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Abstract

In this paper, a generalization of Diaz-Margolis's fixed point theorem is established. As
applications of the generalized Diaz-Margolis's fixed point theorem, we present some
existence theorems of the Hyers-Ulam stability for a general class of the nonlinear
Volterra integral equations in Banach spaces.
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1 Introduction and preliminaries
The stability of functional equations was originally raised in a famous talk given by Ulam
[1] at Wisconsin University in 1940. The problem posed by Ulam was the following:

Let Gy be a group and let G, be a metric group with the metric d. Given € > 0, does there
exist a § > 0 such that if a function h : Gy — G, satisfies the inequality

d(h(xy),h(x)h(y)) )
for all x,y € Gy, then there exists a homomorphism H : G — Gy with
d(h(x),H(x)) <&

SJorallx € G?

A partial answer to Ulam’s question in the case of Banach spaces was given by Hyers
[2] in 1941. Later, Aoki [3] studied this problem for additive mappings and Rassias [4]
generalized Hyers’ theorem for the stability of unbounded Cauchy equations. Since then
the rapid growth of the study of stability of functional equations has been developed at a
high rate by several authors in the last decades; for more details, we refer the readers to
[3—14] and references therein.

Let (E, || - ||) be a normed space over a field K (either R or C), I = [a, b] be a closed interval
inRandcel.Let G:I xIx E— E,s:I— K and k : I — E be mappings. In this paper,

© 2015 Du. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13660-015-0931-x
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-015-0931-x&domain=pdf
mailto:wsdu@mail.nknu.edu.tw

Du Journal of Inequalities and Applications (2015) 2015:407 Page 2 of 15

we study the nonlinear generalized Volterra integral equation given by

y(x) = i (x) + s(x) /‘x G(x, ‘L',y(l')) dr, Vxel, (1.1)

where y: I — E is unknown mapping.

Definition 1.1 We say that the nonlinear generalized Volterra integral equation (1.1) has

the Hyers-Ulam stability, if for any € > 0 and any mapping ¢ : I — E satisfying the inequal-
ity

<e, Vxel,

H(p(x) — k(%) — s(x) / G(x 7, 90(r))dt

there exists a solution mapping y : I — E of the integral equation (1.1) such that
lo@) -y <&e, Vxel
for some constant & > 0.

In fact, (1.1) contains several important integral equations as special cases. For example,
let A € K with A # 0 and take ¢ := a. Define the mapping s: I — K by

s(x) =1 forallxel.

Then (1.1) will reduce to the following nonlinear Volterra integral equation studied by
Akkouchi [5]:

y(x) = k(x) +A/x G(x,r,y(r)) dr, Vxel.

If we take ¢ := a, E := C, s(x) =1 for all x € I and let k be a zero function in (1.1), then (1.1)
will reduce to the following nonlinear Volterra integral equation studied by Castro and
Ramos [6]:

y(x) = /‘x G(x,r,y(t)) dr, Vxel.

Let X be a nonempty set. Recall that a function p : X x X — [0, 00] is called a generalized
metric [15-18] on X (defined by Luxemburg [17]), if the following conditions hold:

(GM1) p(x,y) =0 if and only if x = y;

(GM2) p(x,y) = p(y,x) for all x,y € X;

(GM3) p(x,2) < p(x,y) + p,z) forallx,y,z € X.

The pair (X, p) is then called a generalized metric space.

We remark that the only one difference of the generalized metric from the usual metric
is that the range of the former is permitted to include the infinity. A generalized Banach
contraction principle in a complete generalized metric space proved by Diaz and Margolis
[15] has played an important role in the study of stability of functional equations.
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Theorem 1.1 (Diaz and Margolis [15]) Let (X,p) be a complete generalized metric space
and T : X — X be a selfmapping on X. Assume that there exists a nonnegative real number
A <1 such that

p(Tx, Ty) < Ap(x,y) forallx,y € X.

Denote T° = I, the identity mapping. Then, for a given element u € X, exactly one of the
following assertions is true:
(@) p(T"u, T" u) = oo for all n € NU {0},
(b) there exists a nonnegative integer £ such that p(T"u, T"u) < oo for all n > £.
Actually, if the assertion (b) holds, then
(bl) the sequence {T" u},enujoy is convergent to a fixed point y of T;
(b2) ¥ is the unique fixed point of T in the set S, where

S={xeX:p(T ux) <oo};
(b3) px,y) < ﬁp(x, Tx) forallx € S.

Let T be a mapping with domain D(T) and range R(T) in a normed space (E, || - ||). Recall
that T is said to be Lipschitzian (or to satisfy the Lipschitz condition) if there is a constant
L > 0 such that

ITx — Ty|| < L|lx—y| forallx,yeE. (1.2)

The smallest constant L satisfying (1.2) is called the Lipschitz constant for T. It is known
that the Lipschitz condition is very important for the study of the stability of functional
equations. Till now, to the best of my knowledge, the Lipschitz condition with Lipschitz
constant L was almost assumed to satisfy yL < 1 for some positive real number y in the
literature on the stability of functional equations. In this work, some weak conditions are
utilized instead of the Lipschitz condition in the study of the stability of functional equa-
tions.

The main aim of this paper is the study of the existence theorem of the Hyers-Ulam
stability for a general class of the nonlinear Volterra integral equations in Banach spaces.
In Section 2, we first establish some properties for generalized metric spaces and present
a generalization of Diaz-Margolis’s fixed point theorem. As interesting applications of the
generalized Diaz-Margolis fixed point theorem, we establish some existence theorems of
the Hyers-Ulam stability for a general class of the nonlinear Volterra integral equations in
Banach spaces in Section 3. Our new results improve and extend some known results in
the literature.

2 A generalization of Diaz-Margolis’s fixed point theorem for M7 -functions
In the present section, we shall establish a generalization of Diaz-Margolis’s fixed point
theorem (i.e. Theorem 1.1) for M7 -functions in the setting of complete generalized met-
ric spaces. We may begin with the following definitions.

Definition 2.1 Let (X, p) be a generalized metric space, x € X and {x,},cn a sequence
in X.
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(i) {4} is said to p-converge to x if for any € > O there exists a natural number 7y such

that p(x,,,x) < ¢ for all n > ny. We denote this by p-lim,_, o %, = x or x,, i) x as
n — oo and call x the limit of {x,}.

(ii) {x,} is said to be a p-Cauchy sequence if for any ¢ > 0 there exists a natural number
Ny such that p(x,,x,,) < € for all n,m > Ny.

(ili) (X, p) is said to be complete if every p-Cauchy sequence in X is p-convergent.

Definition 2.2 Let A be a nonempty subset of a generalized metric space (X, p).
(i) The p-closure of A, denoted cl,(A), is defined by

cly(A) = {x € X:3 {x,} C Asuchthatx, LN xasn— oo}.

Obviously, A C cl,(A).
(ii) A is said to be p-closed if A = cl,(A).
(iii) A is said to be p-open if the complement X \ A of A is p-closed.

Theorem 2.1 Let (X, p) be a generalized metric space and let
T, ={U S X:U isp-open in (X,p)}.
Then T, is a topology on (X, p) induced by p.
Proof 1t is obvious that ) and X are p-closed in (X, p). So X and ¢ are p-open in (X, p).

Hence ¥, X € T,. Let Uy, U> € T,. Then Vi = X \ U and V5 = X \ U, are p-closed in (X, p).
We show Uy N U, € T,. Indeed, let x € cl,(V; U V3). Then there exists {x,} C V1 UV, such

p
that x, — x as n — co. Without loss of generality, we may assume that there exists a

subsequence {x,, } of {x,} N V;. Since x,, i> x as k — 0o, we get
xecd,(V))=V1 S V1UV,.

So cl,(V1 U V) € Vi UV, and hence V) U Vs is p-closed in (X, p). Due to
UnNnu,=X\(V1UV,),

we know that U; N U5 is p-open in (X, p). Hence Uy N U, € 7,,.

Let I be any index set and let {{;};c; C T,. We verify | J,.; U; € T,. For each i € I, let
Vi =X\ U;. Thus V; is p-closed in X for all i € I. Let z € ¢l,((),c; Vi)- Then there exists

iel
r p
{24} € (e Vi such that z, — zas n — oo. For each i € I, since {z,} C V; and z, — z, we

have
zec,(Vi)=V.

Hence z € [, Vi. So we get

clp<ﬂ w) Vv

iel iel
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which implies (,; V; is p-closed in (X, p). Since

iel
Uu=x\Va
iel iel

we know that | J
Therefore, from the above, we prove that 7, is a topology on (X, p). O

U; is p-open in (X, p) and hence | J,.; U; € 7.

iel

According to Theorem 2.1, we can give the definition of continuity of a mapping in gen-
eralized metric spaces. Actually, the definition of continuity can transfer essentially un-

changed from classical metric spaces to generalized metric spaces as follows.

Definition 2.3 Let (X, px) and (Y, px) be generalized metric spaces and ¥ € X. A mapping
f:X — Y is called continuous at x if for any € > 0, there exists a § := §(x, €) such that

py(f(@,f(?é)) <e whenever x € X with px(x,%) <.
f is called continuous on X if f is continuous at every point of X.

The following characterization of continuous functions can easily be verified.

Theorem 2.2 Let (X,px) and (Y,py) be generalized metric spaces and xo € X. Then a

~ . . PX . , p
mapping f : X — Y is continuous at x if and only if x, 3 implies f(x,) —y>f(§) as
n—> 00.

The following useful auxiliary result is crucial to our proofs.

Theorem 2.3 Let (X, p) be a generalized metric space and ¢ € X. Let
W= {x eX:plex) < oo}.
Define the function f : VW — [0,00) by

fx) =plc,x).

Then the following statements hold:
(@) p(u,v) < oo forallu,veW;
(b) W is p-closed in (X, p);
© lfx)=f) < plx,y) for any x,y € W;

(d) f is uniformly continuous on W.

Proof Let u,v € W be given. Then

p(u,v) < p(u,c) + p(c,v) < 00

and hence (a) is proved. Next, we show (b). Let 4 € c/,(W). Then there exists a sequence

{a,} C W such that a, i) a as n — 00. So p(c,a,) < oo for all n € N and there exists a
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natural number g such that p(a,, a) <1 for all n > ny. By (GM3), we have
plc,a) < p(c, any) + plang, a) < p(c, any) +1 < 00,

which implies @ € W. Thus cl,(WW) € W and hence W is p-closed in (X, p). To see (c), let
x,y € W be given. Then f(x) = p(c, %) < 0o and f(y) = p(c, y) < 00. By (GM2) and (GM3), we

obtain

ple,x) = p(c,y) < p(y, %) = p(x,7). (2.1)
Similarly,

plc,y) —ple,x) < p(x,y). (2.2)

By (2.1) and (2.2), we get

[fx) —f )| = |ple.x) - ple,y)| < plx,y).

Finally, we verify (d). Let € > 0 be given. Take 8 := €. Then for any x,y € W with p(x,y) < 4,
by our conclusions (a) and (c), we have |[f(x) - f(y)| < €. So f is uniformly continuous on W.
The proof is completed. O

Theorem 2.4 Let (X, p) be a complete generalized metric space and D is a p-closed subset
of X. Then (D, p) is also complete.

Proof Let {x,} be a p-Cauchy sequence in D. By the completeness of (X, p), there exists

v € X such that x,, i) vas n — 00. By the p-closedness of D, v € c,(D) = D. Hence we
prove that (D, p) is complete. d

Definition 2.4 [19-28] A function « : [0,00) — [0,1) is said to be an MT -function or
R-function if

(%) limsupa(s) <1l forall¢ e [0,00).
s—>tt

Remark 2.1 In fact, Reich used the property (x) in [24]. In [24], p.40, he proved that a
mapping 7 : X — K(X) has a fixed point in X if it satisfies H(Tx, Ty) < ¢(d(x,y))d(x,y) for
all x,y € X with x # y, where K(X) denotes the family of all nonempty compact subsets
of X and ¢ : (0,00) — [0,1) satisfies limsup,_, ,+ ¢(s) < 1 for every t € (0,00). One of the
conjectures made by Reich in [25, 26] asked whether or not the range of T’ can be relaxed.
In 1983, Reich posed the following famous open question [26] (see also [28]): Let (X, d)
be a complete metric space and 7' : X — CB(X) be a multivalued mapping, where CB(X)
denotes the family of all nonempty closed and bounded subsets of X. Suppose that

H(Tx, Ty) < ¢(d(x,9))d(x,y) forallx,yeX,

where H is the Hausdorff metric on C3(X) induced by the metric d on X and ¢ : [0, 00) —
[0,1) satisfies the property (x) except for ¢t = 0. Does T have a fixed point? Mizoguchi
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and Takahashi were the first to give a partial answer to Reich’s open question in 1989 (see
[23]). A number of partial answers to Reich’s open question have been investigated by
many authors; see, e.g., [19-21, 23, 27, 28] and references therein.

It is obvious that if ¢ : [0,00) — [0,1) is a nondecreasing function or a nonincreasing
function, then ¢ is an M7 -function. So the set of M7 -functions is a rich class. In 2012,
Du [20] established the following characterizations of M7 -functions.

Theorem 2.5 ([20], Theorem 2.1) Let ¢ : [0,00) — [0,1) be a function. Then the following
statements are equivalent.
(@) ¢ is an MT -function.
(b) Foreach t € [0,00), there exist rﬁl) €[0,1) and sgl) > 0 such that ¢(s) < ril)for all
se(tt+ SED).
(c) Foreach t € [0,00), there exist rl(z) €1[0,1) and s§2> > 0 such that (s) < rgz)for all
se[tt+ 8;2)].
(d) Foreach t € [0,00), there exist r§3> €[0,1) and egs) > 0 such that ¢(s) < rﬁs)for all
se(tt+ 853)].
(e) Foreach t € [0,00), there exist r£4) €[0,1) and 8£4) > 0 such that ¢(s) < r£4) forall
sett+ 8£4)).
(f) For any nonincreasing sequence {x,},en in [0,00), we have 0 < sup,,. ¢ (%) < 1.
(g) @ is a function of contractive factor; that is, for any strictly decreasing sequence

{%}nen in [0,00), we have 0 < sup,, .y @(x,) < 1.

The main result of this section is formulated in the following new fixed theorem in com-
plete generalized metric spaces, which generalize and improve Diaz-Margolis’s fixed point
theorem.

Theorem 2.6 Let (X, p) be a complete generalized metric space and T : X — X be a self-
mapping on X. Assume that there exists an M'T -function « : [0,00) — [0,1) such that

p(Tx, Ty) < a(px,9)px,y)  forall x,y € X with p(x,y) < co. (2.3)

Denote T° = I, the identity mapping. Then, for a given element u € X, exactly one of the
following assertions is true:
(@) p(T"u, T"*'u) = oo for all n € NU {0};
(b) there exists a nonnegative integer € such that p(T"u, T"u) < oo for all n > £.
Actually, if the assertion (b) holds, then
(bl) the sequence {T"u},enuo) is convergent to a fixed point v of T
(b2) v is the unique fixed point of T in the set L, where

L={xeX:p(T ux)<oo};
(b3) p(x,v) < o Tx) for all x € L.

Proof Let u € X be given. Define xy = u and x,, = Tx,,_; = T"u for each n € N. Suppose that
(a) does not hold. Then there exists a nonnegative integer £ such that

pe,xen) = p(Tu, T u) < co. (24)
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By (2.3), we have

P, x042) = (T, Trpa) < o (P, xe41)) P, x041) < p(%e, Xes1) < 00. (2.5)

So, it follows from (2.4) and (2.5) that

DKo Xei2) < p(Ke, Xer1) + P(Kea1, Xea2) < 00. (2.6)

Let w,, = %,.¢_1 for each n € N. Then w; = x; = T?u. From (2.4), (2.5), and (2.6), we have

p(wy, wa), p(wa, w3) < 00 and
wi, wa, w3 € L = {x € X : p(wy,x) < 00}.

By induction, we obtain, for any n € N:
(i) wpeL,
(i) PO, W) < 00,
({il) p(Wys1, Wis2) < (Wi, Wi 1))P(Wiy Wii1).
From (ii), we obtain the conclusion (b). We now verify that (b1), (b2), and (b3) are true.
By (iii), we know that {p(w,, Wy41)}nen is a strictly decreasing sequence in [0, 00). Since «
is an MT -function, by (g) of Theorem 2.5, we have

0< supOl(P(Wm Wn+1)) <1
neN

Let y := sup,cy @ (P(Wy, wpi1)). So v € [0,1). By (iii) again, we get

LWt Wii2) < & (D(Wyi Wyi1)) P(Wyi W)
< yYP(Wn, Wyi1)
<Y’ PWyt, W)
...

<y"p(wy,wy) foreachneN. (2.7)

Let A, = ’Ii—;p(wl, wy), n € N. For m > n with m,n € N, by (2.7), we get

m-1
Wm Wm E P Wi, W1+1
j=n

Since y € [0,1), we obtain lim,_, A, = 0 and hence lim,,_, o sup{p(W,,, w,,,) : m > n} =0
So, {Wylnen is a p-Cauchy sequence in L. Applying Theorems 2.3 and 2.4, we conclude
that (£, p) is also a complete generalized metric space. So, there exists v € £ such that
Wy L vasn— oo,

We now show that v € F(T). Let

W= {xeX:p(v,x)<oo}.
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Clearly, v € W. Note that v,w,, € L implies w,, € YV for all n € N. For each n € N, we obtain

P(V» TV) < p(V’ Wn+1) +P(Wn+1» TV)
< PV, Wyi1) + & (W, v)) (Wi V)
< p(V’ Wn+1) +p(Wm V)-
Applying Theorem 2.3 again, we know that the function x — p(v,x) is continuous on the
set W. So, by taking the limit at both sides of the previous inequality and applying Theo-
rem 2.2, we get p(v, Tv) =0 or Tv = v.
Next, we want to show the uniqueness of fixed point of T'in £ (i.e. F(T) N L is a singleton

set). We have shown v € F(T) N L, so it suffices to show that F(T) N L = {v}. Let z €
F(T)N L. Since z,v € L, we know p(z,v) < oo from Theorem 2.3. By (2.3), we obtain

p(z,v) = p(Tz, Tv) < a(p(z,v))p(z, V),
which implies

(1 - oz(p(z, v)))p(z, v) <O0.
Since a(p(z,v)) € [0,1), from the last inequality one deduces p(z,v) = 0 or z = v. So we must
have F(T)N L = {v}.

Finally, we verify the inequality p(x, v) < m p(x, Tx) forallx € L. Letx € L be given.
Since v € L, we know p(x, v) < 0o. By (2.3), we have

p(Tx, Tv) < a(p(x, V))p(x, V).
Since

p(x,v) = a(p(x,v))p(x,v) < p(x,v) — p(Tx, Tv)

= p(x’ V) —P(T% V)

< p(x, Ix),
we deduce
(1) < ———pl, Tx)
%, V) < ————p(x, Tx).
P =1 alp)”
The proof is completed. O

3 Existence of the Hyers-Ulam stability for generalized Volterra integral
equations

In this section, we study the existence theorem of the Hyers-Ulam stability for a general

class of the nonlinear Volterra integral equations in Banach spaces by applying Theo-

rem 2.6.

Theorem 3.1 Let (E, || - ||) be a Banach space over a field K (either R or C). Let a and b be
given real numbers with a < b and let I = [a, b]. Let c € I and let i : R — R be a function
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and s : I — IC be a continuous mapping with maxyy |s(x)| := A > 0. Assume that the function
R — R is nondecreasing on [0, 00) satisfying

)

for some constant 0 <§ <1, and G:1 x I x E — E is a continuous mapping satisfying
|GG, T,9) = G, 7,2) || < w(ly—zll) Iy —zll foranyx,7 €1 andy,z€E. (3.2)

If there exist two continuous mappings ¢, « : I — E satisfying

H(ﬂ(x) - k(%) —S(x)/ G(x,7,9(1)) dt

=€ (3.3)

for each x € I and some constant € > 0, then there exists a unique continuous mapping
y:I — Esuch that

y(x) = rc(x) + s(x) / G(x, ‘L',y(l')) dr
and

|o@) - y@)| < ﬁ

forallxel.

Proof Let X := C(I,E) denote the set of all continuous functions from I to E. Define a
functionp: X x X — [0, 00] by

p(f.g) = inf{M >0: |Lf(x) —g(x)” <M for all x EI},

where we adopt the usual convention that inf @ = co. Clearly, ||f (x) — g(x)|| <P(f,g) for all
x € I. Following a similar argument as in the proof of [7], Theorem 2.1, or [8], Theorem 3.1,
one can verify that (X,7) is a complete generalized metric space. Let us now introduce the
operator T : X — X, which is defined by

(T) (%) = Kk (x) +s(x)/ G(x,r,f(r)) dr (3.4)

for all f € X and x € I. Then Tf € X for all f € X. Indeed, let f € X be given. For any

x,x9 € I, since max,¢; [s(x)| = A, we have

| (TF) (%) = (T o) |

K(x)+s(x)/ G(x,r,go(t)) dr—x(xo)—s(xo)/ OG(xo,r,f(r)) dr

< k@) =k (x0) | +|s(x)|

/x G(x,7,f(1))dr - /x G(x0,7,f(7)) dt
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+ [s(x) = s(x0)|

/% G(x0,7,f(1)) dr

/x G(xo,7.f (1)) dT - /xo G(xo, 7./ (1)) dt

+ [s(xo)|

< ||/<(x) —K(xo)” +A

/x”G(x,r,f(r)) — G(%0, 7, (1)) | dv

+ A

/-x G(xo,7.f (7)) dT|.

*0

/x G(x0,7,f (7)) dt

+ [s(x) — s(x0)|

Since s, k, G, and f are continuous, the last inequality implies that

(T)(x) = (Tf)(x0) asx— xo.

So Tf is continuous and hence Tf € X for all f € X.
Now, we claim that there exists an M T -function « : [0, 00) — [0,1) such that

PUIf, Te) < a(p(f,9)P(f,g) forallf,g € X with p(f,g) < oc.

Indeed, according to the inequality (3.1) and the function u is nondecreasing on [0, 00),
we can define an MT -function « : [0, 00) — [0,1) by

o(t) = Mb—a)u(). (3.5)
Let f,g € X with p(f,g) < co. Given ¢ > 0. Since

~ —~ I3
p(f.g) <p(f,g) + m,

there exists Mg, > 0 such that

Mg <p(f>8) + (3.6)

€
L+a(p(f,2)
and

If(x) —g)|| <Mp forallxel (3.7)

On the other hand, since i is nondecreasing on [0,00) and ||f(x) — g(x)|| <p(f,g) for all
x € I, we have

,u(”f(x) - g(x) ||) < u(ﬁ(f,g)) forallx € I. (3.8)

For any x € I, by taking into account (3.2), (3.4), (3.5), (3.6), (3.7), and (3.8), we get

[(TH @) - (T = [s)]

fx(G(x, r,f(t)) - G(x, r,g(t))) dt

<3| [ nllro g o) g0 ar
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<o) [ 0 -g(0)] dx
< Mb-a)un(p(f,9) My
<a(p(f.9) (ﬁ(f,g) +

<a(p(f.9)p(f,9) +e.

)
1+a@(f.g))

Hence p(If, Tg) < a(p(f,£))p(f,g) + €. Since ¢ is arbitrary, we can conclude that

P(If, Tg) < a(p(f.)P(f>8)-
Next, we prove that p(Tf,f) < oo for all f € X. Let f € X be given. Since Tf € X, we know
that the function x — ||(7f)(x) — f(x)|| is continuous on I. Then there exists a constant
My > 0 such that

(TAH) - fx)| <Mo  forallx e 1.

From the last inequality one deduces that p(Tf,f) < M < co.
Take i € X. Then p(Th, h) < 0o. We will now verify that

{f € X:p(h,f) < 00} = X.

Indeed, it suffices to show that X C {f € X : p(h,f) < oo}. For any f € X, since f and % are
continuous on /, there exists a constant y > 0 such that

|nx) - f@)| <y foranyxel
which implies p(h, f) < y < oo. Hence we prove
Xc{f eX:plhf) < oo}

Applying Theorem 2.6(b), there exists a unique y € X (that is, y: I — E is a continuous
funtion) such that

P
T"h—y asn— 00,

Ty =) (3.9)

and
1
(f,y) < ————p(f, Tf) forallf € X. 3.10
p(fy) l—a(p(f,y))p(f 1) f (3.10)
From (3.9), we have

y(x) = k(%) +s(x) /x G(x,7,y(r))dr forallxel
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By (3.3), we get

Plp, Ty) <e. (3.11)

Since u(p(p,y)) < ﬁ, by taking into account (3.10), (3.11), and the last inequality, we

obtain
P(e,y) < ! B, Tg) < —
POV = 1@ Y =17
which implies
€
o) - y(x)| < 3 forallx e I.
The proof is completed. 0

The following conclusions are immediately drawn from Theorem 3.1.

Corollary 3.1 Let (E, || - ||) be a Banach space over a field K (either R or C). Let a and b be
given real numbers with a < b and let I = [a,b]. Let c € I and let s: I — K be a continuous
mapping with max,cy |s(x)| := A > 0. Let L be a positive constant with 0 < AL(b — a) < 1. Let
¢: 1 — K be a continuous mapping. Assume that G : I x I x E — E is a continuous mapping

which satisfies the following Lipschitz condition:
||G(x, 7,9) — G(x,7,2) || <L|y-z| foranyx,telandy,z€cE.
If there exist two continuous mappings ¢,k : I — E satisfying

<e€

H(p(x) — k(%) — s(x) / G(x7,0(1))dt

for each x € I and some constant € > 0, then there exists a unique continuous mapping
y:1— E such that

y(x) = k(%) + s(x)/ G(x, 7,y(1)) dr
and
€
lo@) -y@)| < 130 -a)
forallxel.
Proof Let V :R — R be any function. Define u : R — R by

L, fort >0,

£) =
wl) V(t), otherwise.
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Put § := AL(b — a). Then u is nondecreasing on [0, 00), satisfying

1)
(o000 < 0,575

So one can get the thesis by applying Theorem 3.1. 0

Remark 3.1
(a) Corollary 3.1 actually implies Theorem 3.1. Indeed, under the hypotheses of
Theorem 3.1, we set L := ﬁ. Due to (3.1), (3.2), and 0 < § < 1, we get the following:
e |G, T,9) — G(x,7,2)|| <Ll|ly—z|| forany x,7 € I and y,z € E;
e 0<AL(b-a)<1.
So all the hypotheses of Corollary 3.1 are fulfilled. It is therefore possible to apply Corol-
lary 3.1 to get the conclusion of Theorem 3.1.
(b) [5], Theorem 3.1, and [6], Theorem 5.1, are special cases of Theorem 3.1.

Corollary 3.2 Let (E, | - ||) be a Banach space over a field K (either R or C) and ¢ € K with
¢ #0. Let a and b be given real numbers with a < b and let I = [a, b]. Let ¢ € 1. Assume that
the function u : R — R is nondecreasing on [0, 00) satisfying

8
09 < [0 =5 |

for some constant 0 < § <1,and G :1 x I x E — E is a continuous mapping satisfying
||G(x, 7,9) — Gx,7,2) || < ,u(||y - zII) ly—z| foranyx,t€landy,z€E.

If there exist two continuous mappings ¢, « : I — E satisfying

<e€

Hgo(x) —k(x)-¢ / G(x 7, 0(r))dt

for each x € I and some constant € > 0, then there exists a unique continuous mapping
y:1 — E such that

) =)+ [ Gl mp(0)de
and

€
_ <
o) - y)| < T
forallxel.
Proof Define a continuous function s: I — K by

sx)=¢ forallx el

Thus A := max,es |s(x)| = [¢| > 0. Therefore the desired conclusion follows from Theo-
rem 3.1 immediately. O
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Remark 3.2 Recently, Jung et al. obtained an interesting result on Hyers-Ulam stability of
the linear functional equation in a single variable f(¢(x)) = g(x) - f(x) on a complete metric
group (for more details, see [10]). The results in this paper can be generalized further in
the spirit of complete metric groups as in [10].
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