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Abstract

Global CY and local C" stability of iterative roots for monotonic functions defined on a
compact interval, as well as global C' instability under some assumptions, are
well-known facts. In this paper, we investigate the stability of iterative roots for
piecewise monotonic functions with nonmonotonicity height equal to 1. We prove
the roots are C' locally stable and C° global stable with the same extension.
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1 Introduction
Given a Banach space X and r > 0, C"(X) is defined as the set of all C" self-mappings on X.
An iterative root of order k € N of F € C"(X) is a function f € C"(X) that satisfies

fi@x) =F@), VxeX, 1.1)

where f¥ denotes the kth iterate of f. Being an important problem, iterative roots is con-
nected to the research of embedding flow and topological conjugacy in dynamical systems
[1, 2], which is also involved in the study of functional equations [3, 4]. To find solutions of
equation (1.1) has a long history since 200 years ago [5-9]. In addition to monotonic map-
pings [6, 7], plenty results were obtained for the iterative roots of piecewise monotonic
functions [8-12].

Let]:= [a,b] bean interval. A point x, € (a, b) is referred as a fort of continuous mapping
F: I — I when F is strictly monotonic in no neighborhood of xy. Let S(F) be the set of
all forts of F. Then F is called a piecewise monotonic function if N(F) := #S(f) is finite.
The set of all such piecewise monotonic self-mappings on I is denoted by PM(/, ). It is
well known that N(F) is nondecreasing under iteration, we define the nonmonotonicity
height H(F) of F as the smallest integer m such that N(F™) = N(F"*!). When H(F) =1,
the problem of iterative roots is reduced to be discussed on the characteristic interval (see
[8-11]), denoted by K(F). Furthermore, for every continuous iterative root f of F of order
k > 2 there exists a corresponding natural number £(f), which maps I into K(F). Such f is
called a root of £-extension (see [11]). The following result gives the iterative roots of those
functions with 1-extension.
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Lemma 1.1 (Theorem 3 in [9]) Suppose F € PM(I,I) and H(F) = 1. Let K(F) be the charac-
teristic interval of F, [m, M] be the range of F and [m', M'] be those of F restricted to K(F). If
equation (1.1) has a continuous solution fy : K(F) — K(F) maps [m, M] into [m', M'], then

there exists a continuous function

f@) = fO(i)’ x € K(F),
FIp ofo oF(x), xeI\K(F),

satisfies fX(x) = F(x) forall x € I.

Clearly, f defined in (1.2) is a root of 1-extension and K(f) = K(F). Conversely, it is easy
to prove that all continuous iterative roots of F of order k with 1-extension are in the form
of (1.2).

In addition to the study of the existence of iterative roots, more and more attention was
paid to their stability. A local result as regards C° stability for a class of strictly monotonic
mappings with one fixed point was considered in [13], as well as the global C? stability with
more than one fixed point in [14]. Recently, the authors of [15] investigated the C! stability
of iterative roots for increasing functions defined on a compact interval. They proved that
those iterative roots are C' locally stable but C! globally unstable.

In this paper, we consider the stability of iterative roots for piecewise monotonic func-
tions with nonmonotonicity height equal to 1. We prove that those roots with the same
extension are locally C' stable and globally C° stable.

2 (' stability
Let F € PM(/,I) with H(F) =1 and K(F) := [a/,b'] C I be its characteristic interval. For
each A € (0,1), let

H2(\):={he C*():h(a) =d W (a') = A K (x) > 0and h(x) < x,Vx € (', ']},

H2(A) = {h e C2(): h(b') = b',h’(b’) =AHK(x)>0and h(x) > x,Vx € [a’,b’)}.
For a given integer k > 2, as discussed in [7], each function F in class UAE(O,l) H?(x) has a
kth order C! iterative root f on K(F), i.e., f*(x) = F(x) for all x € K(F), which is unique and

strictly increasing.
Let the norm || - ||, be defined by

IF|l, 2= sup‘F(x)’ oot sup|F’(x)|
xel xel

for all € NU {0} and F € C"(I). Based on the determined formula of f, C! local stability
and C! global instability for f were investigated in [15]. The following result shows the
stability for those roots.

Lemma 2.1 (Theorem 2.1 in [15]) Let F € H* (1) (or H?())) with a given A € (0,1) and let
(F,) be a sequence of functions in H* (L) (or H2(1)). If

lim [|F,, — F||2 =0,
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then
lim |, —flh =0, @.1)
m—0Q

where f and f,, are unique kth order C' iterative roots of F and F,,, respectively, defined on
K(F).

Note that a similar result also holds for F € | J 7e(01) H2(M).
Let

PM(IA)- = PMi(D) N H> (L), PM(I, 1), := PM(I) NH(A)
(see Figures 1 and 2), where
PM(I) = {F €ePM(I,]) : H(F) =1and K(F) = [4,b']}.
We first recall some known results. Let S(F) := {d},ds, ..., dnr) ), satisfying a = dy < d; <

.-+ < dnwr) < dnEya = b. Furthermore, let I; := [d;, d;,1] denotes the closure of ith sub-
interval and F; := F|j,. Then ] = Uf:[((f) I; and F is strictly monotone on I;.

Figure 1 F e PM;(l,A)-. Y
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As shown in [11], for each I; there exists a sequence (iy, iy, ...,i;_1) in

{0,1,....N(E)Y "= {0,1,...,N(F)} x --- x {0,1,...,N(F)},

-1
where © < min{k, N(F)} such that
A AR RN (1) (2.2)

where I i) J denotes f(I) C J. Then (2.2) gives a correspondence 77 : {0,1,...,N(F)} —
{1,...,min{k, N(F)}} as i — 7, which is the number that maps [; into the characteristic
interval K(F). In [11], the natural number

£(f):= max 1
% i€{0,1,...N(F)} /()
is referred to as the pace of the iterative root f.
The following theorem is our main result in this section.

Theorem 2.1 Let F € PM;(I,1)_ (or PMy(I, 1)) with some )\ € (0,1) and let (F,,) be a
sequence of functions in PMy(I, 1) (or PMy(L,1),). If

lim ||F,, - Fll2 =0, (2.3)
m— 00
then
lim |[fy —f1ll =0,
m— 00
where f and f,, are kth order C' iterative roots of F and F,, with 1-extension, respectively.

Proof Let F := F|g() and F,, := F,,|k(r), for convenience. It suffices to discuss the case that
F € PM; (I, 1)_ since the proof for the case F € PM;(I, 1), is similar. We first prove the
existence of those iterative roots of F,F,, € PM;(I,\)_ with 1-extension on I. As men-
tioned before, each function F and F,, has a kth order C! iterative root f and f,, on
their characteristic interval, respectively. Then f (@) = fm(a/ ) = a’ since 4’ is a common
fixed point of F and F,,. Furthermore, by the definition of #2(}), we have f (F([a,b])) C
[F(a'), F(V')], which implies that f satisfies the conditions in Lemma 1.1. Hence, f~ can be
extended as a C! iterative root f of F on the whole interval I. Similarly, for each m € N

there exists a continuous iterative root f,,, of F,,;, which can be presented by

_ | Fu), x € K(F),

Sn(x) 2 Elof, oF,(x), xel\K(F),

where fmk (x) = E,,,(x) for all x € K(F). Then it follows from Lemma 2.1 that

Tim [ —fll1 = 0. (2.5)
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Next, we turn to prove the convergence of (f,,) in I\K(F), by (1.2) and (2.4) we have

[fr(x) = f'(x)] =

S En)E, 0 FFE)F @) ‘
Ey(El (o Fn(®))  F/(F\(F 0 F()))

FoEn)EL @) Fr(En()Ey, ()
T E (B o Fnw))  F/(F\(F o F(x))
NI EnDE, @) T EG)F @)

NEEFoFw)  FEFoF®)

Fon(En (%), () ’ )
B, (B o 0 Fp(x)F (F1(f 0 F()))

1
~ ~ . ~ B 2.6
’ F/(F-l(foF(x»)' @ 2:6)

for every x € I\K(F), where

AW) = |E, (B, (w0 Eu®))) = F (F7(F 0 F(x)))|

and

B(x) = [fm( (x))E,,(x) —f (F(x))F' (x)).

In the following, we will estimate the limit of A(x) and B(x). Since

AG) < |B, (B (o 0 En) = F'(E, (fn 0 ()]
+|F (B (o () = F (F7(F 0 F@))|
< NEp —Fllz + |E' (B, (fn 0 Fn(®))) = E'(E,H(F 0 E(®)))]
+|F (B, (F o En))) = F (F(F 0 Fu))|
+|[F(F(F o Ful@) = F (F(f o F())|
< |Ew = Flla + [E'(E; (fn 0 Em(x))) = E'(E;1(f 0 En(x)))|
+|F o F o FoF; (f o F(x)) = F o F o Fyy 0 F;N(f 0 Fru())|
+|F(F(F o Fn))) = F (F7(F 0 F))|
by (2.3) and the facts that F' o F;;! and F’ o F~! are uniformly continuous, we have A(x) — 0

uniformly in I as m — oo.
Moreover, by the definition of B(x), we obtain

B(x) < |f,(En(®))E}, (%) = fr, (Fn () F' )| + |f, (Fin (%)) ' (x) = ' (F(x)) F' ()|
< o (En @) [|E, ) = F @) + [F 0| [f, (Fu) =7 (F @) |
< | (Fu(@)) |1 Fn = Fll2
+[F @[ ([ (En@) =F (En@) | + | (Fu(@)) ~f' (F))])
< |, (FuG)) [1E = Flla + |F' @) (Fon ~F 11 + 7 (F @) =7 (F)))-
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Notice f and fm are C' differentiable. Then it follows from (2.1)-(2.3) that B(x) — 0 uni-
formly in I when m — oo.
On the other side, note that ?’(x),ﬁ;n(x) > 0 for all x € K(F), which implies

0 < sup —I
xel | F'(F7Y(f(F(x))))
and
o< un| f(() <>~ .
xel | EL (F1(Fou(Fn(%))))E/(E1(F(F
Therefore, in view of (2.6), it gives
Tim [|f5, /"] =0
We conclude lim,,,, » ||fis —flo = 0. The proof of Theorem 2.1 is completed. O

Theorem 2.1 shows the C? stability of iterative roots with 1-extension since the form of
roots is determined uniquely by (1.2). Conversely, we conclude the C? instability for those
roots with different extensions. Moreover, according to the construction of iterative roots
with large extensions (see [11]), we find that the mode of the roots is not unique, which
leads to the C! instability for those iterative roots in different modes. Similar to the proof
for the 1-extension in Theorem 2.1, we have the following result for larger extensions.

Theorem 2.2 Let F € PMi(I,A)_ (or PM1(I, 1)) with some X\ € (0,1) and let (F,,) be a
sequence of functions in PMy(I, 1) (or PMy(L,1),). If

lim ||F,, —F|l2 =0
mM—> 00
and F, F,, has a kth order C* iterative root f and f,, with the same mode of extension, then
lim |y, —fll1 =0
m— 00

3 Hyers-Ulam stability
In this section we prove the Hyers-Ulam stability of equation (1.1).

Suppose F € PM(/,I) and I; is an open interval between two consecutive forts (or end-
points) of F. Recall I = UZ(OF) cl(;) and welet I(F) :={I;:i=0,1,...,N(F)}.

Theorem 3.1 Let F € PM(I, 1) with H(F) = 1 be given. If the function f; € PM(I,I) is Lips-
chitzian with constants m > 0, M > 0 such that

mlx -y < |fi(x) - ()| < Mlx -y 31

for every x,y € K(F), and satisfies:
(Al) H(f;) =1 and K(f;) = K(F);
(A2) fSk(x) = F(x) for all x € K(F), and f; maps K(F) onto itself homeomorphically;
(A3) |If* - Fllo < 6 for a constant § >0,
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then equation (1.1) has a solution f € PM(I,I) such that

1+M

I ~Flo < ——=o. (32)
Proof This proof is based on the construction of iterative roots of F € PM(/,I) with
H(F) =1. Let

Fi(x):=f*(x), Vxel (3.3)

It follows from (A1) that H(F;) = 1 and K(F) is also the characteristic interval of F; by the
iterating mode of f;. Thus, from the proof of Theorem 1.1 in [11] and (1.2), each kth order
continuous iterative root f; of F; is extended from that on K(F) by the following formula:

@) = F|e ofilke o Fsliy(x),  Vx € I; e IF)\{K(F)}. (3.4)

Hence, the desired function f € PM(Z,I) can be defined by
s(X), x € K(F),

fx):= f(_l) (F) (3.5)

FIp o Sl o Fly®),  x e € IE)NK(E)).

Since F; maps K (F) onto itself homeomorphically by (A2), it means that F; |1‘(1( 7O filkry o Fly,
is well defined. Since f*(x) = F(x) for all x € K(F), one can check that f defined in (3.5) is a
solution of equation (1.1).

In order to prove (3.2), it suffices to prove

1+M

0, Vxel; el(F). (3.6)
m

s =fllo <

Obviously, (3.6) holds for every x € K(F). We next claim that, for every x € I,
(K1) |Fs|1}1(p) o filk) o Fli, (%) = Fylx(p) o filke) © Fsly; )| < %5,
(<2)  [Flidy o i © Flyo) ~ Bl o ilecm o Fly (9] = 5
Actually, it follows from (3.1), (A3), and (3.3) that, for every x € I,
[fslk) © Fli, (%) = fil k() o Fslp, ()| < M|F|j,(x) = Fl,(x)| < M8
and

filk) © Fli; (%) — fi |k o Fsl;, ()]

= |Fs o Fi|{p) o filke) o Fli, (%) — Fs o Fo| g o filke) © Fil;, (%)

> m* | Fy|gip) o filk) © Fli (%) = Fl g o file o Foli, (x)

’

which gives (K1).
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On the other hand, in view of (3.1) and (A3) we have

8> |Fo Flkl(p) ofslk) o Fl;,(x) —F o F|f<l(p) o filke) o Fl;, ()]
= |Fs o Fl(p o filk) © Fli,(x) = Fs o Fil gy o filkr) © Fly, ()|

> m"|FIgg o filk) o Fli, (%) = Fole o filk) o Fli, )]

for every x € I and thus (K2) is proved.
Therefore, consider every x € I, it follows from (K1) and (K2) that

i) —f®)| = |Flxip) o filk) o Fli, (%) = Fslp) o filk) o Foly, (%)
< |F|Z<1(F) o fslx) o Flr,(x) — F; |1}1(F) o filke) o Fl;, ()]

+ |Eslxe o filk o Fli (%) = Fslie o filk) o Folr,(%)]

1+M
< 8.
ST
Thus (3.2) is proved. The proof of Theorem 3.1 is completed. d

Theorem 3.2 Let F € PM(I,I) with H(F) =1 be given. If the function f; € PM(I,I) is Lips-
chitzian with constants m > 0, M > 0 such that

mlx -y < |fi(x) - ()| < Mlx -y

for every x,y € K(F), and satisfies:
(A1) for each I; € I(F) there exists a positive integer T < min{k, N(F)} such that
fT(L;) C K(F) and S(f*) = S(F);
(A2) fsk(x) = F(x) for all x € K(F), and f; maps K(F) onto itself homeomorphically;
(A3) |If* - Fllo < 6 for a constant § >0,
then equation (1.1) has a solution f € PM(I,I) such that

1+M
mk

s =fllo < 8.

The proof is similar to that of Theorem 3.1.

4 Examples
Example 4.1 Consider the mapping F; : [—%, 1] — [—%, 1], defined by

Fi(x) x>+ 3x% + 1%, Vxe[-1,0),
X) =
! 1+ ix, Vx € [0,1].

Clearly, F; € C*([-1,0)) U C*([0,1]) and F; maps [-1,1] into [0,1]. Thus, K(F}) = [0,1].
Moreover, A = i and all conditions in PM;(I,A)_ are satisfied on K(F;). Therefore, by
Theorem 2.1 the C! iterative root of F; with 1-extension is C! stable.

Example 4.2 Define the mapping F; : [0,1] — [0,1] by

) V eofl,
Ew=1" x€l0,5]

26* -2+ 3, Vxe(3,1].
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Obviously, H(F;) =1 and K(F) = [0, %]. In order to demonstrate the validity of conditions
in Theorem 3.1, consider the function f; : [0,1] — [0,1]:

X, Vx € [O,%],
—x+1, Vxe(3,1],

Solx) =

which is Lipschitzian with the constants m = %, M= g—(l) on K(F,), such that
51
<

< 50|x—y|.

49

5|x—y| < &) - £
Moreover, one can check that conditions (Al) and (A2) in Theorem 3.1 are true for f;. We
further calculate that

] V S O,l ’
f;Z(x): X X [1 2]
-x+1, Vxe(5,1].

Hence, it follows that

[f2(x) - Fa(x)| = <=, Vvxe[o,1].

oo | Ut

1
2w —x— =
2

Therefore, by Theorem 3.1, equation (1.1) has a solution f € PM([0,1],[0,1]) such that

s =fllo < 192,'6%245 for all x € [0,1].
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