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Abstract

Let A, B be invertible positive operators on a Hilbert space H. We present some
improved reverses of Young type inequalities, in particular,

(1= V)2 (AVB) + (1 - v)* "™ H,,,(A,B) > 2(1 - v)(ALB)
and

(1=1)""Hau (A, B) + (1= )" ™(AVB) = 2(1 - v)(ALB),
where0 <v < 1.

We also give some new inequalities involving the Heinz mean for the
Hilbert-Schmidt norm.

1 Introduction
Let H be a Hilbert space and let B, (H) be the semi-space of all bounded linear self-adjoint
operators on H. Further, let B(H) and B(H)", respectively, denote the set of all bounded
linear operators on a complex Hilbert space H and set of all positive operators in Bj,(H).
The set of all positive invertible operators is denoted by B(H)**. For A, B € B(H), A* de-
notes the conjugate operator of A. An operator A € B(H) is positive, and we write A > 0, if
(Ax,x) > 0 for every vector x € H. If A and B are self-adjoint operators, the order relation
A > B means, as usual, that A — B is a positive operator. The theory of operator means for
positive (bounded linear) operators on a Hilbert space was initiated by Ando and estab-
lished by him and Kubo in connection with Lowners theory for the operator monotone
functions [1].

An operator mean is a binary operation o defined on the set of strictly positive operators,
if the following conditions hold:

(1) A<C,B<D = AoB=<CoD.
(2) A,lAB,|B = A,0B,|AcB.
() T*(AoB)T < (T*AT)o(T*BT) for T € B(H).

(4) Iol=1I
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In addition, Ao B = A? f(A TBAT )A% for all strictly positive operators A and B. The mono-
tone function f is called the representing function of o. Let A, B € B(H) be two positive
operators and v € [0,1], then the v-weighted arithmetic mean of A and B, denoted by
AV, B, is defined as AV,B = (1 — v)A + vB. If A is invertible, the v-geometric mean of
A and B, denoted by Af, B, is defined as Af},B = A%(A%BA%)“A%. In addition, if both
A and B are invertible, the v-harmonic mean of A and B, denoted by A!,B is defined as
AlLB = ((1 - v)A™ + vB™)7L. For more details, see Kubo and Ando [1]. When v = 3, we
write AVB, AiB, A!B for brevity, respectively. The operator version of the Heinz means is
denoted by

Att,B+ A, B
HU<A,B)=%,

where A,B € B(H)**, and v € [0,1]. The operator version of the Heron means is denoted
by

Fy(A,B) = (1-«a)(AfB) + x(AVB)
for 0 <« <1. Itis well known that if A and B are positive invertible operators, then
AV,B> At,B> Al,B
forO<v<l
To obtain inequalities for bounded self-adjoint operators on Hilbert space, we shall use
the following monotonicity property for operator functions:

If X € By(H) with a spectrum Sp(X) and f, g are continuous real-valued functions on
Sp(X), then

f)=g®), teSplX) = f(X)=gX). 1.1)

For more details as regards this property, the reader is referred to [2].

The classical Young inequality says that if 4,6 > 0 and v € [0,1], then
a’b'™’ <va+(1-v)b (1.2)
with the equality if and only if a = b.
Zhao et al. [3] gave an inequality for the Heinz and Heron means as follows:
If A and B are two positive and invertible operators, then

Hv (ArB) = Fot(v)(A)B) (1.3)

for v € [0,1], where a(v) =1 — 4(v — v?).
Kai in [4] gave the following Young type inequalities:

v2a+(1-v)2b>v2(Va-Vb)? +v*a’b™" (1.4)
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for v € [0, %]. Recently, Burqan and Khandagji [5] gave the following reverse of the scalar
Young type inequality:

v2a+ (1-v)’b < (1 - v (Va-vb)* +a’[(1-v)*b] ™ (15)
forv € [0, %], Also we have

v2a+(1-v)2b < v2(Va-b)? +v*a’b" (1.6)
forv e [%,1].
2 The results and discussion
In this section, we present some converses of the Young inequality and give several refine-

ments for matrices and operators.

2.1 Reverses of scalar Young type inequalities
First, we get reverses of the inequalities (1.4), (1.5), and (1.6).

Theorem 1 Leta,b >0 and v € [0, %], Then

(1-v)”’[@ = 2v)a +2vb] + a® (1 - )X P2 > 2(1 - v)Vab (2.1)
and
1 -2 [@2v)a+ (1 -2v)b] + @2 (1 - v)*b* > 2(1 - v)Vab. (2.2)

Proof If0 <v < %, then by inequality (1.2), we have

1-v)? [(1 —2v)a + 2vb] +a®(1-v)2p=2 o1 —v)Vab
> (1 _ v)2v [al—vaZU] + a2”(1 _ 1))2(1—\))b1—2v _ 2(1 _ V)\/ﬂ_b

— ﬂl—ZU(l _ v)2vb2v + a2\J(1 _ U)Z(l—v)bl—Zu _ 2(1 _ V)\/%

1-2v
2

= (a% 1-v)"b —a'1-v)"p )2 >0

and similarly

(1= )4 [@v)a+ 1 - 20)b] + a2 (1 - v)?' b — 21 - v)ab
> (1 _ v)2v [dl—ZUbZU] + aZu (1 _ l))2(1—\))b1—2v _ 2(1 _ U)\/LE
= (a

Theorem 2 Let a,b >0 and v € [0, %]. Then

1-2v 1-2v

2 (1-v)'b —a’(1-v)b ) > 0. O

(1-0)*a"™p" + (1-v)* ™ va + (1 - v)b] > 2(1 - v)Vab, (2.3)
(1-0)*[A-v)a+vb]+a" b1 -v)*™ > 21 - v)Vab. (2.4)
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Proof If0 <v < %, then by inequality (1.2), we have

1-v)2a"b + (1 - v)z(l_”)[va +(1- v)b] —2(1-v)Vab
>(1-v)>a""p" + (1 -v)2g" b —2(1 - v)Vab
= (1= v)2ad b +a’[(1-v)?6]" " = 201 - v)Vab

= (@7 A-v)bs —ab1- )7 ) >0

and similarly

1-v)? [(1 —V)a+ vb] +a" b1 - v)* 0 21— v)Vab
> (1= v)2a™"b" +a’[(1-v)*p]" ™ = 201 - v)Vab

= (al_Tv 1-v)"b% —a?(1- 1))(1"’)19%”)2 > 0.

Corollary1 Leta,b>0andv € [0, %]. Then

(- (LM) (1= )20 (ﬂz”b”” + a1—2”b2v)
2 2

> 2(1 - V)(\/E),

(1—v)20 (“—+ b) (1= (ﬂz”b“” + al-ZVva)
2 2

> 2(1-v)(+/ab),

(1-v)? (—“ s b) +(1—v)H (—“wa - “Hbv>
2 2

> 2(1 - v)(Vab).

2.2 Reverses of operator Young type inequalities

We begin this section with the reverses of Young type inequalities for operators.

Theorem 3 Let A,Be€ B(H)™ and v € [0, %]. Then
(1-v)*(AVB) + (1 - )™V H,, (A, B) > 2(1 - v)(AZB)
and
(1-v)*Ha,(A4,B) + (1 - v)*™(AVB) > 2(1 - v)(A2B).
Proof Ifv € [0, %], the inequality (2.1), fora =1, b > 0, becomes

(1= )’ [(@=2v) + 2vb] + (1 = v)*Ep12" > 2(1 - v)Vb.

Page 4 of 9

(2.5)

(2.6)

(2.7)

(2.8)
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The operator X = A"2BA77 hasa positive spectrum. According to rule (1.1), we can insert

1 1
A"2BA72 in the above inequality, i.e., we have

1-2v

(1-v)*[(1-2v) + 20A 2 BA™ 2] + (1 - )™ (A2 BA"2)
>2(1 - v)(A‘%BA‘%)%. (2.9)

Finally, if we multiply inequality (2.9) by A? on the left and right, we get

(1-1)2[(1-2v)A +2vB] + 1 - v)**(Af_5,B) > 2(1 - v)(ALB). (2.10)
By replacing A by B and B by A, we have

(1-v)*[@-2v)B +2vA] + (1 -v)*™)(A,,B) > 2(1 - v)(A4B), (2.11)
and by the sum of (2.10) and (2.11), we have

1-v)?"(AVB) + 1 -v)*""H,,(A,B) > 2(1 - v)(A#B).
Similarly, the inequality (2.2) implies that

(1 -v)* Hy, (A, B) + (1 - v)21™(AVB) > 2(1 - v)(ALB). O

Using the same strategy as in the proof of Theorem 3 and inequalities (2.3) and (2.4), we

get the following theorems.

Theorem 4 Let A,B € B(H)** and v € [0, %]. Then
(1-v)*"H,(A,B) + (1 -v)*")(AVB) > 2(1 - v)(AB).

Theorem 5 Let A,B € B(H)** and v € |0, %] Then
1-v)*"MH,(A,B) + 1 -v)*"(AVB) > 2(1 - v)(AB).

2.3 Reverses of Young type inequalities for matrices

In the following, let M, (C) be the space of all # x n complex matrices. For Hermitian
matrices A, B € M,,(C), we write A > 0 if A is positive semidefinite, A > 0 if A is positive
definite,and A > Bif A—B > 0.

The Hilbert-Schmidt (or Frobenius) norm of A = [a;] € M,(C) is denoted by [|Al|, =
(Z;’z1 sj2 (A))% , where s1(A) > 52(A) > - - - > s,(A) are the singular values of A, which are the
eigenvalues of the positive semidefinite matrix |A| = (AA*)% , arranged in decreasing order
and repeated according to multiplicity. It is well known that the Hilbert-Schmidt norm is
unitarily invariant.

For more information on matrix versions of the Young inequality (1.2) the reader is re-
ferred to [6]. In this section, we will discuss the reverse Heinz mean inequality for unitarily

invariant norms.
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A matrix version of the inequality (1.3) is

’

” AXB"V + ATV XBY
2

< ” (1 - a(v))A%XB% + a(v)(w>

2

which was introduced by Bhatia [7].

The matrix version of the inequality

atth < H,(a,b) <aVb,

was proved by Bhatia and Davis [8], saying that if 0 < v <1, then

AVXBYV + AVXBY

5 (2.12)

Jaixet | < |

HAX+XB H
= 5 .

The second part of the inequality (2.12) is known as the Heinz inequality. Let 0 <v <1,

ro = min{v, 1 — v}, Kittaneh [9] gave a refinement of the Heinz inequality as follows:

< 20| A3 XBE || + (1 - 2r0)

AVXBYY + AYVXBY
(2.13)

2

AX +XB
5 .

Meanwhile, Kittaneh and Manasarah [10] also obtained two refinements of the Heinz in-

equality for the Hilbert-Schmidt norm as follows:

2 2

AYXB"" + AV XBY |2 | AX + XB AX - XB
< o | 222220 (2.14)
2 2 2 2 2 2
AYXB + A" XBY AX + XB )
H 7 < “ 5 -ro(VIIAX |2 =/ IXBl2)". (2.15)
2 2

He et al. [11] proved that

2
<20 A3 XBE|* + (1 - 2r0)

AX + XB|?

2

H AXB"" + A XBY
2

It is weaker than the inequality (2.13) and it is equivalent to the inequality (2.14) for the
Hilbert-Schmidt norm [11]. Zhan [12] proved that if i <v< % and -2 < t <2, then

< 1 |tadxB} + AX + xB|. (2.16)
t+2

H AXB"Y + ATV XBY
2

It is also a refinement of the Heinz inequality for matrices. Zou [13] proved thatif 0 <v <
1, then

2
—av(l-v)
2

AX - XB|?

2

H AVXBYY + AYVXBY

2 JAX +XB
2

<
2

’

2 2

which is an improvement of (2.14). Zou also, in [14], has proved another Heinz inequality
for the Hilbert-Schmidt norm as follows.
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Theorem 6 Leta(v)=1—4(v—v2)and 0 <v <1. Then

AX + XB
2

H AVXBYY + AYVXBY
2

< “ (1 - a(v))A%XB% +a(v)

2 2

Kittaneh and Manasarah in [6] have showed that if A and B are positive definite matrices,
X e M, and v € [0,1], then
| (1 - )AX + vXB]|; < |[A""XB |3 + R*|AX - XBI3,
AX + XB||5 < |A"""XB" + A"XB"™" ||§ +2R|AX — XB|j3,
where R = max{v,1 - v}.

Bakherad and Moslehian [15] improved the Young inequality and obtained the following
inequalities:

IAX + XBI2 +2(v - DAX - XB||? < |A"XB™ + A XB" |2,

where A and B are positive definite matrices, X € M,,(C) and v > 1.

Theorem 7 Let A,B,X € M, such that A and B are positive definite; if v € [0, %], then

2 1-2 1-2 2
@ APXBR A ATRXEY o, AX 4 XB

2
H(l_”) 2 2

2

>2(1-v)|A2XB2 .

Proof Since A and B are positive semidefinite, it follows by the spectral theorem that there
exist unitary matrices U, V' € M, such that

A=UTNU* and B=VI,V*
where

I =diag(ry,..., 1), [y =diag(uy,..., Un)y App;>0,i=1,...,1.
Let

Y = U*XV = [y,

then

A" XB"™ + AVVXBY
2
(UTU*) X (VT V)Y 4 (UT U)X (VT VF)Y
- 2
(UTPUHX(VTE V) + (UT UHX (VT V)
2
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Ury(U*XV)Dy v+ Uri=(U*Xv)ryvs
2

U < YYDy + I YTy ) -

2

Therefore,

HA”XBI‘” + AXB | H IyYTy + TV YTy |2
2 2 2 2
n 1- 1- 2
(Y
A 2 ’
ij=1
Similarly, we have
" 1 1
1. 12
Z(\/)Liﬂj)zb’zjlz = |AazxBz |,
ij=1
i(xi+w)2l B HAX+XB >
_ yl] = —_— .
e 2 2 2
It follows from the inequality (2.5) that
AZUXBI—ZV +A1—2vXB2v AX + XB 2
(1) R
2 2 2
n AVl 12 2 At )’
Y (B s e R A s RO WY S R A
ij=1
n 1 1
2 21 43 xR3 |2
>3 (0 - v)aaw) gl = (20 -v)*| A2 xBz . O
ij=1

Using the same strategy as in the proof of Theorem 7 and inequalities (2.6) and (2.7), we
get the following theorems.

Theorem 8 Let A,B,X € M, such that A and B are positive definite if v € [0, %], then

2w A XB" + A2V XB? e U)Z(I_V)AX +XB
2 2

”(l—v)

> |2(1-v)A2XB? .
Theorem 9 Let A,B,X € M,, such that A and B are positive definite if v € [0, %], then

1— 1-
1y A"XB "-2+A VXB' +(1_2v)2VAX;XB

o

2

> |2(1-v)A2XB2 .
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3 Conclusions

In the present paper we got reverses of the scalar Young type inequality and using them
we obtained the reverses of Young type inequalities for operators. Then we considered the
reverse Heinz mean inequality for unitarily invariant norms and established the following
inequality and several related results:

2 1-2 1-2 2
ooy AVXBI ¢ AVXBY o, AX 4 XB

o2 2

2

>2(1-v)|A2XB? |

2

where A, B, X € M,, such that A and B are positive definite and v € [0, %].
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