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For 0 < o < n, the homogeneous fractional integral operator Tg is defined by

fly)dy

In this paper we prove that if §2 satisfies some smoothness conditions on S™', then
T« is bounded from Lgk(]R”) to BMO(R"), and from LP*(R") (% <p < o0)toaclass of
the Campanato spaces L;, (R"), respectively.

MSC: 42B20; 42B25; 47B35

Keywords: Morrey space; Campanato space; BMO space; homogeneous fractional
integral operator

1 Introduction
Before going into the next sections addressing details, let us agree to some conventions.
The n-dimensional Euclidean space R”, Q = Q(xy, d) is a cube with its sides parallel to the
coordinate axes and center at xg, diameter d > 0.

Forlflfoo,—% < A <1, we denote

1 1 . 1/1
=sup ———| — (x) — dx) ,
Vllew. =530 qp <|Q| /Qlf ol
where f; = ﬁ /. of () dy. Then the Campanato space £, (R") is defined by
L1 (R") = {f € Lioc (R") : f 121, < 00}

If we identify functions that differ by a constant, then £;; becomes a Banach space with
the norm | - ||z, - It is well known that

Lip, (R"), forO<i<1,
L, (R") ~ BMO(R"), fori=0,

Morrey space L+ (R"), for —n/l <1 <O0.

On the other properties of the spaces £;; (R"), we refer the reader to [1].
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The Morrey space, which was introduced by Morrey in 1938, connects with certain
problems in elliptic PDE [2, 3]. Later, there were many applications of Morrey space to
the Navier-Stokes equations (see [4]), the Schrodinger equations (see [5] and [6]) and the
elliptic problems with discontinuous coefficients (see [7-9] and [10]).

For1 <p<ooand 0 < < n, the Morrey space is defined by

P (RY) = {feL’l’;C: Wf o = [ sup d*-"/ [f(y)|pdy]1; <oo},
Qwd)

xeR”,d>0

where Q(x, d) denotes the cube centered at x and with diameter d > 0. The space L*(R")
becomes a Banach space with norm || - ||;5,.. Moreover, for A = 0 and A = n, the Morrey
spaces LP°(R") and LP"(R") coincide (with equality of norms) with the space L*(R") and
L?(R™), respectively.

The boundedness of the Hardy-Littlewood maximal operator, the fractional integral op-
erator, and the Calderén-Zygmund singular integral operator on Morrey space can be
found in [11-15]. It is well known that further properties and applications of the classical
Morrey space have been widely studied by many authors. (For example, see [8, 16-19].)

A function g € BMO(R") (see [20]), if there is a constant C > 0 such that for any cube
QeR”,

1
lgllsvo = sup ( [ |g<x>_gQ|dx><oo,
Q

xeR”, r>0 |Q|

where gg = ﬁ Jog)dy.
The Hardy-Littlewood-Sobolev theorem showed that the Riesz potential operator I, is

bounded from LP(R") to LY(R") for 0 < <, 1< p < 7, and é = 1% - *. Here

/) 32T (/2)
dy, d =
o A T A Y C=0

If(x) =

In 1974, Muckenhoupt and Wheeden [21] gave the weighted boundedness of I, from
L (w, R") to BMO, (R").
In 1975, Adams proved the following theorem in [11].

Theorem A (Adams) ([11]) Let @ € (0,n) and A € (0,n], there is a constant C > 0, such
that, ifl<p = %, then

l1ef Mo < ClIf Il 1o

On the other hand, many scholars have investigated the various map properties of the
homogeneous fractional integral operator Tg ,, which is defined by

Touf @)= | =) ) dy,

R X =y

where 0 < & < 1, 2 is homogeneous of degree zero on R” with Q € L*(5"1) (s > 1) and §"!
denotes the unit sphere of R”. For instance, the weighted (L7, L7)-boundedness of T, for
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1 < p < 7 had been studied in [22] (for power weights) and in [23] (for A(p, q) weights). The
weak boundedness of T, when p =1 can be found in [24] (unweighed) and in [25] (with
power weights). In 2002, Ding [26] proved that Tq, is bounded from L& (R") to BMO(R")
when Q satisfies some smoothness conditions on S,

Inspired by the (L7*(R"), BMO(RR"))-boundedness of Riesz potential integral operator I,
forp = g We will prove the (L7*(R”), BMO(R"))-boundedness of homogeneous fractional
integral operator Tq, for p = % Then we find that Tq, is also bounded from L?*(R")
(% < p < 00) to a class of the Campanato spaces L;; (R”).

We say that €2 satisfies the L°-Dini condition if €2 is homogeneous of degree zero on R”
with Q € L5(§*!) (s > 1), and

1
/ ws(é)@ < 00,
o s

where w;(8) denotes the integral modulus of continuity of order s of Q defined by

s

w;(8) = sup (/Snl |Q(px') - Q(x/)|sdx/> ,

lol<8

and p is a rotation in R” and |p| = ||p - I||.

Now, let us formulate our result as follows.

Theorem 1.1 Let 0 < «, X < n, if Q satisfies the L*-Dini condition (s > 1), then there is a
constant C > 0 such that

| Teof lIBMO < C|lf||L§,x- (L1)

Remark 1.2 If Q =1, s=o00,and A =0, then Tq, is a Riesz potential /,, and Theorem 1.1
becomes Theorem A (Adams) [3].

The following theorem shows that Tq , is a bounded map from L#*(R") (% < p < 00)to
the Campanato spaces L, (R") for appropriate indices A >0 and [ > 1.

Theorem1.3 LetO<a<1,0<A<nAla<p<oo,ands>\(A—a).Ifforsome B >ao—Alp,
the integral modulus of continuity ws(8) of order s of Q satisfies

/1 8) ) o0

ws(8) —— < 00,

0 §1+B

then there is a C > 0 such that for1 <[ < A/(A — a),

T
| Taf iz,

) = Clf g (12)

o_
n

i

Remark 1.4 If we take Q2 =1, then Tg, is the Riesz potential /,, and Theorem 1.3 is even

new for the Riesz potential .

Below the letter ‘C’ will denote a constant not necessarily the same at each occurrence.
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2 Proof of Theorem 1.1
In this section we will give the proof of Theorem 1.1. Let us recall the following conclusion.

Lemma 2.1 ([26]) Suppose that 0 <« < n,s > 1, Q satisfies the L*-Dini condition. There is
a constant 0 < ag < % such that if x| < aoR, then
Qy-x Q@)

N
(/ »)
Relyl<2r| [y — x|~ |y["@

< CR’“S-W){m + / ws(a)@ }
R |x|/2R<8<|x|/R )

Proof of Theorem 1.1 Fix a cube Q C R”, we denote the center and the diameter of Q by

xo and d, respectively. We write

Q Qx —
Touf = f| &) 4 y+/R Q629 1) dy

x =y o mg [ =y

= Tif (%) + Tof (x),
where B = {y € R"; |y — x9| < d}. It is sufficient to prove (1.1) for T1f(x) and T,f(x), respec-

tively.
First let us consider T7f(x). We have

Q(
|Q|/|T‘f(") (Tif)o| IQI/ 20 dyds

B lx =y

b L] e ol avae) as

Q0 - y)|
|Q|/W| o ey Y

1Q(x - )|
— ——dxdy. 2.
= |Q| /Blf(y)| lx—y|<2d |x—y|”"”‘ xey ( 1)

Note that Q(x') € L(S"™), || s(sn-1) = fsn1|9(y/)|sda(y/ , we get

[Q2(x — )| o
f IR e < Ca 19U s
|x—y|<2d |x_y|

< CIQI" |1l s(gr1)- (2.2)

On the other hand, since p’ < m, by using the Holder inequality, we get
p'n n

[irotar=([rors) ([ v o)
< (/Btf(y)lpdy)%</lglmdy),ag_l)_%
5 ([l a)’

1
F
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1
1k 1y_a 1q_2 r
= |B|p i By ”)<"’k—"flf(y>l"dy>
B

= 1Bl |f ||y 2.3)

Here and below we denote p = % in the proof of Theorem 1.1. Plugging (2.2) and (2.3) into
(2.1), we obtain

6 '/Q|T1f(x) - (T]f)Q| dx < C|Q|% |B|*% W Nl o

= Cllf lppa- (2.4)

Now, let us turn to the estimate for T5f(x). In this case we have

|iQ| /Q | Tof (5) - (Tof)g| dx
_ 1 Qx-y Q(z—y)]d }d
|Q|/Q‘|Q|fg{/|y_xo>dm)[|x—y|"a z— g |

1 1 nd
= @ /(; @ /;[;Ldiy—xodj*ldlf(y)‘

By Holder’s inequality, we get
[ ol
Yd<|y-xg|<2tld
l/
([ ols)
Wdf\y—xoldl"ld
«(/
yds\y—xold/”d

Qr-y) Qz-y)
le—yl"=  lz =yl

dx

Qx-y) Qz-y)

e =yl |z—y|"@

dy} dzdx. (2.5)

Qr-y) Qz-y)
lx—yl"= |z -yl

Qr-y) Qz-y)
lx =yl |z—y|"

S dy) E. (2.6)

Qr-y) Q-x) QO-x) Q-y)
e =y1" ly=%el" |y —x|"* |z —y|"
Qr-y)  QU-x) | |Q0-%) Qk-y)
b=yl y =g | |y =& [z =yl |

Since

we have
(/ Q(x—y) B Q(Z—y)
Yd<ly-xol<yial X =y |z =yl
Qx-y Q@ -x)

< —
(/z/d<|y_xo<z/+ld e —y|"=* |y —xol"¢

. ( /
Yd<|y-xg|<V*ld

=h+).

s 1
dy)

T

dy)
dy)

@l

Qz-y) Qy-x0)

lz—yl"® |y —xo|"

(2.7)
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Let us give the estimates of /; and /5, respectively. We write /; as

AN
= </ ‘ d)’) .
Jd<|y-xq|<2Z*d

Note that x € Q, if taking R = 2/d, then |x — x| < #R. Applying Lemma 2.1 to J;, we get

Qx—x0) -y) Q)
e —xo =y [y|"

(e ds
]1 E C(Zld)n/s (ﬂ ){ |x Ax0| +/ 6()5(8)—}
2d x—xo |/ 2 d<s<|x—x0| /2 d 3

o[ 1 s
<c(Za)™" ){ m— f y(8) — } (2.8)
2+ x—x0 /2 d<s<|x—x0 /2 d 3
By z € Q and using a similar method, we have
) o) [ 1 ds
h < C(2d)" " ){ —+ f wy(8) — } (2.9)
27 lz—x0|/2*Ld<s<|z-x0|/2d 1)
Since p = g and £ - (n-a) < —W, we get
i j\nls—(n—c) j+1 -l
(2/d) < C|2*'/nQ| 7erT,
where 2*1,/nQ denote the cube with the center at x, and the diameter 2*1,/nd.
Thus, plugging (2.8) and (2.9) into (2.7), we have
1
</ Qx-y)  Qz-y) de)s
Vd<|y-xo|<V*ld |x—y|”_°‘ |Z—)’|”'“
j- njis—\n—-o 1 d8
< |2 VnQ" ){f + f 0 (8)
Y Jix—xol 2 d<s<ix—xol/2d )
ds
+/ a)s(b‘)—}
lz—s0| /2 d<d<|z-x0 |12 d )
) 1 (1 ds
< clpiviag w7 {2 )%
2 lx—x0 |/2 d<8<|x—x0|/2 d )
ds
+/ ws(8)—}. (2.10)
20112/ d<b<|z-s0/2d 8

;oL
On the other hand, we estimate ( d=ly—xol<2*ld [fO)I° dy)?, since p’ <s'(5) and s'(5) <

L by using Holder’s inequality again, we get

+ (pls')'s’

1
(oot
de\y—xoldl"ld
1 _1
p P (pls’)'s'
(f pora) ([ )
Vd<|y-xo|<V+d ly—xo|<2+Ld
A

7 T Z ). T }7(5_1)'*'7(17/:/)/3/
< C(/ V(y)‘l’ dy) (/ lﬁ(ﬁ* )*(p/s/)/s/ dy)
ly—xo|<2/*1d ly—xo|<¥*1d

(2-1)

1
r

IA
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1

l A . _
< CIB, P T By <(2’“d)* ’ / lf(y)|”dy)
ly—xo|<2/*1d
1
< CIB| @\ f | s (2.11)

where B; = {y e R%; |y — xo| < 2*1d}.
Plugging (2.10) and (2.11) into (2.6) we obtain

Z 0|
/2;d<|y—x0<2/*ld

o0
1
<CY fllgpa |B | &5

Jj=0

Qr-y)  Qz-y)
lx—yl"= |z—yl"e

ds
s8_
5(8)

. Js—(n-a) | 1
Z/H«/EQV’S o ){—4 +/
2 |x—x0 /2 d<s<|x—x0|/2d

das
+ wg(8)—
20 |/2*Ld<5<|z—x0|/%d )

o0 o L 1
= C”.f”[,pv}\ Z |Bl| (w1s')'s' |Bl| WIsYs — 4 f
j=0 2 =0 /2 d<d<|x—x0 /2 d

ds
s(s_
5(8)

ds

g

lz—x0 /2 d<s<|z—x0| /2 d
1 ds

scnfnw{zu/ ws(a>7}
0

= Cllfll o

(2.12)

Therefore, applying (2.12) into (2.5) we obtain

(213)

= / | Tof (5) = (Taf )o| dx < CIf -

Combining (2.4) and (2.13), we get
ITof o = /|TQJ@)—(TQJ ol dy
- d T (T d
= ig LITfo-@haldre o [ 11700~ (Tafrol ey

=< Cllfllzpa-

Thus, we complete the proof of Theorem 1.1.

3 Proof of Theorem 1.3
Similarly to the proof of Theorem 1.1. We need only to prove (1.2) for T; and T5, respec-

tively. First let us consider T7f(x). We have

. ( / T @)~ (Tyf)ql dx)l

: z<|Q| /|T‘f(’“)| dx)
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[ 2222 p6)ay
B

o — y|—

2 ( )%
A

I
: / (/y—x<2d<%>ldx> % dy. (3.1)

e 1 T
CERECL

Note that Q(x') € L(S"), |Rls(sr1) = (f5o1 |20)[* do ()5, and s > 727 = I, hence
G-\ N\
(/ <—y) dx) < CdT " |1Q| s gny
ly—x|<2d |x_y|n—o¢
(3.2)

1 o
< ClQIT™ W1 pssn-1).-

On the other hand, by Holder’s inequality,

-

[yolar= (/Bw)l"dy)'%(/lp @)’
= |BJ7U- (|B|'1/Lf(y)|”dy>p

A 1 1.
1_&(1_L1)+l(&7_1) 1= A=)+ 5 Gl
X /1 PP dy
B

- /)
< 1B B R
il
= 1B (3.3)
Plugging (3.2) and (3.3) into (3.1) we get
1
g_;&( /|T1f(x)—(T1f)Q| dx)
|Q|n pn |Q|
Ll_a 1 hq_ly,
<clrr Ty 121151y I .
= Cllf llpa (3.4)
Now, let us turn to the estimate for T5f(x). In this case we have
1 1 1
w7 (i [0~ @anol ax)
|Q|" 7 n 1Ql Jo
1 1 1 °°/
z )
|Q |~ b a (IQI[ 1Ql / {Z 2}d<\y—x0|<2/*1df(y
Qr-y) Q- A}
><|: oy AR ]dy dz| dx) . (3.5)
lx—y[" |z =y
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By Hélder’s inequality and the proof of Theorem 1.1, s' < £ < p,

[
Yd<|y-xg|<V*ld
E(/ o)l dy) (h +/2)
Yd<|y-xg|<V*ld

1
P / / s/ (p/s
S(/ , [f(y)|pdy> (/ , 10 g ) (h +72)
2/d§|y—x0\<2/*1d |y—x0|<2/+1d

1

— (2f+1d)—)}+n |:(2j+ld))»—n‘/ ‘ lfO’) |19 dyi|’7
ly-x0|<2*1d

1 — 1 A
1 1ok s’(p/s/)’+)LTPn+E(1_ﬁ)
) / ot oy dy (h+/2)
y—ol<2*1d

< Cllf Bl |y Ty 5 1 +)2)

Qr-y) Qz-y)
e =yl |z =y

= Clf s (2d) 757 F R g 4 )

1_1
= CIlf Nl (V) 07 25507

A
n

(h +12), (3.6)

where B; = {y e R%; |y — xo| < 2*1d}.
Since the integral modulus of continuity w(3) of order s of € satisfies (1.2) and

! ds ! ds
/oa)s(é)?</o. ws(8)81+ﬂ < 00,

we know that Q satisfies also the L*-Dini condition. From Lemma 2.1 and the proof of

Theorem 1.1, we get

i nis—\n—o 1 d8
Ji+Jo < C(2d)" ) {_, +/ ws(8)—
2 |x—x0| /2 d<s<|x—x0|/2d d
das
R / a)s(rS)—}. (3.7)
lz—x0|/2*1d<s<|z-x0|/2d s

Note that
(2fd)”’/[5,(17/5’)’]+n/sf(n*“)2/(1%—%) - (Zjd)"(%f,sz(,%—},)
< C|Q|F B PGP 5)
= ClQ|F s ), (3.8)

Moreover,

o lx—axol/2d ds
2"Gimp ) / v 8) 5 =2
lx—xg|/2*1d

lx—x0|/2d ds

:IQ

)(|x—xo|/2jd)ﬂ/

L (8)——
lx—xo1/2*1d §1+p

-1y _g [ ds
< -5 3)-#) / ©s(8) 517 (3.9)
0
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ByO<a<land B>a - %,we have n($ - 117%)—1 <0and n($ - }7%) — B <0, respectively.
Applying (3.7), (3.8), and (3.9) to (3.6) we obtain

- Qr-y) Qz-y)
0 B [ ]
w0 JYdsly-xol<2*ld e — |z -yl
112w 1A [ 12y (@ 1 1 ds
< Clfllpr1Qlz77]Q|" pZ{ZJ["(n pul ool n)- ﬂ]/o ws(8)81—+ﬁ}
j=0
a_ 12
< Cllfllppr QI P ™ (3.10)

Plugging (3.10) into (3.5), we obtain

|Q|—”(|Ql f|Tzf x) - (Tof ) dx) < Clif llpi- (3.11)

Then by (3.4) and (3.11) we get

) 1
L P—— M<|Q|/|Tlf (Tlf)Q|ldx)l

RETe]
1 1
—— (g [ - @l dx)
" \a
< Clfllp-
Thus, we complete the proof of Theorem 1.3. O
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