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1 Introduction

Integer sequences appear often in many branches of science. One famous example is the
Fibonacci numbers that have been known for more than two thousand years and find
applications in mathematics, biology, economics, computer science, physics, engineering,
architecture, and so forth [1, 2]. See also all volumes in the same conference series as [2].
Recall [3] that the sequence {F,},>0 of Fibonacci numbers is defined by the recurrence

relation

F,~F,1-F,,=0, 1)
with seed values

Fo=0 and F =1
Padovan numbers [4] are much younger. They are named after the mathematician Richard
Padovan who attributed their discovery to Dutch architect Dom Hans van der Laan in

his 1994 essay Dom Hans van der Laan: Modern Primitive. The Padovan sequence is the

sequence of integers P, defined by the initial values
Py =1, P =0, P, =0,
and the recurrence relation

P,-P,5-P,3=0. (2)
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The first few terms of the sequence defined by this recurrence relation are:
1,0,0,1,0,1,1,1,2,2,3,4,5,7,9,12,16,21,28,37,... (sequence A000931 in [5]).
Other sources may start the Padovan sequence at a different place. See for example Stew-

art’s paper [6], where this sequence starts with Py = P} = P, = 1.

It is well known that the ratio of consecutive Fibonacci numbers tends to the golden

ratio g, i.e.,
F, 1+4/5
@ = lim 22 = V5 =1.6180339887498948482 - - - .
n—oo F, 2

As with the Fibonacci sequence, the ratio of successive Padovan numbers has a limiting

value as # tends to infinity. This value is called the plastic number p,

. Py 41 1 /23 41 1 [23
p = lim ==+ 2=+ )= - = /22 =1.3247179572447460259 - - -,
n—oo P, 2 6V 3 2 6V 3

which is the unique real solution of the cubic equation

x—x-1=0.

A partition of a positive integer # is a non-increasing sequence of positive integers whose
sum is #. The terms of the sequence are called the parts of the partition.
Recently, Merca [7], Corollary 9, proved that the Fibonacci numbers can be expressed

in terms of multinomial coefficients as sums over integer partitions into odd parts, i.e.,

h+lh+---+t
F,= > <1 2 Mm), n>0, 3)

ti,t2,...,t
Hay+Epay+e 2] A[n/2) =N 152w es Hnf2]

where a; = 2k — 1 and [x] stands for the smallest integer not less than x. Because p is
smaller than ¢, the Padovan sequence increases much slower than the Fibonacci sequence.
Nevertheless, the nth Padovan number can be expressed in a similar way as a sum of multi-
nomial coefficients over integer partitions of # into odd parts. The difference is given by
the fact that these partitions have no part equal to 1.

Theorem 1 Forn>0,

by+it3+---+1
P, = Z (2 3 [n/Z])’

122 +1343 -+ +L[ /2 A /2] =N b2 L35 2]
where ay = 2k — 1.

Proof From (2) it follows easily that

Pn_Pn—B_Pn—S_Pn—7_"'=60,m
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where §;; is the Kronecker delta. Then the statement of the theorem follows directly from
[7], Theorem 1. O

By Theorem 1 it is clear that the number of integer partitions of # into odd parts greater
than 1 is less than or equal to the nth Padovan number, for any positive integer #n. As
seen in [8, 9], this inequality can be improved by exploring the number of multinomial
coefficients over integer partitions into odd parts greater than 1. As a consequence of these
facts, a family of double inequalities will be introduced in the paper.

We note that the inequalities proved in this article are, in fact, analytic statements. How-

ever, to our knowledge, there are no analytic proofs for these types of results.

2 On the multinomial coefficients over the partitions into odd parts greater
than 1

In [8], Qx(n) denotes the number of multinomial coefficients satisfying

(t1+t2+~~~+t|'n/2'|) -k
bylay e tin

and
[n/2]

Z(zk ~ Dty =n.

k=1

In this section, we denote by Q)(#) the number of multinomial coefficients such that

(lf2+t3+---+t(n/2}> -k
b, 13,5 L2

and

[n/2]

> @k-Dtg=n.
k=2

Denoting by ¢'(n) the number of integer partitions of # into odd parts greater than 1, it is

clear that
> Q) =) @
k>1

and
> kQi(n) = P,. (5)
k>1

We use the convention that ¢'(0) = 1 and ¢'(n) = 0 for any negative integer .

Similar to [9], Theorem 2, we obtain the following.
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Theorem 2 For n,k >0,

-1
q(n) < %(P 0 —j)Q}(n)>.

Jj=1

Next, we relate Qx(n) and Q; () in order to derive the generating function for Q;(n) if
k =1 or a prime power.

Proposition 1 Ifk is a prime power greater than 2 and Qi(n) > 0 then

n-1

Qi) = Qelm) ~1 - { —

J mod 2 - 89,(4-1) mod(k-1)» (©)

where |x] stands for the greatest integer less than or equal to x.

Proof Let My(n) denote the number of multinomial coefficients satisfying

(l<1+k2+-~~+kn

ki, ko, ..k, ):k and ki +2ky + -+ nk, =n.

In [10], Guo showed that M, (n) equals to the number of positive integer solutions (x;, y)
of the equation

(p’—l)x+y=n 7)

satisfying x # y.

By the same argument, Q,r(n) equals to the number of positive integer solutions (x, y)
of (7) with x, y odd and x # y. Moreover, Q,(n) equals to the number of positive integer
solutions (x,y) of (7) with x, y odd, x,y > 1, and x # y.

Note that if Q,r (1) > 0, then (1, y) with y odd is a solution to (7). In addition, (x,1) with x
odd is a solution to (7) if and only if p" — 1 divides # — 1. Thus, (6) follows. O

Considering relation (6) and the closed form of the generating functions for Q;(n) and
Q,(n) [8], for |x| < 1 we obtain

00 / ; oS} e ; 00 3
ZQI(H)X =Z<1_x2n_x):21_x2n (8)

n=1 n=1

and
i Q/ (n)xn _ x4 ix%«
n=1 ’ ) (1 - xz)(l - x4) n=2
x* xt

oo

X

T -2 (1-xt) ©)

On the other hand, by [8], Theorem 2, it is not difficult to derive the following.
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Theorem 3 Let k be a prime power. For k > 2, |x| <1,

i Lo Xk Xk xk+2 K32
n)x- = — — — .
£ k 1-x2)1—a2kD)  1—x2%k 1-x2 1-x20-1)

3 Afamily of double inequalities
In this section, we denote by a,, the nth positive integer that is not a power of 2, i.e.,

{an}us=1 = {3,5,6,7,9,10,11,12,13,14,15,17,19, 20, 21,22,23,...}.
According to [5], A057716, we have
ay = Ln +1+ logZLn +1+log,(n+ I)JJ.

Theorem 4 Let k be a positive integer. For 0 < x < 1/p,

it k-1, &3
an [ _—
[ +x*) <1+Bix) + k Zl—x”’
n=1 n=1
with
x> 1 x3
Bl(x)zl—xz 37 BZ(x)ZE’l_xz 37
and

k—
kBi(x) = (k = 1)Bi1 (%) + Y Gj(«),

—

~.

where Gj(x) is the generating function for Q;(n).

Proof According to [5], A087897, the generating function for g'(n) is given by

Zq’(n)x” = 1_[(1 + x“"), lx| < 1. (10)
n=0 n=1

On the other hand, for |x| < 1/p itis well known [5], AO00931, that the generating function
of the Padovan sequence has the closed form

a2 -3

Then, using equation (8), it follows easily from Theorem 2 that

an
,,|:1| (1 +x) <1+ Bi(x) + — MEZI T

Equation (5) implies that the inequality is strict. d
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In fact, Theorem 2 and relation (5), imply that the sequence {By(x)}- is strictly mono-
tonically decreasing for 0 < x < 1/p. A few special cases of Theorem 4 can easily be derived.
So for k € {1,2, 3}, we obtain

o0 [ee]
1 x3 1 X8 2 x5
l+x™)<lt = ——— + = - + =
E( ) 3 1-a2-x% 3 (1-a2)1-u%) 3;1—962"
1 x3 1o &
O (PR A Y - 11
2 1_x2_x3 221—962” ( )
1-«2
<m, 0<x<1/,0 (12)

In the cases k € {4,5,6} the inequalities are more involved. It is still an open problem
to give the expression of the generating function for Q;(#) when k is a positive integer

that is not a prime power. Replacing x by 1/4 in the last inequalities, we get the following

inequalities:
o0 [o¢]
1 61,259 2 1
MsL)ers 82220 2y~ 1
4¢n 10,832,400 3 431 —gn
n=1 n=1
I 1 1
1+ —+=- ) ——H 13
< +118+2;43”—4” 13)
1
<1+ =5~ 1.016949153 - - - . (14)

Theorem 5 Let k be a positive integer. For 0 < x <1,

oo x?’n oo
Ag(x) + Z T < l_[(l +x)
n=1 n=1

with

A(x) =1, As(x) =1+ 1-x)1 -«

and, for k > 3,

xPk xPk xpk+2 x3pk’2

1-a2)1—a2ec D)  1—x2c 1-x2 1-x20cD’

Ar(x) = Aga(x) +

where py is the kth positive integer that is a prime power.

Proof By (4), we have the inequality

k
Z Q;/(Vl) <qg(n), n>0.
j=1
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For 0 <x < 1, from (8), (9), and (10), we can write

xg k e} x3n %)
e — . - an
b (1-x?)1-x%) +§G1(x)+n2=1:1—x2" <E(1+x )

where Gj(x) is the generating function for Ql’,/(n). The proof follows easily considering
Theorem 3. O

The cases k € {1,2} of Theorem 5 can be written as

00 8 o K31

an X
l_[(1+x )>1+ 11— ) +Zl—x2”

n=1 n=1

S x3n
>1+E —, O<x<l.
1—x2n
n=1

For k > 2 the inequalities are more involved. Replacing x by 1/4, we obtain

it 1 1 =1
1_[ (1 + ) >1+ + Z 3
el 44n 61,200 = 43n _ 4n

=1
>1+Z43n_4n'
n=1

For 0 < x <1, we remark that the sequence {A(x)}t-0 is strictly monotonically increas-
ing. In addition, Theorems 4 and 5 can be written as follows.

Theorem 6 Let ky and ky be positive integers. For 0 < x <1/p,

2, x nd k-1 &3
an

Akl(x)+zl_x2n<1_[(l+x ) <1+ By, (x) + A Zl—x”'

n=1 n=1 n=1

The case k; = ky = 3 and x = 1/4 of this theorem reads
37 =1 = 1 61,259 2 1
1+7+27<H 1+ <l+ ———— + = _
2,227,680 —~ 43n _ g4n iy 4n 10,832,400 3 ~ 43n _ 4n

The following inequality follows directly from Theorem 6.

Corollary 1 Let k be a positive integer. For 0 < x <1/p,

Z al <k(1+Bk(x)—Ak(x)).

1—x2n
n=1

Many special cases of this corollary can easily be derived. For instance, considering the
case k =1 and x = 1/4 of this corollary, we obtain

[ee]

1 1 1
@<21:43n-4n<5'

n=
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For k =2 and x = 1/4, we have

[e¢]

1 1 Z 1 1 1
— + < < = .
60 4,080 431 —47 " 59 30,600

n=1

Another family of upper bounds for )_»-, #%"/(1 — x*") can easily be derived by (5) if we
use Theorem 3.

Theorem 7 Let k be a positive integer. For 0 <x <1/p,

o 3n
Z x < Cr(),
1-—x21

n=1

with
x3 2x8
Cilx) = , C =Cix) - —————,
1(%) 1-22_x3 2(x) = Gi(%) 1-x2)1—x%

and

pkxpk pkxpk pkxpk+2 pkxspk_2

Cil) = Cea@) - 1-22)1 —a2exD) 1 —x2c  1-x2 T2

where py is the kth positive integer that is a prime power.

Proof According to (5), we have the inequality
Pk
ZP;Q;,(H) <P,, n>0.
j=1

Using equations (8) and (9), the generating function of the Padovan sequence, and Theo-

rem 3, we arrive at our conclusion. O

The sequence {Ci(x)}ks0 is strictly monotonically decreasing when 0 <x <1/p. For k €
{1,2,3,4,5}, we note the identity

Cr(x) = k(l + By (x) —Ak(x)), 0<x<1/p.

4 Other inequalities
By (2), it is an easy exercise to derive the following identity:

k

> (’7)1)”_%_,» =D, (15)
=0V

where n, k are a non-negative integers such that n > 3k. Then, Theorem 2 (with k = 1)
implies that, for n > 3k, we have

k

Z (I;) qd(n-2k-j)<P, (16)

j=0
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The next theorem introduces an infinite family of upper bounds for the generating func-

tion of the number of partitions into odd parts greater than 1.

Theorem 8 Let k be a positive integer. For 0 <x <1/p,

o) 2 3k-1

1-x 1
1 an _ Pn _Sn n’
E( +x ) < x2k(1 +x)k(1 —x2—x3) ka(l +x)k ;( X
where
Lk
Snk = Z ( ,)q’(n -2k —j).
0

Proof We first give the generating function for S, r. We have

00 o0 k
ZSn,kx” = Z(Z (I;)q’(n -2k —j))x”
n=0 =0

n=0

J

Therefore,
[e e} o0
ZS,,,kx” =x?K(1 + x) l—[(l + x“”), x| < 1.

From (16), for x > 0, we have

i Spix” < i Px".

n=3k n=3k

Thus, for 0 <x <1/p,

00 3k-1 1 2 3k-1
x2k(1+x)k1_[(1+x ZSnkx < Zan
n=1
and the statement of the theorem follows. O

It can easily be checked that, for k < 9, the inequality in Theorem 8 reduces to the in-

equality (12). When k =9 and 0 <x < 1/p, Theorem 8 gives the stronger inequality

B 1+ 9% + 3542 + 75x3 + 90x* + 42x°
l—[(l +x) <
(1 +x)°1 —x2 —x3)

42x° + 90x” + 76x% + 35x° + 8x1°
1 +x)°1 —x2—x3)
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Setting x = 1/4, we obtain

it 1 117,187,264
]_[ 1+ <« 2207 _1.016947105- - -,
4o ) ~ 115,234,375

n=1

which is an improvement to the inequality (14). In addition, we remark that a lower bound
for this product is given by

8

1
]—[<1 + 47> =1.016932255- - - .

n=1

Theorem 8 gives a decreasing sequence of upper bounds for the generating function of
the number of partitions into odd parts greater than 1. To see this, let
1— xz 1 3k-1

Ry = 22K(1+ ) (1 —x2 —x3)  x2k(1 + x)k ;(Pn = Sn

Then, for x > 0, the inequality Ry,1(x) — R¢(x) < 0 is equivalent to

3k-1 3k+2
1-x2 + 221 + %) Z(P,, =S )X — Z(P" - Su)x” <0.
n=0 n=0

That {Ri(x)} x>0 is decreasing follows from the identity

Sn+3,k+1 = Sn+1,k + Sn,k (17)

and the inequality (16). The identity (17) is easily deduced from the definition of S, .
As in [8], Theorem 7, we have the following.

Theorem 9 Let k be a non-negative integer. For 0 <x < 1/p,

oo o0 3n

X
2 Ja+a) - (T
n=1 n=1
1-a2 1 3k

- PVI - T}’l }’l,
SRR k(L - 22 —2%) a2tk ;( )%

where

k

k
K\ ) k .
Tuk=2) <,)q (n=2k=j)-Y" ( ,)Qi(n =2k =)
j=0 J j=0 J
with Q\(n) = 0 for any non-positive n.
Proof Considering the identity (15) and the case k = 2 of Theorem 2,
2q'(n) - Qi(n) < P(m), n>0,

the proof is similar to the proof of Theorem 8. d
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It is not difficult to check that, for k < 11, Theorem 9 reduces to inequality (11). If k =11
and 0 < x < 1/p then we obtain the inequality

o0 o x?m
2H(1+xﬂn) _Z 1—x2n
n=1 n=1

2 +22x + 108x% + 307x + 539x* + 539x° + 99x°
< 1 +2)1(1 —x2—x3)
594x7 +1,056x% +1,012x° + 638x1° + 274! + 77x1% + 12413
- 1 +x)1(1 - %2 —a3) ’

From this inequality, with x replaced by 1/4, we obtain

it 1 24,414,033 1 1
]_[ 1+— <1+7+—237.
1 4an 2,880,859,375 2 4= 431 — 4

This is an improved version of the inequality (13).

One can similarly consider the cases k = 3,4, 5 in Theorem 2 to obtain stronger but more
complicated inequalities involving the generating function for the number of partitions
into odd parts greater than 1 and the generating function for the number of odd divisors

greater than 1.

5 Results and discussion

According to Theorem 1, the nth Padovan number can be expressed as a sum of multi-
nomial coefficients over integer partitions of # into odd parts greater than 1. This result
allows us to derive a family of inequalities (see Theorem 2) that involve the Padovan num-
ber P, and the number of partitions of # into odd parts greater than 1, where the trivial

inequality
q(n) <Py

is the first entry. The second entry provides a better inequality

q'(n) < %(Pn +7,(n) - 1),

but it involves, in addition, the number of positive odd divisors function

T,(n) = Z 1.

dn
d odd

This form of the second entry follows from (8) and the well-known generating function of

T,(n),

00 00 v
Zfa(”) = Z m; x| < 1.
n=1 n=1
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Moreover, using the generating function of |n/k],

00 nl, xk
ZAEJ’C “Uma—ay Meb (18)

for n > 2, we deduce that

a2 (|2] 1),

Thus, the third entry in the family of inequalities can be written as

40D = 3P+ 2 (mlm) 1) + %(m -1), Y

We now use Theorem 3 to derive a simple expression for Q;(n) when &k is a prime power
greater than 2.

Corollary 2 Let k be a prime power. For k >2 and n > 3k — 2,

QL) = 1+ (- 1)”*k{n+k 3

5 k3 J — 80,(1-k) mod2k — 80,(n—k) mod2

where §;; is the Kronecker delta.

Proof From (18), with x replaced by x* and k replaced by k — 1, we obtain

N1+ (- 1"”‘ n+k-2 K
Z Lz(k I)J T (1= a2)(1 - 260y’ x| <1.

n=0

On the other hand, since

1 o0
Tt X <L,

n=0
we derive
Xk
m 250 (n—k) mod 2k * 2" Ikl <1,
o0
xk+2 ;
1 = Z 50,(n—k) mod2 "X |X| <1,
n=k+2
and
K3k-2 ©
121D ~ Z 80,(n—3k+2) mod(2k-2) * X"
n=3k-2

o 1+ (-1)mk .
= Y - 80r-3k+2) mod2k-2) * &
—3k—
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1+ (=1 (| n—3k+2 n-1-3k-2\ ,
- Y - :
2 2k —2 2k —2

n=3k-2

i L+ (-1 (| mv k-2 n+k-3 2 el <1
- ’ <l
) 2 2k-2 2k-2

n=3k-

where we have invoked

n n-1
80,;1 modk = L;J _\‘ P J

The proof follows easily from Theorem 3.

The case k = 3 of this corollary is given by

1-(-1)"| n
Qs(n) = — LZJ — 80,(n-3) mod6 — S0,(n-1) mod2> M >7.

In this context, the case k = 4 of Theorem 2 can be written as

1. 3 3+(—1)"FJ 3 (-1

g0 = Pu+ E(E(n) -1)+ S 1 1 S0.0-3) mede:

It is still an open problem to give a formula for Q;(#) when k is not a prime power.

6 Concluding remarks

Page 13 of 14

A representation for the Padovan number P, as sum of multinomial coefficients over in-

teger partitions of # into odd parts greater than 1, has been introduced in this paper. For

0 <x < 1/p, this result allows us to approximate the infinite product

= ~ 1+a”
[[a+a) =[] —=
n:l( o ) n=1 1+x2”_1

by the infinite sum
_ A2n
Y 1-x

and vice versa.

We remark that this infinite sum can be replaced by a series which converges much faster

for |x| < 1.

Theorem 10 For |x| <1,

o 3n o An+l

X 1-x 212 +n
Z 1 — 21 :Z (1 — x2n)(1 — x2m+1) X :

n=1 n=1

Proof Due to Wrench, Jr. [11], p.644, solution to exercise 5.2.3-27, we have

N —— > 2
> 1fqn = Z(an +Y (an+ am)qk”)q” , lal<L

n=1 n=1 k=1
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By this relation, with a,, replaced by x” and g replaced by 42, we obtain

oo 3n o0 o0

X
Z - — = Z pran Z xn +xn+k)x2kn x2n2
1 X k=1
[ ( 0 )
— Z 1+ 2nk + Zx(2n+1)k x2n +n
n=1 k=1
00
1
_ x2n 1-— x2n+l
n=1
oo 2n+1
_ Z 14— x " x2n2+n
- 1- x2n 1-— x2n+1
n=1
S 1-— x4n+1 o2
_ L x2nten
; (1 _ x2n)(1 _ x2n+1)
This concludes the proof. O

Finally, we note that when the problem of finding a closed form for the generating func-
tion of Q) (n) for arbitrary k will be solved, then further, stronger inequality families will

follow by the methods used in this article.
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