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1 Introduction
In recent years, the theory of fractional differential equations is an important area of in-
vestigation for its wide applicability in the fields of physics, engineering, and economics.
For more details, we refer to the monographs of Oldham and Spanier [1], Miller and Ross
[2] and Podlubny [3] and papers [4-10].

This paper deals with the fractional neutral evolution inclusions of the form

Di(x(t) — g(¢, %)) € —Ax(t) + F(t, %), tel0,b],
x(t) = ¢(t)1 te [—'(,0],

(1.1)

where D7 represents the Caputo fractional derivative of order 0 < g <1, b >0, —A is the
infinitesimal generator of an analytic semigroup {7'(¢)};>o on a Banach space X, F : [0, b] x
C([-7,0],X) = P(X) is a multivalued map with nonempty, bounded, convex, and closed
values, P(X) is the family of all nonempty subsets of X, g : [0,5] x C([-7,0],X) - X is a
given function to be introduced later, and ¢ € C([-7,0],X), T > 0. For any x € C([-7, 5], X)
and any ¢ € [0, b], define x,(¢) by x(¢) = x(¢ + ¢) for ¢ € [-7, 0], where x,(-) represents the
history of the state from time ¢ — t up to the present time ¢.

Neutral fractional differential systems arise in many areas of applied mathematics and
have received much attention recently. For some applications and recent results, we re-
fer to [11-14] and the references therein. Very recently, Wang and Zhou [15] studied the
existence and controllability results for fractional evolution differential inclusions involv-
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ing the Caputo derivative in Banach spaces. Yan [16] investigated the controllability of
fractional-order functional integro-differential inclusions with infinite delay in Banach
spaces. We remark that the existence or the controllability results in these mentioned pa-
pers are obtained under strong assumptions on the nonlinear parts f and F in equations
and inclusions, respectively. The purpose of this paper is to release the limitation on the
nonlinear term. For this purpose, we first present a new generalized Gronwall inequality
with singularity, which is effective in dealing with fractional neutral evolution systems.

The remainder of the paper is arranged as follows. In Section 2, we give some basic
definitions and preliminary results. A new generalized Gronwall inequality is proved in
Section 3. Section 4 is devoted to the existence result of mild solutions for problem (1.1).
An example is presented in Section 5 to illustrate our main theorem.

2 Preliminaries

Let (X, | - |) be a Banach space, and J C R. Then C(J, X) is the Banach space consisting of
all continuous functions from J into X equipped with the norm ||y||; = sup{|y(¢)| : £ € ]},
and B(X) denotes the Banach space of all bounded linear operators from X into X with
the norm

TN =sup{|T®)|: 1yl =1},

where T € B(X) and y € X.
For 1 < p < o0, define the norm of a measurable function m:J — R by

1
(f; Im@))? dt)?, 1<p<oo,
Il =
lnfu(j):o{supte]—f |Wl(t)|}, p =090,

where w(J) is the Lebesgue measure on J. Denote by L”(J,R) the Banach space of all
Lebesgue-measurable functions m : J — R with the norm satisfying || - ||»; < 0.

Lemma 2.1 (Holder inequality) Let r,p > 1 and % + 117 =1.Ifle L"(J,R) and m € L*(],R),
then Im € L'(J,R) and ||Im|| 1y < |Ul|ryllml ;.

Lemma 2.2 (Bochner theorem) A measurable function x: ] — X is Bochner-integrable if
|x| is Lebesgue-integrable.

Let —A be the infinitesimal generator of an analytic semigroup {7(¢)};>¢ of uniformly
bounded linear operators on X. Let 0 € p(A), where p(A) is the resolvent set of A. Then
we can define the fractional power A* for 0 < @ <1 as a closed linear operator on the
domain D(A%). We have the following known results:

(i) There is M > 1 such that

M:= sup || T(t) || < 00. (2.1)

te[0,+00)

(ii) For any « € (0,1], there exists a positive constant C, such that

JaT@] < 52, 0<r<b (2.2)

For details on fractional powers of closed operators, we refer to [17].
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Definition 2.3 ([3]) The Riemann-Liouville fractional integral of order « € R* of f : Rt —
X is defined by

INf(t) = /Ot(t —5)*f(s)ds, t>0,

1
I'a)
where I' is the gamma function.

Definition 2.4 ([3]) The Caputo fractional derivative of order 0 <« < 1 of f € C}([0, c0),
X) is defined by

1 t
Df(t)= ——— | (t—5)"f'(s)ds, t>0.
O e I AR A
Next, we present some basic definitions and results on multivalued maps. See [18] for
more details.
Let (X, d) be a metric space, and P(X) be the family for all nonempty subsets of X. We

give the following notation:

Pa(X) ={Y € P(X): Y is closed}, Ppa(X) ={Y € P(X): Y is bounded},

P.(X) = {Y e P(X):Yis convex}, Pep(X) = {Y ePX):Yis compact}.

A multivalued map F : X — P(X) is convex (closed) valued if F(x) is convex (closed)
for all x € X; F is bounded on bounded sets if F(B) = U,cpF(x) is bounded in X for all
B € Pya(X), that is, sup,g{sup{|y| : y € F(x)}} < 0o; F is said to be upper semi-continuous
(u.s.c. for short) on X if for each x € X, the set F(xp) is a nonempty, closed subset of X
and if for each open set U of X containing F(xo), there is an open neighborhood V of x,
such that F(V) C U; and F is completely continuous if F(B) is relatively compact for every
B € Ppy(X).

If a multivalued map F is completely continuous and has nonempty compact values,
then F is u.s.c. if and only if F has a closed graph, that is, x, — %, ¥4 — Vs, ¥u € F(xy,)
imply y. € F(x,).

Consider H; : P(X) x P(X) — R* U {00} given by

Hy(A,B) = max{sup d(x,B), sug d(A,y)},
xe€A ye

where d(A,y) = inf,es d(x,y), d(x, B) = inf)cp d(x,y). Then (Ppya(X), Hy) is a metric space,
and (Py(X), H,) is a generalized metric space (see [19]).

Definition 2.5 ([20]) A multivalued operator N : X — P(X)
(i) is a contraction if and only if there exists 0 < y <1 such that, for each x,y € X,

Hy(N (@), N(») < yd(x,);

(ii) has a fixed point if there exists x € X such that x € NV(x).
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Theorem 2.6 ([20]) Let ] be a compact interval, and X be a Banach space. Let the map
F:]x C(J,X) = PraceX), (t, u) — F(t,u), be measurable with respect to t for each u € X
and upper semicontinuous with respect to u for each t € J. Moreover, suppose that for each
fixed u € C(J, X), the set

New={f € L', X):f(t) € F(t,u) forae. t €]}

is nonempty. Also, let T be a linear continuous mapping from L (J, X) to C(J, X). Then the
operator

T o NF : C(]:X) g Pbd,cl,cv(CU:X)); u— (T o NF)(M) = T(NF,M)7
is a closed graph operator in C(J,X) x C(J,X).
The main tool in our approach is the following fixed point theorem.

Theorem 2.7 ([21, 22]) Let X be a Banach space, and A : X — Py pa(X) and B: X —
Pep,ev(X) be two multivalued operators satisfying

(a) A is a contraction, and

(b) B is upper semicontinuous and completely continuous.
Then, either

(i) the operator inclusion Ax € Ax + Bx has a solution for . =1, or

(ii) theset U ={u € X|u € L\Au + ABu,0 < A <1} is unbounded.

3 A generalized Gronwall inequality
In this section, we establish a generalized Gronwall inequality, which is important in prov-

ing the existence result. The proof is based on an iteration argument.

Lemma 3.1 ([23]) Forx > 1, we have

x\* 1 x\* 1
(E) v2nx<1+ m) <I'x+1) < (E) «/27'rx(1+ m)

Theorem 3.2 Suppose that o, B > 0, a(t) is a nonnegative function locally integrable on
R*, g(t) and h(t) are nonnegative, nondecreasing continuous functions defined on R*, and
u(t) is a nonnegative and locally integrable function on R* such that

u(t) <alt)+g(t) /t(t —8)* Yu(s) ds + h(z) /l(t - u(s)ds, ¢eR".
0 0

Then, for each constant b > 0, t € [0, b], we have

k(y n—k
u(t) < a®) + /0 Z k(g(t)rg’g)+(( ”2;/’2;) (£ = ) P 1g(s) ds. (31)
n=1 k=0

Proof Let By (¢) fot t — )Yy (s)ds + h(t) fot(t — )P~y (s) ds for locally integrable

functions . Then

u(t) < a(t) + Bu(t).
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By iteration we have

n-1
u(t) <y B'a(t) + Bu(t).
k=0

Next, we shall prove the followmg two statements:
n—k
(i) B"u(t) < fo Zk o Ck (O (a (](a+(yf )k ﬁ)) (t— S)koz+ n—k)p— lu(s) ds.
(ii) For each t € [0,5], lim,_, o B"u(¢) = 0,and ) .-, B"a(t) is convergent.
Proof of (i). From the definition of B we have (i) is true for n = 1. Assume that (i) is true

for some n = m. Then, forn =m + 1,
B™u(t) = B(B"u(t))
t t
= g(t)/ (¢ = 9)* 7 B™u(s) ds + h(t) / (¢ — )P\ B u(s) ds
0

e } N (BT (B)"*
sg(t)/o(t—s) /OZC r(ka+(m k)B)

k=0

X (s — )k 0By (s1) ds; dis

51 s . (g t)F ,3))
+h(t)/(t s) /OZC F(ka+(m k)B)

k=0

X (s — 87K m=RB-1y 51V ds, dis.
By interchanging the order of integration and by the equality C”, + C",™! = C'1 we have

Bm+1 u(t)

ck @OT @) (h@r ()" * a1 ket +(m—k)p-1
/ /1 I'(ka + (m - k)B) (t=5)""(s=s1) dsds;

k=0

L @OT @) OB
/ hDuls) / 2 o™ a1 - 0B)

k=0
x (¢ = 8)P (s — )kt m=PE-L g g,

k (g(OT (@)L (h(e)T(B))"* oot
/0 kXO: I'(( k + Do + (m - k)B) u(s1)(t - s1) ds,

ck (g O (@) )k(l/l(t)l—‘l(/g))m+1 * ka+(m+1-k)p-1
/o Z Cka + (m+1-k)B) u(s1)(t - s1) ds

k=0

/”’“1 )T @)k (h(£)T(B))"*
) 2 Cmn (ka+<m K)B)

u(sy) (¢ — sy )kt m=RA-1 gg,

Therefore, by induction we get that (i) is true.

Proof of (ii). First, there exists N7 > 0 such that for n > Nj, we have

ka+(n-k)p-1>0 fork=0,1,2,...,n
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Take arbitrary b > 0. Then, for n > Ny, k=0,1,...,n, we have
(t _ S)ka+(r1—k)ﬂ—l < bka+(n—k)ﬂ—1, te [O,b],S e [O, t].

By Lemma 3.1, for n > Nj, we have

- k (g(t)[‘(a))k(h(t)[‘(ﬂ))”—k ka+(n—k)B-1
ZC” ko + (n—-k)B) b

< Z & (@O (@) () ()" pra (i1
(Karln= kﬁ KRB ykaes (1-R0B-1, /257 (Kot + (11 — k) B — 1)

(@b 1T DT (p)* 1"
Z [ ka+(n -k)B— l)a] I:(ka+(n—k)ﬁ—l)ﬂ:|

k=0

e
*bka+ (1-KB-)ortkat (1-RB-1)

Choosing constants ¢, c; > 0 satisfying 0 < ¢; + ¢; < 1, we can easily get that there is an
integer constant N > N such that, forn >N, k=0,1,2,...,n,

g(T)T (o) b* h(T)I'(B)bP
(R trRpTyo <, (RerlrRpT <2

e

e

<1
blka + (n—k)B — 1)\/27r(koc +(n-k)p-1)

Therefore, for n > N and ¢ € [0, b], we have

lim B"u(t) < lim

n—00 n—00

(t _S)ka+(n—k)ﬂ—lu(s) ds

Z ck EOT @) (h@r(B)"*

0 = I'(ka + (n-k)B)

< lim ch(g( (@) ()T (B))"k

ka+(n—k)p-1
" Thar0p) D w(s) ds

n— 00

b
= lim (¢ +cz)"/ u(s) ds
0

=0.

Similarly, we can prove that for » > N and ¢ € [0, b],

ZB"a(t) = ZB"a(t)+ Z B"a(t)

n=N+1

< ZB”a(t) + i (c1 +¢2)" /Oba(s) ds

n=N+1
< o0.

Proof of (ii) is completed.
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As a consequence of (i) and (ii), we complete the proof of Theorem 3.2. O

Remark 3.3 If 4(¢t) = 0, then (3.1) becomes
u(t) <alt)+ /Ot HZ %S{)))n(t —s)"* La(s)ds,

which is Theorem 1 in monograph [24].

4 Existence result

According to [14], we introduce the definition of the mild solution to problem (1.1).

Definition 4.1 A continuous function x : [-7,b] — X is a mild solution of problem (1.1)
if x(¢) = ¢(t) on [-7,0] and there exists f € L}([0,5], X) such that f(¢) € F(¢,x(t)) for a.e.
t € [0,b] and

x(t) = 6q(":) [¢(0) -g(0, ¢)] +8(t,x:) + /0 (t- S)q_lATq(t —5)g(s,x5) ds
+ /t(t - s)q‘lfq(t - s)f(s)ds,
0

where

&,(t) = fo £O)T(10)do,  T,)=¢q fo 0E,(6)T(170) do,

1
g (6)= o hwy(070),
q
[ r 1
W, (0) = — Z(-l)“#)*‘?ﬂ*lM sin(nrg), 6 €R".
S — n!

Remark 4.2 ([25]) The function &,(0) is a probability density function defined on R*, and

o Nk _T(+v)
fo 0 gq(e)de_/o gqqu(e)de_ir(“qv).

Lemma 4.3 ([14]) The operators &, and T, have the following properties:
(i) Forany fixedt >0, &, and T, are linear and bounded operators, that is, for any
xeX,

gM

Sq(0)x| <Mlxl, [Ty < r(1+q)

|l

(i) {S4(8)}is0 and {Zy(t)} 0 are strongly continuous.
(iil) If T(t) is compact for t > 0, then & 4(t) and T,(t) are also compact operators for t > 0.
(iv) Foranyx € X, B €(0,1), and n € (0,1], we have

AT (x = APT,()APx, 0<t<b,
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and

anF(2 -n)

_— "~ 0<t<bh
T+ q-n)

|A"E, 0] <
Let us list the following hypotheses:
(H1) T'(¢) is compact operator for every ¢ > 0.
(H2) The multivalued map F: [0,b] x C([-7,0],X) = Ppav(X) satisfies the following
conditions:

(i) For each t € [0,b], F(¢,-) is upper semicontinuous, for each x € C([-7, 0], X), F(-,x)
is measurable, and the set Ny, = {f € L'([0, 5], X) : f(t) € F(t,x), for a.e. t € [0,b]} is
not empty.

(ii) For each x € C([-T,0],X), there exist m € LY9([0,b],R*) and r € C([0, b],R*) such
that

sup{ [f(t)| f(t) e F(t,x)} <m(t) + r(t)||xll[-r,0) fora.e.te]l0,b],

where ¢; € [0,9).
(H3) There exists a constant 8 € (0,1) such that g € D(A#), APg is continuous, and

(i) there exists a positive constant L such that
|APg(t1,%1) = AP g(ta,%0)| < L(Ity = ta] + o1 = 22| r,01)

for 0 < t1,t < b, x1,%, € C([-7,0],X), and
(ii) there exist positive constants L;, Ly such that

|A%g(t,%)| < Lil%ll—r,0 + Lo
for any x € C([-7,0], X).

Theorem 4.4 Assume that hypotheses (H1)-(H3) are satisfied. Then problem (1.1) has one
mild solution, provided that
b‘fﬂCl_ﬁF(l + ,3)

Lo :L<||A"3 |+ W) <1, AL <1 (4.)

Proof Transform problem (1.1) into a fixed point problem. Consider the multivalued oper-
ator ® : C([-7,b],X) — P(C([-7,b], X)) where ®x is defined as the set of p € C([-7, b],X)

such that
¢(t): t € [_tr 0]1
P(t) = 1 G,(O[$(0) - g(0,§)] +g(t,x,) + [ (¢ — )T AT, (t - 5)g(s,%,) ds
+ [o(t =) T, (t — 5)f (s) ds, t[0,b],

where f € N, = {f € L}([0,b], X) : f(¢) € F(t,x;) for a.e. t € [0,b]}. We know that the fixed
point of @ is the mild solution of problem (1.1). Consider the operators A : C([-7,b], X) —
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C([-7,b],X) and B: C([-7,b],X) = P(C([-7, b], X)) defined by

(»b(t)’ te [_7:) O]r
(Ax)(£) = ) 6,4()[6(0) — g(0,9)] + g(z, %,)
+ [yt = 8)TTAT (- 9)g(s,x5) ds, t€[0,b],

and

0, te[-1,0],
Bx=1{peC([-7,b,X): p(t) = f(f(t—s)q’liq(t—s)f(s)ds, feNputel0,b]
It is clear that ® = A + B. Mild solutions of problem (1.1) are converted to the fixed points
of x € Ax + Bx. We shall show that the operators .4 and B satisfy the conditions of Theo-
rem 2.7 by the following steps.

Step 1. A is a contraction.

Let x,y € C([-7,b], X). Then, for each ¢ € [0, b], from condition (H3) we have that

|(Ax)(£) = (Ay)(8)| = ‘g(t, X)) + /0 (t - )T AT, (t - 9)g(s, %) ds
—g(t,y) - /0 (t— s)q_lA‘Zq(t —5)g(s,ys)ds

< |g(t,x) - glt,70)| + /o (£ - )T AT, (¢ - 5) (g5, %) - g6, 35)) ds

= L”A_/6 ” ez = yell (=<0

t
+ L/ (t- S)q_1 HAl_ﬁ(Sq(t -5) H lls = Y51l [-z,0) ds
0

_ qCi_g'(1 + B)
<1(Jar )+ S [t sup sl

gy bPCLgT(1+B)
p 18 _
= L<”A |+ BT(+ gp) )||x Al

= Lol = yll{=z.5-
Therefore,
A% — Ayl -z by < Lollx = yll{z,61>
so that A is a contraction since Lg < 1.
Step 2. Bx is convex for each x € C([-7, b], X).

Indeed, if p; and p, belong to Bx, then there exist fi, f € N, such that for each ¢ € [0, D],
we have

oi(t) = /t(t - s)q‘lfq(t -s)fi(s)ds, i=1,2.
0
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Let 0 < A <1. Then for each ¢ € [0, b], we have

(hor + (1= 1)) (®) = /0 (£ =817 T, (£ — ) (i (s) + (L= R)fs(s)) dis.

Since N, is convex, we have Ap; + (1 — 1), € Bx.

Step 3. B sends bounded sets to bounded sets in C([-7, b], X).

It suffices to prove that there exists a constant / > 0 such that for each p € Bx, x € By, =
{x € C([-7,b],X), [%ll[-c,0) < ko}, we have || p||{—c.p < 1.

Let p € Bx. Then there exists f € Ng,, such that for ¢ € [0, b], we have

o(t) = /(; (t- s)q’l‘l'q(t —8)f(s)ds.

Then, for ¢ € [0, b], we have

qM

<
“I'l+gq)

|p(t)| = ’/0 (t- s)q‘lfq(t - s)f(s)ds /0 (¢ —s)Tt [f(s)| ds. (4.2)

From (H2), for ¢ € [0, b], we have

t t g-1 I-q1 t
IREECIE ( [ e-9f ds) Il g wiko [ (e-syrlds
0 0 L1 [0,¢] 0

Mg | Thob? (4.3)

< -
T (Q+a)ta q
where a = lq;l € (-L,0),My=|m| 1+ ,and7 =sup{r(z),t < [0,b]}.
- L1 [0,b]
Then from (4.2) and (4.3) we get that

lolli=ze1 < lloll=z,01 + lloll[0,6]

<04 M M asa-g) |, TRob!
- Fl+q) | Q+a)a q

=1

Step 4. B maps bounded sets to equicontinuous sets of C([-7, 5], X).
Let t1,t; € [0,b], t; < ty, and let By, = {x € C([-7,b],X), [%l[—x,5) < ko} be a bounded set
of C([-7,b],X). For each x € By, and p € Bz, there exists f € N, such that

o(t) = /0 (t- s)q’lfq(t —$)f(s)ds.
Then,

lo(t2) - p(1)] = ’ /0 (b = 11T, (1 — 5)f () s — /0 (- 9T, (0 - 9)f (5) ds

<

/ N (t, — s)q_liq(tg —-3s)f(s)ds

+

/0 [t =97 = (6= 991 ]%, (12 = ) (5) ds
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+

/ 1(l‘l — )it [Tq(tz —85) =Tt - s)]f(s) ds
0

= 11 + 12 + 13,
where

’

L= / 2(tz - s)q’l‘Iq(tz -8)f(s)ds

f

)

L= ! [t = 9)"" = (1 = )T |y (t2 - 5)f () ds
0

I = / 1(t1 =) [Tyt —5) - Tyt - 9)]f (s) ds
0

By using a similar argument as that used in (4.3), we can conclude that

he (M, gywaew  Tole )
Fl+q) \A+a)a q

qM i -1 1\ T -
I < 17 f—8)1 = (ty —s)T) T d
=Tt a) [(/0 (=5 = (tr —9)T7) s IIMIIL%[W

5]
+ Fk()/ (f = 8)T = (8 —5)T! ds]
0

qM t a 4 1-q1
< Fi+q) [M1</0 (1 —9)" = (ta - 5) )ds)

-1 tI ¢
+;k0<g__2+_1>]
q q q

7/(0

M M _
q. (( 1 (tiﬂz _ t%m +(ty - t1)1+a)1 a 7(“2 _ tl)q _ tg + th))

TTU+q \(+a)la
MM, M Tk

< ° et — 1)) D0 e ).
Fri+g \Q+ay-a 1

Hence, limy,,, I; = 0 and limy, ., I» = 0 independently of x € By,.
On the other hand,

b= [ =956 -9 - S0 -9 0] ds
0

Hypothesis (H1) and Lemma 4.3 imply that ,(¢) is continuous for ¢ > 0. Then we get
that I5 tends to 0 independently of x € By, as t, — t.

Consequently, |o(t2) — p(t1)] — 0 independently of x € By, as t; — t;, which means that
B(Bx,) is equicontinuous.

Step 5. For each t € [0, b], V(t) = {(Bx)(t),x € By,} is relatively compact in X.

Obviously, V(0) = {0} is relatively compact in X. Let 0 < ¢ < b be fixed. For x € B, and
p € Bx, there exists f € Ng, such that

o(t) = /0 (t- s)q‘lfq(t —3s)f(s)ds.
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For arbitrary € € (0,¢) and 6 > 0, define the operator IT¢ s on By, by

I, sx)(t) = q/ i f 0(t - )T E,(0) T (( - 5)70)f (s) 4 ds
= q/ / —8)T7E, ()T (e98) T((t — )70 — €95)f (s) d ds
= T(e"8)q / 7 / 0(t - 5)7E,(0) T ((t - )70 — €75)f (s) d6 dis.
0 )

According to the compactness of T'(¢), t > 0, we get that the set V 5(£) = {(IT¢sx)(£), x € By, }

is relatively compact in X for all € € (0,¢) and § > 0. Moreover, for every x € By, we have

|(Bx)(£) — (T 5)(£) |
t §
= ‘q fo /0 0t —s)T'E,(0) T ((t - 5)70)f (s) 40 ds
+q /0 t /s h 0(t—s)TE,(0)T((t - 5)70)f (s) A0 ds

B t—€ [ele] ~ g1 e
o[ [ o (e- sy dods

§
9(: — )T, (0)T (£ - )70)f (s) dO dis

f / (- 871, (0) T ((t  $)90)f (5) dB ds
§qM/O (t—s)q_llf(s)|dsf0 0&,(0)do

t [ee]
+gM / (t -9 f(s)| ds / 0,(0)db.
t—€ 0
In view of (4.3), we have

|(Bx)(£) - (T,52)(2) |

(S p—
M1 _ }"k()bq
<aM | 6£.(0)do| ——— p+a)d-qv) 797
=q / £4(0) ((1+a)1“71 Ty

1-q1 t
[(/ (t- s)l a1 a’s) || 1 + Fko/ (¢ —s5)7 ds]
1 +q) L [t—¢,t] e

M N rkob?
<aM | oe.0)do| —— pA+ra-q) | 797
= /o 0 ((1+a)1q1 "

aM M eau-g , TRoe®Y
Fl+q) \A+a)ln q

From lims_, |, 08 0£,(0) db = 0 we conclude that there exist relatively compact sets arbitrar-
ily approximating the sets V(¢), ¢ > 0. Hence, the sets V (£) are relatively compact in X for
all £> 0.
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Step 6. B has a closed graph.
Let x" — x*, p, € Bx", and p,, — p, as n — co. We shall prove that p, € Bx*. Since
Pn € Bx", there exists f,, € N » such that

pn(t) = /ot(t—s)q‘liq(t—s)fn(s) ds, tel0,b].

We need to prove that there exists f, € Nr,+ such that

0s(8) = /Ot(t - s)q’liq(t —-s)fi(s)ds, te]l0,b].

Consider the continuous operator 7 : L}([0, b], X) — C([0, b], X) defined by

t
THO = [ -9t -5y ds
0
We can easily obtain that 7 is continuous. On the other hand,
’pn(t) - p*(t)’ <llon=psll >0 asn— oo.

From Theorem 2.6 it follows that 7 o Nf is a closed graph operator. Moreover, we have
that

Pn € T(NF,x")'
Since x, — x*, by Theorem 2.6 there exists f, € Ng,+ such that
t
0s(t) = / (t- s)q_l‘Iq(t -s)f(s)ds, te€][0,b].
0
This implies that p, € Bx*.
Therefore, the multivalued map B is completely continuous and u.s.c. with convex
closed values.
Step 7. The set U = {u € C([-7,0],X)|u € LAu + LBu, 0 < A <1} is bounded.

Let x € U, then x € A®x for some 0 < A < 1. Thus, there exists f € Nr, such that for
t€[0,b],

x(t) = A(Gq(t) [¢(0) -g(0, ¢)] +g(tx) + /0 (t- s)q_lAEq(t —8)g(s,x5) ds
+ /t(t - s)q‘lfq(t —3)f(s) ds>.
0
By (H2) and (H3), for each ¢ € [0, ], we have
’x(t)| = A‘Gq(t) [¢>(O) -g(0, q))] +g(t, %) + ./0 (t- s)q’lA‘Zq(t —$)g(s,x5) ds

+ /t(t - s)q_l‘fq(t -8)f(s)ds
0




Zhang and Wei Journal of Inequalities and Applications (2016) 2016:45

< |8, |6(0) -g(0,8)| + |47 | |APg(t, %))

t
+ / (¢ —s)1! HAl_ﬂ‘Zq(t —5) ” ’Aﬁg(s, xs)’ ds
0

. / (6= 97Tt = )| [F(5)| s
0
< M(|p(0)| + |g(0,¢)]) + |A | (Lallall(=r07 + L2)

t 1 gCigT(1+8)
; / =9 oty g (s liocor + 1) ds

1+q f(t sqllfs)|ds

< M(|p(0)| + |(0,9)]) + |A || (Lallell(r,00 + L2)

LG g1+ B) (* _
At C2 (- )1 g e s

r'1+gqp) 0
qL2C1 ﬁF 1+,3) 6-1
F(1+qﬂ) / (-9tds

/(t )V m(s) ds + /(t—S)q () 1% | (-z,0) s

r(1 +q) r(1
< M(|p(0)] + |g(0,9)]) + [AP | (Lullxell e + L2)
gLiCi_gT(1 + B) LyCy_gb?T(1 + B)

t
/ (t = )P x5l o0 ds +
0

T +qB) BT +gB)
aMM, W+a)(-q) | / 1
L ea)(-g Ol e o1 d
T ) r(1+q) (& =T s v 01 ds.

Consider the function
u(t) = max”x(s)‘ I y= [—r,t]}, t €[0,b].
Let t* € [-7,t] be such that w(t) = [x(¢*)|. If £* € [0, ], then for ¢ € [0, b], we have

n(t) < M(|p(0)| + |g(0,9)]) + AP || (Lin(®) + L>)

gL Ci_gT(1 + B) LyCigb?”T(1+ B)

t*
(¢ - s)qﬁ_lu(s) ds +

I'l+gp) 0 BT (1+4gp)
qgMM; (1+a)(1-q1) gMr / a * a1
T lra)aras q)b "Ta+g ) (£ =5)" u(s) ds.

Since p(t) is nondecreasing, for £* € [0, £], we have

t* t*
/ (¢ - s)q_lu(s) ds = / Sq_lu(t* —s)ds
0 0

' q-1 _ — ‘ _ o)1
S‘/Os u(t—s)ds /O(t $)T u(s) ds.

Page 14 of 18
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Therefore,

n(t) < M(|p(0)| + |g(0,9)]) + |AP||(Lin(®) + L»)
qLiCigTA+B) [* . s LyCy_ 4T (1 + B)
Targh) Jo O HOE T o p)

% +a)1-q1) / g1
* Q+a)lar1+ q)b 1 + ) (E=9T (s ds.

Ift* € [-7,0], then wu(¢) = [ Pll[-<,0-
Therefore,

w(@®) < l1pll—co + M(|¢(0)] +|g(0,9)|) + AP | (L112(2) + Lo)
qLiCigT'(1 + B) /t(t 9Tl (s)ds + LyCi_gb?T'(1 + B)

L+ap) BT+ gp)
MMy g / e
* 1+a)lnr1+gq) b ! 1 + ) (=9 pu(s)ds.

From ||A~#||L; <1 we get that

1
pt) £ ———5—
1- AP Ly

LyCi_gb?T(1 + B) . gMM,; (L+a)(1-q1)
BT(1+gPB) (I+a)t-nT(1+q)
. quCl_,sF(l + ,3) ‘
A—-JAP|LOT A +4gB) Jo

qMr ! 1
LA PIL)T A+ g /0 (¢ =s)f sy ds

<||¢||[f,0] +M(|¢(0)] +|g(0,)|) + Lo|| A7 |

(t - )" ju(s) ds

t t
=C+ @/ (t— )" u(s) ds + E/ (t—s)" u(s)ds,
0 0
where

= 1 _p
C= i azir. (1910 + M(900)  lg0.0)) + Lo~ |

LyCigb”T(1+p) . MM, pai-a) )
Br(1+qp) (1+a)l-nT(1+q)
c gL Ci_gT'(1 + B) — gMr
- , K= .
1= AL +gB) 1-JAPIL)C A + q)

Then by Theorem 3.2 we have

I /\

/ i Zn: y (Grkélz)t(gr(z;): : (t — 5)kaP+n=Ra-1C g
n=1

C+ i - ck (GT'(gB)) (KT (q))"*brap+n-Ha
n(kOIﬂ+(n kgL (kgB + (n—k)q)

| /\

n=1 k=0
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Therefore, we obtain that

B e c (GT(gB)) (KT (q))"*praP+n-ha
e =10 =CrC 0 oy - BT haf + i)

This shows that U is bounded.
Asaresult of Theorem 2.7, we obtain that ® has a fixed point, which is the mild solution
of system (1.1). This completes the proof. d

5 An example
As an application, we consider the following fractional differential inclusions:

Z)tq [Lt t Z fo U(Z, ut(§ }/)dy]

€ @u(t,z) + G(t,u(c,2)), ze[0,7],t€][0,b], (5.1)
u(t,0) = u(t, ) = 0, te[0,b], '
u(s,z) = ¢(¢,2), ze[0,7], ¢ €[-7,0],

where 0 < g <1, b > 0, the function U(z,y), z,y € [0, 7] satisfies some conditions, G :
[0,h] x C([-7,0],R) — P(C([-7,0],R)) satisfies assumptions (H2), and u,(s,z) = u(t +
¢,z),t€[0,b], ¢ € [-1,0].

Consider X = L?([0, 7];R) and the operator A : X — X defined by Aw = —w” with the

domain
D(A) = {w € X, w,w' are absolutely continuous, w” € X, w(0) = w(l) = O}.

Then —A generates a strongly continuous semigroup {7'(¢)};>0, which is compact, analytic,
and self-adjoint. Furthermore, —A has a discrete spectrum: the eigenvalues are -1, n € N,
with the corresponding normalized eigenvectors v,(z) = (%)% sin(nz). We have the next
three properties.
(i) Foreachwe X, T(jw=) o, e‘”2t(w, Vu)vy. In particular, T(-) is uniformly stable,
and |T(9)I < €.
(ii) Foreachwe X, A Tw= >
(ili) The operator A 2is given by

1
s 1 Sw, vy, and [AT2 ] = 1.

on the space D(A%) ={w(-) € X, 02 n{w,v,)vy € X}
Then the operator A satisfies (2.1), (2.2), and (H1).
Hence, system (5.1) can be reformulated as

Di(x(t) — g(t,x,)) € —Ax(t) + F(t,x;), te][0,b],
x(t) = ¢(t)’ le [_r?0]7

where x(¢)(z) = u(t,z), F(t,x:)(z) = G(t, u:(0,2)), g(t,x:)(z) = f; U(z,y)u:(0,y)dy, and
d()z = P(¢,2).
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The following conditions are also assumed to be true.
(i) The function U(z,y), z,y € [0, 7] is measurable, and

//.Uz(z,y)dydz<oo.
o Jo

(ii) The function %LI (z,y) is measurable, U(0,y) = U(w,y) = 0, and

(fo fo (;_;” (Z»ﬁ)zf < .

From [14] we have that condition (H3) of Theorem 4.4 holds with 8 = %
Take g = % and assume that F satisfies (H2). According to Theorem 4.4, problem (5.1)
admits a mild solution, provided that (4.1) holds.
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