this paper, we also assume that

A_=y(ta-1), A=y(ta), A, =y(ta+1l), taeR ")
If / is a fixed real number such that 0 </ < |I"|/2, then we say that the plane point set

D(I', )2 (| A_AA, C D(I') C R?
Ael’

is an [-central region of the curve I", where the angular region
Am+ & {(1—A)y(tA) +AY ()0 <A <00t +i<t<ta—1+ |1"|}.

Let the /-central region D(I”,[) be nonempty, and let P € D(I",!) be a fixed point. We say
that the set

Sp,r,} 2 (P, T,1}

is a centered 2-surround system or centered 2-satellite system, P is a center and A,A, € I"
are two satellites of the system [1-3].

For the centered 2-surround system S@{P, I",l}, we may think of the point P as the
center of the Earth, I as the orbit of two satellites A, A,. In order to avoid hitting, the
satellites A, A, must move by the same curve velocity, that s,

15Wﬂg@uﬂﬂe(Q¥;)

is invariable. This is the significance of the centered 2-surround system SOp, I, 1} in the
theory of satellites.

We remark here that, in [1, 3], the authors extended the centered 2-surround system
S@{P, I, 1} and defined the centered N-surround system, that is, if S?{P, I", lj} is a cen-
tered 2-surround system, where j =1,2,...,N, N > 3, then we say that the set

SOHP, I, 1} £ (P, T,1}
is a centered N-surround system and P is a center of the system, where

N
r
12 (I, ,...,Iy) € RY, 0<1,-<|2—|, Vi:1<j<N, §1r=|r|,
j=1
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and if

j
A,éy<tA +Zlk>, j=12,...,N,
k=1

then we say that A;,A,,...,Ax are N satellites of the system.
We remark here that, where the (2) in S?{P, I',1} means that P € R? and I" c R?. If
PeR"and I' C R™, m > 3 [6], then we can define [1, 3]
S"p, 1} £ (P, T,1}
as a centered N-surround system and

S A,

as a N-surround system without any central.
For centered 2-surround system S@{(P, I', [}, let

P’ £ Projection, 4, P
denote the projection of the point P in the line AA,, that is,
PP 1 AA, and PP NAA,=P.
In the centered 2-surround system S@?{P, I', [}, we say that the distance
rp £ Distance(P,AA,) = |[P' - P|
from the point P to line AA, is a central distance of the system, the distances
r4 £ Distance(4,PA,) and ra, £ Distance(A4,, PA)

are the Brocard distances of the system [2], and the positive real number

- A 1
P= M - P
1A = Al Jarean

is the mean central distance of the system, which is the mean of the distance between the
point P and the point M in the straight line segment

[A4,]2{Q-VA+2r4,10 <1 <1}.

We remark here that if / = 0, then 7p = ||A — P||. This is another geometrical meaning of
7p, which has applications in space science; see Section 5.

According to the definitions of the central distance and the /-central region, we know
that rp is a support function of the curve dD(I",[), which is the boundary curve of the
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[-central region D(I", /), and we have that [7]

1
ID(r, 1) = _7§ o (2)
2 Japr,

where
|D(I",1)| & AreaD(T", 1)

is the area of the [-central region D(I", ).
Letf:I" — (0, 00) be a continuous function defined on the curve I". Then the functional

7 Jr O peRp0,

v {eXP(l%/}lnf), p=0,

is called the p-power mean of the function f, where

ol L
mr( = mpp - [ 1

is the mean of the function f.
We remark here that M I[If] (f) is increasing with respect to p [8-12], that is,

p<qa = M) <MPp), 3)

where equality in (3) holds if and only if f is a constant function.

As pointed out in [13], the theory of inequalities plays an important role in all the fields of
mathematics. The concept of mean is the most prominent in the theory, and the p-power
mean is the crucial one. The references [8—13] studied the sharp bounds of the p-power
mean.

In the convex geometry, a well-known isoperimetric inequality can be expressed as fol-
lows: If I" is a smooth Jordan closed curve, then we have

2
()| = 1 @)
Equality in (4) holds if and only if I" is a circle.

In the convex geometry, a large number of isoperimetric inequalities similar to (4) was
obtained [14-16]. Recently, we obtained some new isoperimetric inequalities in the sur-
round system [1-3].

In [1], the authors obtained the following results. For the centered 2-surround system

SP{P, I, 1}, we have the following isoperimetric inequalities:

1 Yo ix
— ¢ <—cos—, V6L0<I<|I|/3,Vp<-2 5
(|F|.<]€"P) =27 I <t=IFl/3vp= ©)
and
1 A\ 2D(I)| 1 [ cost
— > inf 1z t—— t+——— V4 Vg>2. 6
<|F|7{r”’> =M=t |\ 1] 2)CSC T2 7= (©)
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Equalities in (5) and (6) hold if and only if I" is a circle and P is the center of the cir-
cle.
In [2], the authors obtained the following results. For the centered 2-surround system
@(p, I, 1}, we have the following isoperimetric inequalities:

X r r — sin —,
PUrp |F| =7 M
2
1 3 I
_f TA+7Ta, _usm 2171’ ®)
RANE 27 T

1
1 [ L\ M n
— L eos —— 9
(m?gr”’) =2 iy ®)

and

(|;|7§r ) (|r|7§” Hq> cot 7 (10)

In (10), where p>1, p ' + g =1 and
o 2w
0</LA_AA, < — arctan 2s1nm , YAerl.

Equalities in (7)-(10) hold if and only if I" is a circle and P is the center of the circle.
In [3], the authors established a isoperimetric inequality in the N-surround system with-
out any central S®{I",1}:

1 N[> 27
— @ Area(22[P, Iy]) < sin —, (11)
T g2 "N

where the N-polygon Iy is inscribed in I" [17] and P is a vertex of I'y, and the 2[P, I'y]
is a cone surface its vertex is P and alignment is I'y.

Convexity and concavity are essential attributes of any real-variable function, their re-
search and applications are important topics in mathematics and, in particular, the convex
analysis [18].

In [19], the authors generalized the traditional covariance and variance of random vari-
ables, defined the ¢-covariance, ¢-variance, ¢-Jensen variance, ¢-Jensen covariance, inte-
gral variance, and y -order variance, and studied the relationships among these variances.
They also studied the monotonicity of the interval function JVarg ¢(X[, ) and proved
an interesting quasi-log-concavity conjecture. They also demonstrated the applications
of these results in higher education. Based on the monotonicity of the interval function
Varl”1X(,;;, they show that the hierarchical teaching model is normally better than the
traditional teaching model under the hypothesis that

X C X ~Ni(u,0), k>1.

In this paper, we study the best upper bounds of the p-power mean

1 1/p
w2 (i74.7%)
r
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and establish a new isoperimetric inequality in the centered 2-surround system S@{P, I', [}
as follows.

Theorem 1 (Mean central distance inequality) Let SOUP, I', 1} be a centered 2-surround
system. If p € (—00,-2] and

0</APA, <n, YAeT,

then we have the following isoperimetric inequality:

1 (. N\" Ir . n In , I Ix Ix
— @ 7 < —sin — | csc — + cot” — In| tan — + sec — ) |, 12)
\r'tJr 4 |I'| || || || ||

where 1 =1.7571802619873076 ... is the unique real root of the equation

1
/ /t2+cotzgdt:1, n e (0,7). (13)
0

Equality in (12) holds if and only if I is a circle and P is the center of the circle.

Let S?{P, I, I} be a centered 2-surround system. We say that the set
sIp,ry2 }irréS(z){P, r,ly={p,I,0}

is a centered surround system and P is the center of the system.

For the centered surround system S {P, I'}, we may think of the point P as the center
of the Earth and I' as the orbit of a satellite A (such as the Moon or an artificial Earth
satellite). This is the significance of the centered surround system S@{P, I'} in the theory
of satellite.

From (15) in Section 3 we know that the centered surround system S?{P, I'} exists for
any smooth and convex Jordan closed curve I".

Theorem 1 implies the following interesting corollary.

Corollary 1 Let S?{P,I'} be a centered surround system. Then for all p € (—00,-2], we

have the following isoperimetric inequality:

1 U r
—f a-ppr) <20 (14)
|\ Jr 27

Equality in (14) holds if and only if I is a circle and P is the center of the circle.

Proof Consider the 2-surround system S@{p, I, ). Since
0< A=Al <,
there exists ¢ € (0,|I"|/2) such that for any / € (0, ¢), we have

0</APA, <n, YAeTl.
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Letting ¢ — 0, by Theorem 1, we get

1 1/p 1
(— f ||A—P||1’> im (-
i § 2\

I
3
—
e
=
NG
=

<li si
-0 47 |F|
. |F| .o -1 le 2 le lT[ lT[
=lim —|[1+sin" —- cos® —-In| tan — + sec —
1-0 47 || ||
i
o’
that is, inequality (14) holds.
According to Theorem 1, equality in (14) holds if and only if I" is a circle and P is the

center of the circle. Corollary 1 is proved. O

In Section 5, we will demonstrate the applications of Corollary 1 in space science and

establish an isoperimetric inequality involving the A-gravity of the Moon to the Earth.

3 Preliminaries
In order to prove Theorem 1, we need some preliminaries involving the centered 2-sur-
round system.

3.1 Boundary curve of the I-central region
In the definition of the centered 2-surround system S@¢p, .1}, an important assumption
is that the /-central region D(I", /) is nonempty, that is, the boundary curve dD(I", /) of the
[-central region D(I", ) is a Jordan closed curve. Unfortunately, the [-central region D(I, /)
may be empty. For example, let I" be a regular triangle of side length 3, then D(I",4) = ¢,
where ¢ denote the empty set, see [2].

Since

P%DUXD:DUU#Q (15)

there exists ¢ € (0,|I"|/2) such that, for any [ € (0, ¢), we have D(I", 1) # .

On the other hand, in [2], the following statement is proved (see Lemmas 2.1 and 2.3
in [2]): Let I" be a smooth and convex Jordan closed curve. Then D(I",l) # ¥ for all [ €
(0,11°1/2) if and only if I' is a central symmetric curve.

According to this result, we know that if I" is an ellipse, which is a central symmetric
curve, then the /-central region D(I",[) is nonempty. In space science, the orbit of a satel-
lite is an ellipse, and P in S@{P, I, 1} is one of the focuses of the ellipse [4]. Therefore,
the centered 2-surround system S?{P, I, [} is of great application value in the theory of
satellite.

Based on the definition of the /-central region D(I", [), we know that the boundary curve
dD(I",1) of the [-central region D(I",!) is the envelope curve of the family of straight line
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AA,, thatis, for any point xi+ yj € dD(I", /), there exists aline AA, such that AA, is tangent
to dD(I",1) at the point xi + yj. Hence, the point xi + j must satisfy the equation

x y 1
det| x(t4) y(ta) 1]=0 (16)
x(ta+l) yEa+l) 1
and the differential equation
d ta+ 1) —y(2
dy  y(ta +1) = y(2a) 17)

de ~ x(ty +0) —x(ts)

Eliminating the parameter t4 from (16) and (17), we can obtain the equation of the bound-
ary curve dD(I, [); see the following Propositions 1 and 2.

Proposition 1 Let I" be a unit circle, that is,
rs {(x,y)|x =cost,y=sint,t € R},
where t is the natural parameter. Then the equation of the boundary curve 0D(I", 1) is
dD(I",1): x> +y? = cos? é, VI:0<l<m. (18)
Proof Indeed, (16) and (17) can be rewritten as

xcos(tq + é) +ysin(ty + é) =Cos é,

) ySInta t3)e (19)
dxcos(ta + 5) + dysin(ta + 3) = 0.
Eliminating the parameter t4 from (19), we obtain that
l
(xdy — ydx)* = [(dx)* + (dy)*] cos® 7 (20)

Setting
x=pcoso, y=psinf, 6OeR,

and substituting them into (20), we get

s_[(dr 2+ 2 coszl & —cosl\/ —coslsec(0+C)
F=\a) ** 2 POy YR =0, '

Since
l
0 = COos 5 sec(@ + C)

is the equation of the family of straight line AA,, the equation of dD(I", ) is

[ 2, .2 2 !
=COS—- <& X +y =cos” -,
p 2 q 2

that is, (18) holds. This ends the proof. O
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We can also find the equation of dD(I", ) if I" is piecewise smooth.

Proposition 2 Let I'y = {A1 As,...,Ax}, where N > 3, be a convex polygon [17], and let
1 .
0<i=< 121511[{”14”1 - Aill}

Then we have

N
ID(I'v)| — |D(In, )] = %zz’ D sinZAAiAn < %le sin %’T (21)
i=1

Equality in (21) holds if and only if

N-2
LAiflAiAi-ﬁ—l = Tn7 i= 1)2)"-1N)

where Ay £ Ay and Ax,q 2 A;.

Proof Notice that
1 [I'n|
O<l§1151}15r11v5{”Ai+1_Ai”} = 0<l<TandD(FN,l)7’¢.

Consider the regular region Ajm+1. Let the rays A;A; 1 and A;A;;; be tangent to
dD(I'y,1) at the points T; and T7, respectively, and let

T,T C 9D(I'y,l) fori=1,2,...,N.

Then we have

N

N
oD(I, D) = Y [T/, T:]+ > T/T;
i=1

i=1

and
N —~
ID(TW)| - |D(Tv, D] = Y |D(IAT + [AT]] + T.T))|. (22)
i=1
For any

Ae Az'AiJrlr Be AL'Az'—l and AAL'—IAL'AHI =2a € (0,7T),

let the corresponding coordinates of A and B be

) ) . l l .
All =—-t)cosa,| = -t )sina and B[ =+¢)cosa,—| = +¢]sina ),
2 2 2 2
respectively, where

-5 =t=

’

N~
N~

see Figure 1.
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Figure 1 The graph of the curve TTT’{ y
T
A
4
a
o x
B
T
Then the equation of the curve ﬁlf is determined by (16) and (17). Hence,
~  y+tsina dy l
T,T): ——— = — =——tang, 23
T x—1/2cosa dx 2t ana (23)
where
(60w -tsma)
—cosa,—tsIino
2
is the midpoint of [AB]. Eliminating the parameter ¢4 from (23), we get
2 2 2
2}’ lcoﬁa _ (lcoia B ) lsir}:a
l " - 2y - d 2% (24)
Sino dlsina lcosa
Set
2x 2 dx*
X = , Y= — and u=
lcosa Isina dy*
Then (24) can be rewritten as
y'—u=u"(x*-1) and dx*=udy". (25)
From (25) we get
do* — (x*-1)d x*—1)d
Ay — du = w zdy*_¥
u u
and
X =1+u? ¥ =2u. (26)

Eliminating the parameter u in (26), we see that the curve T;T is a parabola whose equa-

tion is
—~ 7\ 2x Ry
( ) 1+( ) , —lsine <y<lsina. (27)

lcosa Isina
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Consequently,
) ~ Isina (100 y 2
ID([AT:) + [AT]] + T;T)) | = 2/0 > |1 g ) | yeoterdy

Isina 2
=lzcosoesina/ Y1) a2 -1
0 Isina [sina

J’ _1)3 Isina
= I> cosa sin o 13N
0
12
= —sin2a
6

12
3 sin ZA; 1A;A;41-

From (22), the formula

N
Z ZA[_IA[A“.I = (N - 2)71, 0< ZAl'_lA;AHl <m,i=12,.. .,N,

i=1

and the Jensen inequality [19, 20]

1 o 1 o 2 2
ﬁ ; N ZAi_lAl‘Al‘Jrl < Ssin ﬁ ZXZI: AAi—lAiAHl = SlIl(T[ - W) = Sin W
we get

N
[D(T)| = D, )| = 3 |ID(IAT + [AT]] + T0T}) |
i=1
N l2
Z g sin éAi—lAiAHl

i=1

Py
< Z sin ZA; 1AA;

i=1

A

1 2
< ZN[Psin —n,
6 N

that is, (21) holds.
Based on this proof, we see that the equality in (21) holds if and only if

N-2 .
AA,‘_IA,‘A,‘A = T]T, 1= 1,2,...,N.

The proof is completed. d

For example, if N = 4, I'; is a square of side length 2 and / = 1, then, by Proposition 2, we

have

D(I'y,l)#¢ and |D(FN)|—|D(1“N,1)|:%lesin%:;
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3.2 Asymptotic system
In the theory of surround system, one of the important concepts is the asymptotic system.

Definition 1 (see [1-3]) Let S?{P, I',} be a centered 2-surround system. Suppose that:

(i) {N,}2; and {k,}:°; are two positive integer sequences, and

N, k I
N, >3, 1<k, <—=, lim N, = +00, lim —= = —;
2 n—>00 n—>oo N, |I|

(i) I'n, £ (A}, A,,... ,An,} is the inscribed N,-sided polygonal of the closed curve I,

and
Az = A1ll = |[As = Azl = - - - = || AN, — An,-1ll = 1AL = Ap, |l
Then the set

k k
SPIP, Iy, — I, |} = 1P, I, — |1
No an N Nu Nn| Nl

is called an asymptotic system of the system S?{P, I', 1}.
The asymptotic system has the properties as follows.

Lemma 1 (see Lemma 2.4 in [2]) IfS®{P, I",1} is a centered 2-surround system, then we

have

ks
lim $@ {p, I'n,, A—[|FN” |} =S9p, I,1). (28)

n—00

Lemma 2 (see Lemma 2.5 in [2]) If SP{P, FNH,]’\‘T’“FNKH is an asymptotic system of
SO{P, I, 1}, then there exists a sequence

(A A, i e(1,2,...,N,),

in Jn=0 — n=0’
such that
lim A =4, lim AY, <A, and  lim A7) -A (29)

Lemma 3 (see Lemma 2.6 in [2]) Let the image I" = y([a, b]) of a continuous function
y : [a,b] — R™ be a smooth curve, and let f : ' — R be a Riemann-integrable function

over I'. Suppose that I' is partitioned by means of N + 1 points
AO!AI}HﬂAi—l}Air'-nAN’ NZB,
such that

A;=y(), i=0,12,....N,a=ty<ti<---<ty=b,

lim (tm—ti):(), i=0,1,2,...,N—1,
N—oo
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and
A1 = Aoll = |42 = A1l =--- = |Ai = Aiall = - - - = |An — Ana1ll = [TN|/N.

Then we have

|F|/f_N—>ooNZf(A) (30)

3.3 Associated identities and inequalities
In order to prove Theorem 1, we need to establish several identities and inequalities in-
volving the centered 2-surround system as follows.

Lemma 4 Let SP{P,I",1} be a centered 2-surround system. Then we have the following
identity:

f ZA_PA, =2Ir. (31)
r

Proof This proof is similar to that of Lemma 2.13 in [2].
We need the following definition:

Ai=A; & i=j (modN,).

Consider the asymptotic system SP{(P, I'y,, 11\‘7’; |I'n,|}. By Lemmas 1 and 2 we have that
P e D(I'y,) if n is sufficiently large. By Lemmas 1, 2, and 3 and by the identity

Ny

Z ZAl'PAi_d =2

i=1

we get

1 1 &
—yg LA_PA, = lim — " ZA;PA,
r n—oo N, .

117
Ny k-1
nlirgo A_f Z Z ZAH-}PAH-I-F]
i=1 j=0
kn-1 Ny
nlingo N Z Z AAH/PAH—M—/
} =0 i=1

1 ky—1
lm R 22

. 2k,m
= lim

n—oo N,
B 2l

Ir|

The proof of Lemma 4 is completed. O
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Lemma 5 (see Lemma 2.7 in [2]) Let S?{P, I',1} be a centered 2-surround system. Then

we have the following inequality:

Equality in (32) holds if T is a circle in R?.

Lemma 6 Let 0 <0 < /2. Then the inequality

1
/ V2 +cot2de>1
0

(32)

(33)

holds if and only if 0 < 6 < n/2, where n = 1.7571802619873076 ... is the unique real root

of equation (13).

Proof Using the formula
1
/«/t2 +a’de= E[t«/tz +a?+a’In(t+ V2 +a?)]+ C,

we get

1 1 1
f V2 +cot?fdt = 5[«/1 + cot? +cot291n(1+ V1 +cot29)] - Ecotzelncote
0

1 6
<csc 0 +co2 0 ln — ¢ )
cotd

[csc 6 + cot? @ In(tan 6 + sec 9)],

N = N= N =

that is,
1
1
f Vi +cot20dt = E[csce +cot’@In(tan 6 + sece)].
0

Consider the auxiliary function

R
*: » o — )
¢ 2

1
1
©.(0) = / Vit +cot2fdt-1= 5[0300 +cot? @ In(tan 6 + sec)] - 1.
0

The graph of the function ¢, is depicted in Figures 2 and 3.

Inequality (33) can be rewritten as

(6)>0, 6¢e (0, %)

1
= —[cscO +cot* O In(1 + csc )] — 3 cot?@Incotd

(34)

35)
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Figure 2 The graph of the function ¢,, where t € (0, Z 1.

Figure 3 The graph of the function ¢,, where t € [T, Z).

By means of the Mathematica software we know that the equation

do,
do

=O, 96(0;7‘[/2)1

has no real roots and d¢,./df < 0. Hence, the function ¢, is decreasing. The solution of the
inequality

(p*(g) Z O’ 9 € <01 z);
2
is

0 <6 <0.8785901309936538... = —,

N

where 1 = 1.7571802619873076 ... is the unique real root of equation (13). This ends the
proof. d
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Lemma7 Let SP{P,I",1} be a centered 2-surround system. Then the inequality

A, —A 1 /APA
?pi”}*”/ ,/t2+cot2T+dt, VAeTl, (36)
0

holds if and only if
0</APA, <n, YAeTl, (37)

where n = 1.7571802619873076 ... is the unique real root of equation (13). Equality in (36)
holds if and only if P' is the midpoint of the closed straight line segment [AA,].

Proof The relevant calculations in the proof are dependent on the Mathematica software
since these calculations are very complex.
Let

A = x4i, A, =x41, M=xi, x4 <x<xa,, P =rj, P’ =0i + 0j,

where r £ rp > 0, and let
X X
/APA, =20, a2 /APP = —arctan—=, B2 /A,PP = arctan 2t
r r

Then

a,ﬂe(lz), a+B=20, ee(o,%), 1M =P|| = Va2 + 12,

272
A, —A| ||[A; — Al cosacos B
lA: —All = x4, — x4, = . =" )
tano + tan 8 sin 20
and
_ 1
fp= —— M- P|
A+ — Al Jiaa,
1 FA+
=— / Va2 +r2dx
A+ —All Js,
1 rtan B
=— Va? +r2dx
||A+ _A” —rtano
\|A+—Aﬂcosocsinﬁ )
1 T sin20 |A, — Al cosacos B
=— x% + - dx
||A+ _A” |\A+—f’;\i\nsi2ngotcosﬂ sin 20
1 A, -A 2 ptanf
_ (|| N !| cosacosﬁ) JET1d
||A+ _AH sin 26 —tano
A, —A tan 8
I A
sin” 20(1 + tan? &)(1 + tan2 B) J_qne
where

|A; —A| cosacosf
X = - t.
sin 26
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Hence,

A+ A tan 8
7 | | V2 +1dt. (38)

P sin?20(1 + tan? &)(1 + tan? B) J_qana

By (38) we see that inequality (36) can be rewritten as

1 tan sin?26 [1
V2 +1de < V12 +cot?2 6 dt. (39)
(1 +tanZ )1 + tan? B) J_ ane 2 0
Equality in (39) holds if « = B.
By the symmetry we can further assume that 8 > «.
For any fixed 6, set

B -«
= w.
2
Then
d d
a=a(w)=0-w, —a:—l, B=pBw)=0+w, —'6:1, (40)
dw dw
and
big .
w € |:0, 5" 9) & cosw € (sind,1]. (41)
Now we define two auxiliary functions:
1 tan B8
@: 0,2—9 — R, o(w) £ V2 +1de
2 1 +tan? )1 +tan2 B) J_ne
and
T tan B
f: [0,5—9> —-R,  flw)2 V2 +1dt - (1+tan® o) (1 + tan® B)g(0).
—tano
Since equality in (39) holds if @ = 8 < w = 0, by (35) we see that
sin?20 ! sin® 26
»(0) = 5 f V2 +cot2 6 dt = 1 [cscO + cot* @ In(tan 6 + secH)]. (42)
0
By (42) we know that inequality (39) can be rewritten as
T
flw)<0, Vwe [O, 5" 0). (43)

Next, we prove that if (37) holds, then (43) holds, that is, (36) holds.
By means of the Mathematica software and (40) we can get

cos?a +cos> B +cosacos B 4dcos?6 —1 sin® 0

= cosw + ————
cosa + cos B 2cosb 2cosf cosw
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and

& =4/tan? B + lseczﬂd—'g —Vtan?a + 1(—secza)d—a
dw dw dw
2 2 do 2 2 dp

— | 2tana sec® (1 + tan ,B)(p(O)d— +2tan B sec” B(1 + tan a)<p(0)d—

1) 1)

=sec’ B —sec® o — 2 sec? a sec? B(tan B — tanar)p(0)
sec® B — sec®

= (tan 8 —tan«)| (tan 8 + tana)M —2sec? asec? By(0)
sec? B —sec?a

sin2w sin20  sec? B + sec® « + sec Bseco
[ p p - 2sec? asec? ,Bgo(O)]

cos fcosa | cos Bcosa sec f + secw

2

cos? B + cos?a + cos Bcosa

- 2<p(0)]

= sin 2w sec® o sec® B| sin 20
cos 8 + cosa

. 3 s [ 4cos?6 -1 sin? 6
=sin2wsec’ a sec” B|sin20( —— cosw + ——— | = 2¢(0)
2cosb 2cos6 cosw

.
0

= sin 2w sec® a sec® ﬁ{sin@ [(4 cos*6 —1) cosw + s :| - 2g0(0)}
cosw

= sin 2w sec® o sec® Bg(w),

that is,

d

d—f = sin 2w sec® « sec® Bg(w), (44)

1)

where

g: [O, r_ 9) - R, g(w) £5sinb| (4cos* 0 —1) cosw + sin’ —20(0).

2 cosw
Since
. 29
& :Gin0, 1] >R, g.(6)2 sine[(4 cos?f ~1)& + ] —~20(0)

is a convex function, that is,

d’g, 2sin®6 .
d&‘z: 23 >0, VE& e (sin6,1]

and
g(w) = gi(cos &),

we have

g:(€) < max{g,(sinf),g.(1)} &  g(w) < max {g(O),g(% - 9) } (45)
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=40 ‘
-&0 F
=30 H

=100

Figure 4 The graph of the function g*, where § € (0, ).

Figure 5 The graph of the function g*, where § € [Z, Z).

Now we prove that
i
g(0) <0 and g(g —9) <0. (46)
Consider the auxiliary function:
g (O,%) — R, 2°(6) = cscH —2cot? 0 In(tand + sech).

The graph of the function g* is depicted in Figures 4 and 5.
By (42) we get

2(0) =sin6[ (4 cos*6 — 1) +sin® 6] - 2¢(0)

sin? 26

=3sinf cos?0 — [csc 0 + cot? 0 In(tan 6 + sec 9)]



Wen et al. Journal of Inequalities and Applications (2016) 2016:74 Page 21 of 28

= 3sinf cos® 6 — 2sin® 6 cos* O[csc O + cot® O In(tan 6 + sech) ]
= sin? @ cos? [csc 6 —2cot? 0 In(tan  + sec 9)]

= sin® 6 cos? 6g*(6),
that is,
2(0) = sin? @ cos® Hg*(6). (47)

By means of the Mathematica software we get

dg*
do

= —cotf csc + 4cot csc? 6 In(tan 6 + secd)

2cot?O(sec® 0 + secH tanh)

secH + tan@

The equation dg*/d@ = 0 has no real roots in the interval (0,7/2), and dg*/d9 > 0. Hence,
T
g'O)<0 & 0<0<6 and g*B)>0 < 0059<5,

where 6y £ 0.9212996176628999 ... is the root of the equation

(9) = T
g ) =0, 96(0,2).

Since (37) holds, and

0<6 < g =0.8785901309936538...<0.9212996176628999... = 6,
by (47) we get
g 0)<0 & g(0)=sin*cos’Hg*(¥) < 0. (48)

By (42) and Lemma 6 we get

-

.2
sin“ @

sin @ |:(4- cos? 6 — 1) cosw +
C

] -2¢(0)
05w |,z 4

s 220 1
sin@[(4cos29 - 1) sinf + sin@] - 251112 / Vit +cot2 9 dt
0

1
= 45in” 6 cos® 0 — sin® 29/ V2 +cot29dt
0

1
sin® 26 — sin® 26 / Vit +cot29 dt
0

1
sin? 20 (1 - / V2 + cot? 6 dt)
0

=0,
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that is,

g(% —9) <o. (49)

Combining (48) and (49), we get (46). Hence, (46) is proved.
From (45) and (46) we get

g(a))fmax{g(O),g(g —9>} <0, Voe [0,% —9). (50)
From (44) and (50) we get

d
LA = sin2wsec® a sec® Bg(w) <0, VYwe [O, T (9) .
dw 2

Therefore,
bid
f@)<f(0)=0, Voe [o, - 9) ,

which is just inequality (43). Hence, (43) holds, and (36) is proved.
Next, we prove that if inequality (43) holds (i.e., (36) holds), then (37) holds.
Indeed, inequality (43) is equivalent to inequality (39). Since

1 tan 8

V2 +1dt

(1 +tan?a)(1 +tan2 B) J_una

tan 8
=cos®a cos’ B V2 +1de
—tano
tan B8
= \/(cos a cos Bt)? + (cosa cos B)2 d(cos a cos Bt)
—tano

cosa sin

= V2 + (cosa cos 8)2 dt,

—cos fBsina

we can rewrite inequality (39) as

2 cosa sin

1
t2 + (cosa cos B)2dt < / V2 +cot2 9 dt. (51)
0

202
sin” 20 —cos Bsina

Set
oL o 20— — 20—~
- = a=20-8—>20-—
2 2

in (51). Then
2 cosa sin B

1
V2 + (cosacos B)?dt < / V2 +cot?2 9 dt
0

i 02
sin” 26 —cos Bsina

2 sin 260 1
T/‘ tdtf/ V2 +cot20dt
sin“ 260 0 0
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1
t2|f)‘"29 5/ V12 +cot2 6 dt
0

sin? 20

1
& / Vit +cot26de>1,
0
that is, inequality (33) holds. By Lemma 6 we have
0</APA,=20<n, VAeTs;

hence, (37) holds.
Based on this proof, we know that equality in (36) holds if and only if P’ is the midpoint
of the closed straight line segment [AA.]. This completes the proof of Lemma 7. O

Lemma 8 (see [19, 20]) Let E C R™ be a bounded and closed region (or curve), and let the
functions f : E — R and ¢ : f(E) — R be integrable, where f(E) is an interval. If ¢ : f(E) —
R is a convex function, then we have the following Jensen inequality:

fE}LE(f) z¢<fj—j). (52)

4 Proof of Theorem 1

Proof Consider the auxiliary function
T 1 -t
w:<0,§>—>R, 1//(9)=(/ Vt2+cot29dt) .
0
By means of the Mathematica software and (35) we get
Y(0) = 2[csc€ +cot? @ In(tan 6 + sec 9)]_1
and

cot? O(sec? O +sec § tan )
secf+tan 6

dyr —cotfcsch —2cotd csc? 6 In(secd + tanh) +

do [cscB + cot2 O In(secd + tanH)]?

The graph of the function dy/d# is depicted in Figure 6.

The function dy/df has unique extremum point 6; = 1.2313051084:629325... in the
interval (0, 7/2).

The increasing and decreasing intervals of the function dy//df are (0,6,] and [0, 7/2),
respectively. Hence, the convex and concave intervals of the function ¢ are (0,6;] and

[61,7/2), respectively. Since
0< g =0.8785901309936538...<1.2313051084.629325... = 6,

we see that the function

w:(o,g]—m
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s s s s
0.z5 0.5 .75 1

Figure 6 The graph of the function dyr/d@, where 6 € (0, %).

is a convex function.

Since

LAPA,

0</APA,<n & 0< gg, VAeT,

by Lemma 7 we have

A, - A 1 /APA,
rp < 4. —Al / £2 + cot? dt,
2 o V 2

that is,

2 ZAPA,\ _ 1A, - Al
2 o

Form (53) we get

2 yg (LAPA+> 1 ?g 1A, — Al
— @ Y <—@¢ ——.
[ Jr 2 \r\Jr 7

Since

JAPA, € (01, f i1,
r

by Lemmas 8 and 4 we get

1 -1
(A ). (] oo )
\rJr 2 IryJr 2 0 ||

By the Cauchy inequality [2]

1 A, —A 1 1
Bt S a1
rifw o Sy 1§

(54)

(55)
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and Lemma 5 we get

L gl i, i L 56
Ol S

By (54), (55), and (56) we get

L l Lo 1
2</ 2 + cot? o dt) < Il sin o —yg 52, (57)
0 || b4 [\C I Jr

By (57), the power mean inequality (3), and (35), for p € (-00,-2], we have

(rd7) =(rd )

< S
2r I Jo |
\r| . I |: ) ( In In ):|
= —sin — | csc — + cot“ — In| tan — + sec —
4w || || || || ||

This proves inequality (12).
Based on this proof, we know that the equality in (12) holds if and only if I” is a circle
and P is the center of the circle. This completes the proof of Theorem 1. O

5 Applications in space science
Corollary 1 is of great significance in space science.

Let S?{P, I'} be a centered surround system. We may regard P as the Earth (or an atomic
nucleus, efc.) with mass M, A as the Moon (or an electron of the atom, etc.) with mass 1,
which is a satellite of the Earth, and I as the orbit of the Moon. According to the law of
universal gravitation, the gravity of the Moon A to the Earth P is

GmM(A - P)

F(A,P) = —————, 58
R T 9

and the norm ||F(A4, P)|| of the gravity F(A, P) between the Moon A and the Earth P is

GmM

— (59)
|A-P|?

|E@A.P)] =
where G is the gravitational constant of the solar system. Without loss of generality, we
may assume that GmM = 1.
When the Moon A traverses one cycle along its orbit I”, the mean of the norm ||[F(I", P)||
of the gravity F(A, P) between the Moon A and the Earth P is
1

7A 1
[B, P = M (BT, P)]) = AT (60)

In [10], the authors defined the A-gravity as follows:

GmM(A — P) _ A-P
AP A -PPY

F,(A,P) = A>0, (61)
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where
F,(A,P) = F(A, P).

In the solar system, the gravity of the physical matter X to another physical matter P
is F(A, P), whereas for another galaxy in the universe, the gravity may be F, (4, P), where
A €(0,2) U (2, +00). For example, in the black hole of the universe, we conjecture that the
gravity is F; (4, P) with A € (0,2), P can be regarded as an atomic nucleus of an atom, A can
be regarded as an electron of the atom, and I" can be regarded as the orbit of the electron.

We define as
A-P
A
F,(A4,P) = W’ (62)
|E.(4,P)| £ 1 (63)
A -P|*
and
—_ 1 1
|E(rP)| & —¢ ——— (64)
|| Jr 1A-P|

the A-gravity function, A-gravity norm, and mean L-gravity norm between the Moon A
and the Earth P, respectively, where A € (0, 00).

In [21], the authors defined the planet system PS{P, m, B(g,r)}}; in an Euclidean space E
and the A-gravity function

N mip;
FAZEH%E, F)L(P)ézllp%

i=1

in the planet system, and obtained some interesting results. For example, in the planet
system PS{P, m, B(g,r)};,if A > i >2and ||g|| > /2, then we have the following inequality:

Vari(P) _ [ IIE(P)I "7
Var',(B) K[nmmn] ©3
where

8 IE.P)I1\  ( IE(PI*
Vart (P) & [( _ ’
A0 =2) L\IIE ()] IEo(P)]
and the coefficient ©/A in (65) is the best constant.

In this section, we will establish a new isoperimetric inequality involving the A-gravity.
Corollary 1 implies the following interesting result, which is significant in space science.

Proposition 3 (A-gravity inequality) Let S®{P, I'} be a centered surround system. Then
we have the following isoperimetric inequality:

IRV O S EZAY
Pl g f e = () =2 (09

Equality in (66) holds if and only if I is a circle and P is the center of the circle.
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In [10], the authors obtained the following interesting inequality:

m

¥ 2
> ui|Ey (AP 7 = [, )], (67)
j=1
where
m m " -1
o, 1 € (0,00)", wi=1l m=>2, y € (0,00), 0<A< =

According to Proposition 3 and (67), we know that in the centered surround system

SOqp, ry, if
m m Wi -1
a, i1 € (0,00)", Zﬂjzl, m>2, y € (0, 00), Z_f >,
j=1 j=1 j
then we have the following isoperimetric inequality:
2 L 2\’
> By (AP 7 = (ﬁ) : (68)
j=1

Equality in (68) holds if and only if I" is a circle and P is the center of the circle.
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