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1 Introduction

The aim of this paper is to investigate the weighted inequalities of commutators generated
by BMO-functions and the fractional integral operator on Morrey spaces. The main re-
sults particularly is related to [1] and [2]. The authors introduced the condition of weights
in [1]. Under a certain condition of the weights, we investigate the weighted estimates of
commutators generated by BMO-functions and the fractional integral operator on Morrey
spaces. The results recover the inequality in [2].

For1 < p < 0o, we define p’ := p%l. In this paper, a symbol C is a positive constant. When-
ever we evaluate the operator, the constant C may be change from one constant to another.
Let |E| denote the Lebesgue measure of E. Let D(R") be the collection of all dyadic cubes
on R”. All cubes are assumed to have their sides parallel to the coordinate axes. For a cube
Q C R”, we use /(Q) to denote the side-length /(Q) and ¢Q to denote the cube with the
same center as Q but with side-length c/(Q). The integral average of a measurable func-
tion f over Q is written

1
= d = — d .
mq(f) ][Qf(x) *= 1 /Qf(x) x

By a ‘weight’ we will mean a non-negative function w that is positive measure a.e. on R”.
Given a weight w and a measurable set E, let
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First we define the Morrey spaces.

Definition 1 Let 1< p < po < 0o. We define the Morrey space M}, (R") by
MO (R = [ € L (R): g0 < ),

where for all measurable functions f, we define

1

Lo :=  sup |Q|p%(][ Lf(x>|”dx)”.
QeD(R") Q

Remark 1

(a) The ordinary Morrey norm is equivalent to the Morrey norm in this paper (see [1]):

Sup |Q|1% (]fglf(x)rj dx)p = Hf“MZO(]R”)'

QCR",
Q: cubes

(b) Holder’s inequality gives us the following inequality: If 1 < p < g < pg < 00, then we
have

”f”MZO = ”f”M{;O
We define the BMO space (see [3, 4]) as follows.

Definition 2 Foran L]

(R™)-function b, define
Iblasio = sup f [b(s) = mo)] d
QCR"JQ

where the supremum is taken over all cubes Q C R”. Define

BMO(R") := {b € L}, (R") : |bllsmo < 00}.

We define the fractional maximal and integral operators.

Definition 3
(1) Let0 < <mn,

Mef () = sup I(Q)° ][ 70| .
Qax Q

where the supremum is taken over all cubes Q C R” such that x € Q.
(2) LetO<a<mn,

o~ f©)
LIf(x):= /Rn 7|x—yl”‘“ dy.
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The point-wise inequality holds:
Mof (x) < Clof (v),

for all positive measurable function f.
It is well known that the following inequality holds (see [5]). The celebrated result is
called the Adams inequality.

Theorem A LetO<a<n,1<p<po<ooandl<q=<qy< oo.Assume that

1 1
L

qgo Po n qo Po

Then we have
Hef 1l pgzo = CIF Nl g0
Sorall f € ML (R").
Let m € Z,. The m-fold commutator [b,1,]"™ is given by the following definition.

Definition4 LetO<a <nandbe L]

loc

(R™). Then we define

b(x) — b(y))"
1)) = [ CRZEO s,
o ]

as long as the integral in the right-hand side makes sense.

Remark 2 The following inequality holds:

|b(x) - b(y)I™

e — y|"

611" < [ )| d. W)

As shall be verified in the proof of Theorem 1, we virtually consider the operator

LU

e — |
and hence we may assume that the integral defining [b, I,]™f (x) converges for a.e. x € R".
Di-Fazio and Ragusa [6] obtained the next theorem.

Theorem B LetO<a<n,l<p<py<ooandl<q=qy<oco.Assume that

11
=2 ga L-E

qgo Po n do Po

If b e BMO(R"), then we have

I [b,Ia](Df”Mgo < CIF Il o
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Conversely if n — « is an even integer and

| (B 1a]f || g0 < CILf U ggos
then b € BMO(R").
Komori and Mizuhara [7] removed the restriction ‘n — « is an even integer’
Theorem C Let O <o <n,1<p <py<ooand0<q<qo<o0o.Assume that

1 1
. B

qgo Po n qgo Po

If b e BMO(R"), then we have

[1621f | o = CIF g

Conversely if

6 1]V | pgo < CUF o
then b e BMO(R").
Sawano et al. [2] proved the following inequality.

Theorem D Let O <a<n,l<p<py<oo,l<qg<gqo<ooandl<r<ry<o0o. Assume
that

1 1 1 1 1
q<r, —>g2—, —=—+——g and l=£
bo n 7o qgo Po To n 90 Po

Suppose that v € M°(R"). Then, for b € BMO(R"), we have

| ([b,la](’”)f)VHMZo = Cliligmollvll ago Il vqo -

In the case of m = 0, we refer to [1, 8, 9]. In this paper, we generalize Theorem D to a
weighted setting. On the other hand, in [1], the following theorem is proved.

TheoremE LetO<a<nl<p<pg<ooandl<q<gqgy<ry<oo. Assume that

1 o 1 1 1 1 « qg p

—>—>—, — === ===

bo n 1o qgo Po To N 90 Po

andl<ac< ;—2. Suppose that the weights v and w satisfy the following condition:

1 1 1
aqq 1 aq , (play
(Vs Wlagoro.aqpia = SUP ( |Q/|) " Q7 (][ V(x)”qu) q(][ w(x)~@' dx) '
oco \1Q| Q /

< 00. (2)




lida Journal of Inequalities and Applications (2016) 2016:4 Page 5 of 23

Then we have

||(10(f)V”MZO S C[V) W]aqo,ro,aq,p/alvwlleo .

In this paper, we investigate the boundedness of higher order commutators generated
by BMO-functions and the fractional integral operator on Morrey spaces corresponding
to Theorem E.

2 Main results and their corollaries

In this paper, we obtain two main theorems.

2.1 One of the main results
Theorem1 LetO<a<n,l<p<pg<ooandl<q<qy<ry<oo.Assume that

1 1 1 1 1
loe 1 1 1.1 o q_p

Po n 1o qgo po to n qo  Po

and1l<a< ;—‘;. Suppose that the weights v and w satisfy the condition (2). Then, for b €
BMO(R"), we have

” ([brlot](m)f)V”MZO = C”b”glMO [v, W]uqo,ro,aq,p/u“fw||/\/(§0 .

Remark 3 The condition of Theorem 1 corresponds with the condition of Theorem E.
This implies that Theorem 1 gives us the same type of corollaries as in Theorem E.

Taking w(x) = Maq , (v*1)(x) aq , we have the following corollary.
]

Corollaryl LetO<a<nl<p<pg<ooandl<q<qo<ry<oo.Assume that

1 1 1 1 1
loe 11 1 1 « qg_p

jtl ’ ’

bPo n 1o CIO_PO rp n 6]0_190

andl<ac< ;—2. Let v be a weight. Suppose that b € BMO(R"), then we have

1
[ (8 2 F )V jgzo = CllbUNO M, (V)7 [ -
Taking w(x) = 1, we obtain the following corollary.

Corollary2 LetO<a<n,l<p<pg<ooandl<q<qo<ry<oo.Assume that

1 1 1 1 1
loe 1l 1 1.1 a g_p

po n 1o 4 Po Ty n 40 Po

andl<a< :1—‘(’). Suppose that v e My (R"). Then, for b € BMO(R"), we have

[ (16, 2)7f v g0 < ClENMO VI gy I sz

On the other hand, letting o — oo, we obtain the weighted Adams type inequality for
the m-fold commutator [b,1,].
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Corollary3 LetO<a<n,1<p<pg<ooandl<q<gqy<oo. Assume that

1 1l «o q p

’

610_170 n 610_}7_0

andl<a< ;—g. Suppose that the weights v and w satisfy the following condition:

1 1 1
T 7 ’ W
[V, Wlago,agpia := SUP ('—Q/l> ° (][ v(x)™ dx) ! (][ w(x)~?/a dx) " < oo,
oco' \ Q'] Q '

Then, for b e BMO(R"), we have

[ (16,211 ) 7| gz = ClBNEAO Vs Whago.agorallfwl gzo-

Corollary 3 gives us the following inequality in letting p = po, g = qo and v = w.
Corollary 4 Let0<a<n,1<p< andl<q<oo. Assume that

1 1 «

qg p n
Suppose that w € A, 4(R"), i.e.

WAy gmm) = Sgﬂgn (][Q w(x)? dx) ’ (][Q w(x)? dx) d <00,

Then, for b e BMO(R"), we have

(2, 1,177%) ”Lq(M) < ClibligmoWla,,@n If lpwey  (m=0,1,2,...).
Corollary 3 and Theorem C give us the following corollary.
Corollary 5 LetO<a<n,1<p<pg<ooandl<q<gqy<oo.Assume that

1 1 o q p

9 po n g0 Ppo
and a > 1. Suppose that the weights v and w satisfy the condition (3). If
@
16,21 [ a0 < CIF 1 g

holds, then we have for b € BMO(R"),

|| ([b71a](m)f)v||Mgo =< C”b”glMo [V: W]aqo,zzq,p/a"fwll_/\/(go .

According to Theorem 1.8 in [2], we can pass our result to the operator given by

IO ) - b))y

j=1

(B, 1 ]f () = /

Ry Jx =y

Page 6 of 23

(3)

(4)
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where b = (b1,...,by). By a similar argument to [2], as a consequence of Theorem 1 in this
paper, we can obtain the following estimate.

Corollary 6 LetO<a<n,l<p<pg<ooandl<q<gqy<ry<oo.Assume that

1 o 1 1 1 1 « q p

— > — — —_— = — 3 — - — — ==

’

Po n 1o qo Po To n qo  Po

and 1< a< ;—g. Suppose that the weights v and w satisfy the condition (2). Then, for b=
(b1,...,b,) € BMO(R") x --- x BMO(R"), we have

” ([Zrla]f)V”Mzo = C(l_[ ”bj”BMO) (v, W]aqo,ro,aq,p/a”ﬁ””_/\/lgo .
j=1

2.2 Fractional integral operators having rough kernel
We define the following operators (see [10-12] and [4]).

Definition 5 Let 0 < « < 1, a measurable function €2 on R”\{0} and a measurable func-
tion b. Then we define

Touf @) ::/ Q-0

rr =y

and

(b, I ] ™ (x) _/ Q(x - y)(b(x) - b(y) '"f(y

|x y|}’l o
Remark 4 The following inequality holds:

Q(x—y)lIb(x)
|x_y|n—a

»r If )| dy. (5)

10,0 < [

As shall be verified in the proof of Theorem 2, we consider the operator

. / [2(x - »)1b(x) — b(y)|™

e — y[—e

f(y)dy

and hence we may assume that the integral defining [b,Io,]"f(x) converges for a.e.
xeR”

By a similar argument to the proof of Theorem 1, we have the following estimate.

Theorem 2 Let 1<s<00,0<a<n1<s<p<py<oo,l<g=<go<ocoandl<r=<
ro < 00. Assume that

1 o 1 1 1 1 « q p

—>—2=—, —= = —=—
bo n 1o qgo Po To n qgo Po

B M\|.—

andl<a < Suppose that the weights v and w satisfy [v* , w* Tigo ro ag » < 00.Moreover,

s’sssu

suppose that SZ € L5(S" 1) is homogeneous of order O: For any A > 0, Q(\x) = Q(x). Then, for
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b € BMO(R"), we have

Q@ =

[ (1222 f)¥] o < ClBIFO IR s [V, ]

0.9,9 2 WWiago
Since [b,]Q’a](O) = Igq, we refer to [12]. Theorem 2 recovers the following result (see
(4, 11]).

Corollary7 Let1<s<00,0<a<n 1<s <p<?Zandl<q<oo. Assume that

1 1 «o

q9 p n

and w' € Ap g (R™). Suppose that Q € L*(S"™) is homogeneous of order 0: For any » > 0,
Q(Ax) = Q(x). Then we have, for b € BMO(R"),

1
|| ([b!IQ,a](m)f) HLq(wq) =< C[VVS ]22/1 (R") ”b”glMo ”Q”LS(S”*l) Hf”ll’(wp)'

s/ /

o,

3 Some lemmas
In this section, we prepare some lemmas for proving main results. We recall the following
inequalities (see [3, 13] and [4]).

Lemma 1 (The John-Nirenberg inequality) Let1 < p < oo and let Q be a cube. Then there
exists a constant C > 0 such that

(i 1b(x) - mQ<b>\de)" < Clbllsso

for all b e BMO(R").

We invoke the following decomposition which is derived in [14—16]. We omit the details;
see [1, 12] for the proof.

Let D(Qo) be the collection of all dyadic subcubes of Q, that is, all those cubes obtained
by dividing Qo into 2" congruent cubes of half its length, dividing each of those into 2"
congruent cubes. By convention Qy itself to D(Qy), and so on.

Lemma 2 Let y := m3q,(f) and A >2-18". For k =1,2,... we take

Dy :=|_J{Q e D(Qo) : mso(f) > yA*}.

For 0, > 1, let

/- (f o)

1
and A’ > (2-18")% . Fork =1,2,... we take

D;< = U{Q € D(Qo): (]éQV(y)rh dy) o > y/A/k}.
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Considering the maximality cube, we have
De=\JQ and D ={]Q,
j J

Then we have

1

o n
yAX <myq, (f) <2"yAX and y'A* < (][Q Fo)|™ dy) L <2hiyAk,
3 /kJ.

Let Eyj:= Qrj\Dy.1 and E,/(Y]. = Q;,/\D;m' Moreover we obtain
|Qujl < 21Ex;| and Q| <2|E |-

Lemma 3 Under the condition of Theorem 1, we can choose auxiliary indices 0, 6,, 63, 6,
and 05 so that the following conditions hold:

1. 64, 05, 03, 04 and 65 € (1, p).

2. L>1ands € (q,r) such that s6, < Lq and s'0, < q'.

3. For the index 61 € (1,p), we can choose a, > 1 such that a.6, < p.
Assume in addition that, for these indices,

p p
a > maxi6s,L, , 03¢ > 1.
- {‘* 6s(2))" @ ()Y 3}

Then we obtain

oo (2 2) <2

Proof We examine the second item; s6, < Lg and s'6, < ¢’. For 0 < ¢ <1, we take § = ;—2 <e.

If s=q + ¢ and 6, =1 + §, then we have the following estimate:

s0r=(q+e)(1+8)=q+qé+¢c+¢eé
< g+ gmax{g, 8} + max{e, 8} + max{e,8)?
< q + qmax{e, 8} + 2 max{e, §}
< q +qmax{e, §} + 2qmax{e, 5}
=q(1+3max{e,8}) = q(1 +3¢) = Lg.

On the other hand, we check 5’6, < ¢’

2 e
’ / q2+q(1 8)

Next we check @ (p > 1. Since 05 > 1, we obtain

W
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Therefore we have

((2) v

This gives us

p
ey

By a similar argument, we obtain

p
GGEYY - U

0151*

Remark 5 The index 6; in Lemma 2 corresponds with the index 6; in Lemma 3.

4 Proof of Theorem 1
Proofof Theorem 1 Fixadyadic cube Qo € D(R"). Let D, be the collection of dyadic cubes.
The volume of the elements of D, is 2"". For x € Qo, we have

9] =Y Y 2ot [ o) -0 ]

veZ QeD,,
|QI=2""

v(n-a) _ m
(X X ) e [ b))y

veZ “QeD,, QeD,,
QSQo Q2Qo
=:C(A + B).

We evaluate A and B in Sections 4.1 and 4.2, respectively.

4.1 The estimate of A
By |b(x) — b(y)|"™ < 2"7Y(1b(x) — mq(b)|"™ + |mq(b) — b(y)|™), we obtain

I(Q b(x) - b(y)|™ d
- Y UQ e /3Q| @) ~b0)|"|f )| dy

QeD(Qo)
SC Y HQ xo|be) - mo®)|" | o)y
QeD(Qo) 3Q
+C > IQ XQ(x)][ |mq(b) - b()|"|f ()| dy.
QeD(Qo) 3Q

We take 6; > 1 as in Lemma 2. By Holder’s inequality for 6; > 1, we have

A<C Y UQF xoW)|be) - mq(®)|” ][lf(y)ldy

Q<D(Qo)

e Y I(Q)QXQ(x)(][ Ima(b) - b(y)|m81d)"(]£Qv<y)|91dy>q

QeD(Qo)

Page 10 of 23
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By Lemma 1, we have

A=C ) UQ xo@|blx) - mo®)|" yéQlf(y)! dy

QeD(Qo)

+Clblgvo Y, UQxolx (f f®) g‘dy)
QeD(Qo)
= C(I + 1blEnoT)-

We evaluate I. Let

Do(Qo) = {Q € D(Qu); (]éQLf(m dy) < yA}

and
Dk,j(QO) = {Q S D(QO); Q C Qk,/r )/Ak < (fBQV'(y” dy> < )/A,Hl},

where Qg is in Lemma 2. Then we have

D(Qo) = Do(Qo) U (U Dk,,(Qo>).

kj

By the duality argument, we have

(/ 1q~v(x)qu)q = sup (/ I~V(x)‘g(x)|dx).
Q el g7 g1 N Q0

Let g > 0, supp(g) C Qo, gl e gy =L Then we have

/I v(x)|gx)|dx < C Z l(Q)a(][ lf(Y)|d)’>

QeD(Qo)

x/|b(x)—mQ(b)|mv(x)g(x)dx

IR DY )u@“(][ 10l a)

QeDo(Qo)  kj QeDy,;(Qo)

x/|b(x)—mQ(b)|mv(x)g(x)dx
Q

=lo+ Y I
kj

We evaluate Iy ;. If Q € Dy ;(Qo), then we have

][ [f ()] dy < y A<
30

Page 11 of 23
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Hence we obtain

Iij < Ak*l/’b —mq(b v(x)g(x)dx
Q€Dk i(Qo)

<A Y UQur At / 1b(x) — mg(b)|"Vw)g(x) dx
QeDy,(Qo)

Since
< f il a
. 3Qk,j

we obtain

j<4 Y HQu” ][ ol / 1b() — (b)) @) .

QeDk}(QO)

By Holder’s inequality for 6, > 1 as in Lemma 3, we obtain

I < Al(Qk,j)"‘mwk)}.([ﬂ) (/ |b x) — mq b)| v(x)g(x) dx)

QeDyj(Qo)

< AUQu) M3, (1) Q| (f |b(x) Q(b)’meé dx) %

QGDk (Qo)

O (2] %
X (][Q v(x)2g(x) dx)

By Lemma 1, we obtain

Iy < AlBIoH Qe msg, (1) 3 / (][ v(y)g(y))%dy)gz dx

QeDyj(Qo)

1
< AllblIgmol(Qx)* m3qy, (1) Z / M[(vij©)* ()% dx,
QeDyj(Qo) 7 2

where vi; = vxq,; and the symbol M is the ordinary Hardy-Littlewood maximal operator.
By Lemma 2, we have

Iij < AllblIgao | Qi ll(Qk) m3qy (I 1) (][ M[(Vk,jg)%](x)% dx)

Qk,j

< 2A||b||f3"Mo|E/<,j|l(Q/<,/)aW13QkJ(lf|) (][ M[(Vk,jg)gz](x)% dx)

Qkj

=2A||b||f3nMo/E l(Qk,j)“mngJ([fl)(][
kij

Qkj

1
M[(Vk,jg)ez](x) 02 dx) dy.
We take s € (g,r) and L > 1 as in Lemma 3. By Holder’s inequality for s > 1, we have

M) = M[V2]0) % M[g]) 7.
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By Holder’s inequality for Lg > 1, we obtain the following inequality:

(7[ M{(v40)] )% dx)
Qkj

5 i , 74 e
< <f My ()% dx) i ( ][ g dx) @
Qs Qk,j

Lg Lq
Since s6, < Lq, the boundedness of M : L2 (R") — L2 (R") gives us the following inequal-

(1.

)

1 1
1 Lg , (24 Lqy
<C ( Vi, (x0)" dx) ! <][ Mg’ " ](x) dx) o
|Qxjl Jrr Qj

Since a > L > 1, by Holder’s inequality for 7 > 1,

(7[ M[,0"] @)% dx)
Qkj

M[(ve9)] )% dx)

By Lemma 2, this implies that
/ To %
By 240500 | Maantf ) - MEMIE ] = 0
Ek,j

where

Mg v) ) 1= sup 1(Q)* mzq(f) (][ v(x)™ dx) “
Qax Q

A similar argument gives us the following estimate:

/ 1

o Lg)
Io < 2A1bl3vo / Mo aq(f,v)(x) - M[M[g* ] %2 ] (x) @0 dx.
Eo

By summing up /y and J; ;, we obtain

9 1

Iy + Z[k,, <2A|bl%vo /Q Mo uq(f> V) (%) ~M[M[g5’92] S0 |(x) @0 dx.
k,j 0

=

By Holder’s inequality for g > 1, we have

Lq) 1
50y ](x) @9 dx

/Q Mot,aq(fv V)(x) : M[M[gs,ez]

1 q /

q , (L) 4 q
< ( / Mg (> v) (%) dx) ( / M[M][g"*] % |(x) @ dx) .
Qo Qo
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q/

q_ 4
Since (Lq)’ < ¢/, the boundedness of M : L2 (R") — L9’ (R") gives us the following in-
equality:

/

(/Q MM dx)

\\._-

1
7

, Ly q/
< g ") " dx)
L/
( 92 (x)502 dx)q .

v
Since s'0, < ¢/, the boundedness of M : L5

2 (R”) — L5 (R") gives us the following in-
equality:

Qe
==

</ M[gj/ez](x)f"zdx) < (/ | (x)| 62 o dx)
RVI

1
7

_c(/ yg(x)yqu> -

By Holder’s inequality for £ > 1, we obtain

Mgl 1)) < supl(Q*msg(lfivl5)? ( ][ V) dy> K ( ][ wiy)-@a dy> vl
Qax Q 3Q

By the condition (2), we obtain

_n p\4
Ma,aq(f: V)(Z) =< C[V) W]aqo,ro,uq,p/a sup l(Q)a o m3Q(lfW| @ )p
Q>z

<Clv,w ]aqo 70 aqp/a 7r£ {;’((fw) ) (2)r.
This implies that

1

|QO|% <][Q Ma,aq(fr v)(2)? dZ) ! =<Cly, W]aqo,ro,aq,p/u ”M a7 %’((fw) )”

a
pr
aq9 *
Mg
i3
Since
1 p 1 p (o= %) £ “% a
do a po a n and a5 = @
90 Po » v
by Theorem A, we have
1
1 q
|Q0| 90 (][ Moz,aq(f, V)(Z)q dZ)
Qo
a
< C[V: W]aqo,ro,aq,p/u || i apg
M p

a

= C[v, Wlagoroanpla (sup Q|70 ( f I (wix)| dx) )
Q Q
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= C[V, Wlagoroagpla sup Q7 ( 72 If (@) [ wix)? dx) !

=Cly, W]uqo,ro,aq,p/a HlelMﬁo .

We evaluate II. Let

Dy(Qo) = {Q € D(Qo); (JfQVU)|91 dy) < V’A’}

and

Diij(Qo) = {Q €D(Q);QC Q'A% < (ﬁQWIﬁ dy> "< y/A/k+1}7

where Q}(J. is found in Lemma 2. Then we have
D(Qo) = Dy(Qo) U (U Dk,(Qo )

By the duality argument, we have

(/ Hq'v(x)qu)q = sup (/ H-v(x)|g(x)|dx>.
Qo gl o7~ =1 \/ Qo

L9 (Qo)

Let g > 0 be such that supp(g) C Qo and gl e () =1- We have

/I[ v(x)g(x) dx < Z Q)" (][ IF eldj/) vgllziq)

QeD(Qo)

5( Yooad > )l(Q (][ tf(y)!eldy>ll||vg||m@

QeDj(Q) ki QeD);(Q)
< (110 + an,,).
kj

We evaluate Il ;. If Q € D,/(J(Qo), then we have

(][ V(y)’(?l dy>91 EV/A/IHI'
3Q

Therefore we obtain

I < Z Q)" (]ﬁo V@)|€1 dy) " /Qv(x)g(x) dx

QeD};(Qo)

/A/k+1 l o d
<y > 1 /Q W(w)g(x) d

QeD;, (Q)
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Since

yat=(f, rols)"
kj

we obtain

=4 (f 1ol @) 1) (f, wewas)ioi

kj

By Holder’s inequality for 65 > 1 as in Lemma 3, we have

1

(f

By Lemma 2, we obtain

wzsa(f, voi's)

V(%) dx

1
/ (639)
)7 dx) Q.

/
ki

S

IZ(Q;(J')O[ (][Q‘/ V(x)ﬁaqu) 639

k) (9
B
, 0397
X (][/ g(x) 9 dx) o |E,’<’j|
1 1
/ / \¢ o g 0 fa1
=24 l(Qk’j) [f(x)| dx v(x)=9 dx
Ey 3Qy, @

1
/ (639)
2(x) (039) dx) 034 dy

(1,

=24’ /E | Mg (", v)0) - M [€%7]0)BT dy,
kj

/
kj

where

1 1
N , PN 7
Ma,gl,gsq(fgl, v) (y) := sup/(Q) (][ [f(x)| ! dx> (][ v(x)%1 dx>
Qay 3Q Q
A similar argument gives us the following estimate:
_ R
Iy <2A' / Mapy050(F7,0) () - M[g %9 ] (y) @0 dy.
Ey

By summing up Iy and /I j, we obtain

Y / _1
Iy + lek,j = 2A’/Q Mer,05 (F7,v) () ,M[g(esq) 16)® dy.
kyj ()
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By Holder’s inequality for g > 1, we have

v ’ _1
/Q Map,,034 (fgl ) V) (y) - M[g(93q) ]()/) 39 dy
0

< (/ Mﬂtﬂbegq(fﬁ,l’)(y)q dy)q . (/ M[ (039) ]()/) 63q dy)
Qo Qo

_q _q
Since (939)" < ¢’ and supp(g) C Qo, by the boundedness of M : L %9 (R") — L 9" (R"), we
have

1
7

(/‘M{GM]UVW @)/SC(/Tﬂ@%q(W m) -C.
Qo Qo

Therefore we have

_ =

/ Ma,éhé’aq (fgl’ V) (y) : M[g(gw)/]()’) GSq dJ’ = C(/ o,01, 93q(f ) q dy) ! .
Qo Q

0

By Hélder’s inequality for £~ >1 as in Lemma 3, we have

0t9103q(f )(x < CSllpl(Q) m3Q([fw|a*)7*

1_ 1 1
(o ) (f o)™
3Q Q

By Lemma 3, we have 91(91%*)’ < (£)'. By Holder’s inequality, we have

)6 = CuplU@ Emir )% (52) sy

1 L 050 )@< ~(play )ﬁv
x<|3Q|) 3Q) (]év(y) dy ﬁQw@) ay)".

By the condition (2), we obtain
Mg, 9361(/( )(x) < Cv, Wlago,ro.aqpla ZUP(Z(Q) T ””SQ(IfW| @ )) ”

P ax
=Clv, W]uqo,ro,aq,p/u : M(a_%)al* ([fw| o )(x) ’.

This implies that

1

q
|Q0|qo (f Maé?l 93q(f ) qu) = C[V’ W]aqo r0,aq,pla ”M = ([fW|“*)

’ axqq *

My
p
Since
ny, 2 axPo
1 p 1 p ( ,0) . ) a,
o and axqo  dxq’
qgo 4« Po G« n » >
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by Theorem A, we have

Moy 2 (FAE) | 7 arge <[5 | 7 e = 18] 0.
(a—a)a MéTO_ Ma*TO Mp
p

Therefore we have
”11 ' V”MZO = C[V) W]aqo,ro,aq,P/ﬂ|VW||M50 .

4.2 The estimate of B
Since |b(x) — b(y)|"™ < 2" (|b(x) - mq(b)|" + |mq(b) — b(y)|"™), we have

[ Jbta) =600
3Q
< [ b0 -ma®)" )l dy +C [ matt) - 00" )] .
3Q 3Q

Therefore we obtain

V@B < Cu(x) > 1QI% PV xo) /3 Q}b(x) - mo(b)|"|f )| dy

Q2Qo,
QeD(R")

o) Y 101 Vgt [ |me® b0 s

Q2Qo,
QeD(R")

=: CG[f,v](x) + CCy[f, v](x).

By Holder’s inequality and the definition of the Morrey norm we obtain

Gl VIE) = vix) Y 1QI% ™V xo@)|bx) - mo®b)|” /BQlf(y)|dy

Q2Qo,
QeD(R")

v Y 1QIE o) b) - mo(v)]"13QI7 (]fQLf(y)V’w(y)”dy)p

Q2Qo,
QeD(R")

1-L ) I%
< 3QI" (f w(y)fdy)
3Q
1

a1 7 m
SCHfWHMgoV(x) E [3Q[" »o <][ w(y)” dy>p |b(x) — mq(b)|".
Q2Qu, 3Q
QeD(R™)

Since qLO = pLo + % - 2, the integral of C; [f, v](x)? on Qq is evaluated as follows:

|Qo|qlo(fQ cl[f,v](x)qu)q

1 1_1
<Clifwllpgo Y. 1QlWI3QI7 q(f

3Q

wiy) dy) ’7

Q2Qo,
QeD(R")
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1

x (][ v(@)?|b(x) — mo(b)|™ dx)q
Qo

=Cliwlpo Y (%) 13Q17 (ﬁQw(yw’dy)”/

Q2Qo,
QeD(R")

X (][ V(x)q|b(x) —mgq(b) ’mq dx) E.
Qo

By Holder’s inequality for 0, > 1 as in Lemma 3, we have

1

( ][ v(x)?|b(x) - mo(b)|™ dx) '
Qo
q94 mq% ﬁ

§<fQO dx) <][ |b(x) dx) . (6)

We evaluate |b(x) — mq(b)]. If Q 2 Qo and Q € D(R"), then there exists k =1,2,..., such
that Q¢ := Q, Q; € D(R”), Q; 2 Qi1 and |Qj| = 2"|Qj1| (j = 1,2,...,k). By the triangle in-

equality, we obtain

|b(x) — mq(b)| < |b(x) — mqy (b)| + |mq, (b) — mq(b)]

k
= [b(x) — moy (b)| + | Y (mq,., (b) — mq, (b))
j=1
k
< [b(x) = may (b)| + D |mq_, (b) — mq,(b)].
j=1
Moreover, we have
Qi1

" e
Q1
s][ 1b() - me,(b)| dy

Qj-1

271
b(y) — (b)| d
5|Qj|/@| () - mo,b)| dy

<2"|Ibllsmo  (j=12,...),

where we invoke Definition 2 for the last line. By the inequality (a + b)™ < 2" 1(a™ + b™):

|b(x) — mo(b)|™ < (|b(x) — mq, (b)] + 2"KI|bllBymo) ™
< C(|b(x) = mqy (B)|™ + 2" K™ |b o) - 7)
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By the estimates (6), (7), and Holder’s inequality for (p/a)’ > p’, we obtain

1

2 (%)% 'BQ'%(];W@)”/ dy)p/ (][Q V(x)q|b(x)—rnq(b)|qux>q

Q2Qo,

oo 1 _1
[Qo| \ %0 1 —(wla) (play
<> 2 (B2 et (£, v
k=1  QeDR"), k 3Qk
Qk>Q0)Qk1=2""1Qo|

1

1
o ; A
x (][Q V()14 dx>“ (72 (|b@) = may B)|™ + 27K 1]l ™ dx) s,
0 0

By the triangle inequality on L% (R”), we obtain

1

(][Q (166e) = oy B + 27 K™ 1 g0) ™ dx)
0

1 1
= (f, o9 -ma " ae) o (@i i)™ ) ®
Qo Qo

By the estimate (8), we obtain

1 1 1

= |Q0| @ % —(p/a)’d)(p/a)/< q94d ){194
DS (|3Qk|) B (]éka(y) y ‘éowx) x

k=1 QeD®"),
Qk2Qo)Qkl=2""1Qo

1
/ A
x (][ (|b@) = moy ()] + 27 K™ 1B 70) ™ dx) o
Qo
1

= |Qol \® , L
=2 X 3Qi) P
k=l QeD(RM), k
Qi >Q0,1Qk1=2%"1Qo|

1 1
/ play q94
X (][ w(y)‘(p/“) dy) v <][ v(x) 1% dx) o
3Qx Qo
a1 1
mad’ 0’ / 0’
X { (f ‘b(x) - mg, (b)’ 7 dx) Ty (][ (2”’”k"‘||b||l'3"1\,10)q@4 dx) T }
Qo Qo

By Lemma 1, we have

1
mqb), 0 m
(f 1b(x) ey (B)] ’mdx)“ < ClbIvo. ©)
Qo

The estimate (9) gives us the following:

1 1
(][ |b(x) — mq, (b)| ™" dx) "y <][ (2™ 1|l o) dx) s
Qo Qo

< ClIblIEyo (1 + 2™ k™). (10)
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As a consequence of (10), we obtain the following inequality:

1

) mar (f o) ( )
> (R 3 7 d (397]66) ~ mo(b)| ™ d

Q2Qo, <|3Q| ]iQ v g ]éo ™ | Hom | *

QeD(R")

00 1 1
m |Qol '\ #0 1 (o) (play
<Clbligwo ) D (BQ“ ) B (f oy e dy
k=l QueD®M, k 3

Q2Q0)Qkl=2%"1Qo

# QI e
X (][ V(x)1% dx) (L+2""k™) ( 0 ) .
Qo

13Qx

By the condition (2), we have

1

|Q0|)‘10 1(][ — )1’
— ] 13QJ™ w(y)? dy
Q;(), (|3Q| 3Q

QeD(R")

=

(f v(x)1|b(x) — mqo(b)|™ dx) !
Qo

o0
=< C”b”glMo [v, W]aqo,ro,aq,p/a Z Z

(1+ 2mk)2 a0 00
k=1

QceD(R),
QeDQ0,Qkl=2""1Qo|

[e¢}

_kng_1
= ClIb o lVs Wlago roagpra D (1+2""K™)2 a0 -a)
k=1

< C”b”glMo v, W]aqg,rg,uq,p/m

Therefore we obtain

”CI [f: V] ”M?IO < C[V; W]aqg,ro,aq,p/a||b||;3nMo|[fW||M§0

(11)

Next, we evaluate Cy[f, v](x). By Holder’s inequality for 65 € (1, p) in Lemma 3, we have

Clf V) =vx) Y l(Q)"‘”xQ(x)( / IMQ(b)—b(Y)|mf(y)dy>
Q20Qo, 3Q
QeD(Eh)
<) 3 1) [ ol -b0)[" )
Q2Qo, 3Q
QeD(R")

([ pora)’

By Holder’s inequality for £ > 1, we obtain

Gl =) 3 1@ xaw)( . [mote) - b ay) " 3
Q2Qo, 3Q
QeD(R")

—95(%)' @ r 1%
< wor =& ) " (f rorworar)”

Page 21 of 23
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Taking the Morrey norm, we obtain

Calf V1) < Il o) Y HQY Pon(x><][ Ima(b) - b(y>|"“’sazy)é

Q2Qo,
QeD(R")

(fyrro)

Using Lemma 1, we have

Colf, V1) < 1o Wl pov®) Y HQ* 0 xg x)(][ wiy) 5 dy) =

Q2Qo,
QeD(R")

Since we have the assumption that a = 7 > 1, using Holder’s inequality, we obtain

_1
7

Gl VI = Clblgolwll o v®) Y UQ)" pon(x)(][ w(y)*p/@’dy)‘”/”)

Q2Qo,
QeD(R")

The integral of Cy[f, v](x)? on Qo is evaluated as follows:

1

|Qo|qlo(fQ Cz[f,v](x)qu)q

m a2l 1
< Clblgwo Wl ago D UQ™ 70[Qo|®

Q2Qo,
QeD(R")

q g ~(pla) W
X (][QO v(x) dx) (]éQ w(y) dy)

< bl Wl s S (ﬁ) 3QI%

3
Q2Qo, 3Ql
QeD(R")

7 T H0-3)
aq “ < —(pla) ) la) (@) 0«
X (][QO v(x) dx) ]£Q w(y) dy 3Q)]

By the condition (2), we have

1

IQolqlo(]é cz[f,v](xﬂdx)q

1 1
La-b
[Qo| \ %" @
=< C[V: W]uqo,ro,aq,p/a”b”}lfsnMO”fW”MZO Z <—

Q2Qo, 13Q
QeD(R")

< C[V¢ W]aqo,ro,aq,p/a ||b||gnM0|VW||M§0 .

We obtain the desired result. O
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