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1 Introduction
The well-known Lazarevi¢ inequality [1, 2] states that
: p
(smh(x)) > cosh(x) (1.1)
x
for all x > 0 if and only if p > 3.
Inequality (1.1) was generalized by Zhu [3] as follows.
Let p € (—00,8/15] U (1, 00). Then the inequality
: q
(Sm:(x)> >p + (1 - p)cosh(x)
holds for x > 0 if and only if g > 3(1 — p).
For p > 0, Yang [4] proved that the inequality
. 3p?
(smil(x)) > cosh(px) (1.2)

holds for all x > 0 if and only if p > +/5/5, and inequality (1.2) is reversed if and only if
p=<1/3.
Neuman and Sandor [5] proved that the Cusa type inequality

sinh(x) 2 + cosh(x)
<
x 3

holds for all x > 0.
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In [6], Zhu presented a more general result which contains Lazarevi¢ inequality (1.1) and
Cusa type inequality (1.3) as follows.

Theorem A The following statements are true:
(i) Ifp = 4/5, then the double inequality

sinh(x)

p
1—)L+)Lcosh”(x)<( ) <1-1n+ncosh’(x)

holds for all x > 0 if and only if A < 0 and n > 1/3.
(ii) Ifp <O, then the inequality
<sinh(x)

X

»
> <1-1n+ncosh”(x)

holds for all x > 0 if and only if n <1/3.

More inequalities for the hyperbolic sine and cosine functions can be found in the liter-
ature [7-19].
Let p,q € R and H, 4(x) be defined on (0, o) by

up( sinh(x) )
H, =—2* 1.4
(%) U, (cosh(x)) (1.4)
where the function U,(t) is defined on (1, 00) by
-1 . -1
u,t)=—— @#0), Up(t) = lim —— =logt. (1.5)
p 0 p

The main purpose of this paper is to deal with the monotonicity of H,,(x) on (0, c0),
generalize and improve the Lazarevi¢ and Cusa type inequalities, and present the new
bounds for certain bivariate means.

2 Monotonicity
Lemma 2.1 Letp € R and U,(t) be defined on (1,00) by (1.5). Then the function p — U,(t)
is increasing on R and U,(t) > 0 for all t  (1,00).

Proof Let p #0, then the monotonicity of the function p — U,(t) follows easily from

aL;;(t) ) ;_Z[("” —1) ~log(t7)] > 0.

It follows from the monotonicity of the function p — U,(¢) that

U,(t)> lim U,(f)= lim —— =0.

p0> I = =
Lemma 2.2 (See [11,20]) Letf,g: [a,b] — R be continuous on [a, b) and differentiable on
(a,b),and g #0 on (a,b). Iff'Ig’ is increasing (decreasing) on (a, b), then the functions

fx) - f(a) fx) - f(b)
g —gla)”  glx) - g(b)

are also increasing (decreasing) on (a, b).
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Lemma 2.3 (See [21]) Let {a,}52, and {b,}2, be two real sequences with b,, > 0 for n =
0,1,2,..., and the power series A(t) =Y oo ant" and B(t) = Y oo, byt" have the radius of
convergence r > 0. If the non-constant sequence {a,/b,}o, is increasing (decreasing), then
the function A(t)/B(2) is also increasing (decreasing) on (0,r).

Let Sh,(x) and Ch,(x) be defined on (0, 00) by

2.1)

Sh () = up(sinh(x))

and
Ch,(x) = Up(cosh(x)), (2.2)

respectively, where the function U, is defined by (1.5). Then from (1.4) and (1.5) we clearly
see that the function H, ,(x) can be rewritten as

-1
;g? cosh?(x)-1’ Pq #O’
+ 1 (%)p_l
H (x) B Shp(x) B Shp(x) - Shp(O ) B  Tog(cosh(x))’ p 7{0’ q= 0, (2 3)
Pq - - - sinh(x) .
Ch,(x) Ch,(x) — Ch,(0%) log Sinhtx) B
! v i qcoshq(x)—l ’ p= 0, q 7/ 0,
log 23
log(cosh(x))’ p=q9= 0.

Let pq # 0. Then it follows from (1.5), (2.1), and (2.2) that

Shy, (x) _ cosh!™(x) <sinh(x)
Ch; (x) ~ x2sinh(x)

flx) = (%) (Sinh(x) )p, (2.5)

-1
)P [xcosh(x) - sinh(x)] =:fi(x), (2.4)

X

~ x2sinh®(x) cosh?(x) x
where
fo(x) = pA(x) — gB(x) + C(x) (2.6)
with
Ax) = [x cosh(x) — sinh(x)]2 cosh(x) > 0, (2.7)
B(x) = x[x cosh(x) — sinh(x)] sinh?(x) > 0, (2.8)
C(x) = —2x% cosh(x) + « sinh(x) + cosh(x) sinh?(x) > 0, (2.9)

where C(x) > 0 due to

)
Cla) = 2 cosh(x)|:smi:2 @, @ - 2} >0

by the Wilker type inequality given in [15].
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It is not difficult to verify that (2.4)-(2.6) are also true for pg = 0.

Let
ay = (4n* =141 +9)9" " +12n* —10n - 1, (2.10)
by =4n(n—2)9"" —4n(n -2), (2.11)
Cp=9"-32n>+24n 1. (2.12)

Then making use of (2.7)-(2.9) together with the power series formulas sinh(x) =
Yoo x*1/(2n + 1) and cosh(x) = Yoo x2"/(2n)! we have

Ax) = [x cosh(x) — sinh(x)]2 cosh(x)

1 3 1
= Exz cosh(3x) + Exz cosh(x) — o sinh(3x)

1 1
- Ex sinh(x) + 2 cosh(3x) — 2 cosh(x)

) i (4n* —14n +9)9" 1 + 12n* — 10m - 1x2" _ i @ on (2.13)
—~ 4(2n)! —~ 4(2n)!
B(x) = x[x cosh(x) — sinh(x)] sinh? (%)
1 1 1 3
= Zx? cosh(3x) — sz cosh(x) — Zx sinh(3x) + Zx sinh(x)
oo -1 0
4 —-2)9" -4 -2 b
oy =) =D o b (214)
£ 4(2n)! — 4(2n)!
C(x) = —2x% cosh(x) + x sinh(x) + cosh(x) sinh?(x)
1 1
= —2x% cosh(x) + x sinh(x) + 2 cosh(3x) — 2 cosh(x)
9" -321 +24n -1 5 = i
= "= ", 2.15
2; 4(2n)! ¥ Z; a2n)” (215)

In order to investigate the monotonicity of the function H, ;, we need Lemma 2.4.

Lemma 2.4 Let A(x), B(x), and C(x) be, respectively, defined by (2.7), (2.8), and (2.9), f3 be
defined on (0, 00) by

_ PA(x) — qB(x)
flx) = W +1, (2.16)

23
h={g=0,p>0}U{g>02>=21ulg<0,2 <1, (2.17)
q 17 q

and

p

p 23
L={g=0,p<0}U{g>0,~<1;Uqg<0,—>—1. (2.18)
q q 17

Then the following statements are true:
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(i) f5 is increasing from (0, 00) onto ((5p —159)/8 +1,00) if (p,q) € I1;
(ii) f5 is decreasing from (0, 00) onto (o0, (5p —15¢)/8 + 1) if (v, q) € L.

Proof Leta,, b,, and ¢, be, respectively, defined by (2.10), (2.11), and (2.12). Then it follows
from (2.13)-(2.16) that

oo pan—qby 2
Zn=3 4}22;1)!”96 " (2 19)
ZOO Cn_p2n :
n=3 4(2n)!

fx)-1=

pﬂn—qbn a b
LTI Lk .y (2.20)

2n) n
Pani —qbp  pay — qby,
Cn+l - Cn
P(anicn = ancui1) = G(busiCn = byCui1)

CnCnil

Yn

Vy — ’ = 0’
_ PVn = qn _ Pcvncn+1 o 9 (2.21)
CnCu+l —”4(5 - ﬁ)» q70,

Cnln+l

where

Uy = bp1Cn — buCpi
=2 x 9"[(361 -18)9" — (512n* - 384n° — 560n” + 7921 — 36)]
+4(42n +40n° - 1), (2.22)
Vi = Api1Cy — ApCpal

=2 x 9"1[(36n - 45)9" — (512n* - 1,1521° +1,0721)]

+2 x [2(281+5)9" - (16n* + 601+ 5)]. (2.23)
We claim that
¢, >0 (2.24)
and
v, >0 (2.25)
for n > 3.

Indeed, making use of the binomial expansion we have

p=9"-32n*+24n—-1=(1+8)"-32n> +24n -1
nn-1)
2

>1+8n+ 82 -321% +24n-1=0,

(361 —45)9" — (512n* - 1,1521° +1,072n°)

n(n-1) nn-1)(n-2) 83)

8%+

>(36n—45)(1+8n+ 6
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- (512n* - 1,1521° +1,0721%)
=2,560(n - 3)* +19,968(n - 3)° + 55,760(n — 3)* + 65,340(n — 3) + 25,991 > 0,
2(28n +5)9" — (161> + 60n + 5)
>2(28n +5)(1 + 8n) — (16n* + 601 + 5)

=432n2 +76n+5>0

for n > 3.

We divide the proof into two cases.

Case 1. g = 0. Then (2.19)-(2.21), (2.24), (2.25), and Lemma 2.3 lead to the conclusion
that f3(x) is increasing on (0, 00) if p > 0 and decreasing on (0, 00) if p < 0. Therefore, we
have 5p/8 + 1 < lim,_, o+ f3(x) < f3(x) < lim,_, oo f3(x) = 00 for p > 0, f3(x) =1 for p = 0, and
—00 < lim,—, o0 f3(%) < f3(x) < limy_ o+ f3(x) = 5p/8 + 1 for p < 0.

Case 2. q # 0. We first prove that u,/v, is decreasing for n > 3. From (2.25) we know
that it suffices to show that u,,v,.,1 — 1,,,1v, > 0 for n > 3. It follows from (2.22) and (2.23)
that

UnVnsl — Uns1Vn

16
= 2oL rg3m _(1,024n* — 2,5600° + 2,752n” + 243)9%"
+(1,024n* +2,5601° + 2,752n" + 243)9" - 81]. (2.26)
Note that

9"+? — (1,024n" - 2,560n° + 2,752n" + 243)

n+2)(n+ 1)82 s n+2)(n+ 1);/183
2 6
. n+2)(n+1nn-1) gt n+2)n+1nn-1)(n- 2)85
24 120

- (1,024n* - 2,5601° +2,752n> + 243)

>1+8(m+2)+

=2,048(n — 3)° + 24,320(n — 3)* + 119,680(x — 3)°

+297,040(1 — 3)% + 355,692(11 — 3) + 151,605 > 0 (2.27)

for n > 3.
Therefore, u,,V,.1 — tn1Vy > 0 for n > 3 follows from (2.24), (2.26), and (2.27).
From (2.21), (2.24), (2.25), and the monotonicity of u,/v, we clearly see that
U, Uy - u3 23

1=1lm —<—< =—,
n—>00 vV,  V, vy 17

>0, g>0,2>2

q =17’
pana — qbrﬁ-l _ pay — qhn _ < O’ q< 0,§ = %’ (2 28)
Cn+l Cn <0, q> 0;§ <1, '

>0, q<0,§§1.
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Therefore, the desired results follows easily from (2.19), (2.20), (2.28), and Lemma 2.3
together with the facts that

. 5p —15¢q
1 =——— 41,
i o) =
00, >0,2>2org<0,2<1,
lim f3(x) = 125 =17 M0 q =
x—>00 —00, q<0,§zﬁorq>0,§§1. O

From Lemma 2.4, we get the monotonicity of H, , as follows.

Proposition 2.1 Let I; and I, be defined, respectively, by (2.17) and (2.18), and H, ;(x) be
defined on (0,00) by (2.3). Then the following statements are true:

(i) Hp4(x) is increasing on (0,00) if (p,q) € L, U (0,0) N {(5p —15¢)/8 + 1 = 0};

(i) Hpq(x) is decreasing on (0,00) if (p,q) € I, N {(5p —159)/8 +1 < 0}.

Proof Let f(x) and f3(x) be defined by (2.6) and (2.16), respectively.

(i) If (p,q) € 1U(0,0) N {(5p—159)/8 +1 > 0}, then H, ,(x) is increasing on (0, co) follows
easily from (2.4)-(2.6), (2.9), (2.16), Lemma 2.2, and Lemma 2.4(i).

(ii) If (p,q) € LN {(5p—159)/8 +1 < 0}, then H,,4(x) is decreasing on (0, co) follows easily
from (2.4)-(2.6), (2.9), (2.16), Lemma 2.2, and Lemma 2.4(ii). (I

It is easily to verify that (p,q) € 1 U (0,0) N {(5p — 15¢9)/8 + 1 > 0} is equivalent to

3q-8/5, q€[34/35,00),
p>1423¢/17, qel0,34/35),
q? q € (—OO, 0)

or

p/3+8/15, pe[46/35,0),
g < 1{17p/23, p € 10,46/35),
P: p € (—OO, 0)’

and (p,q) € I, N {(5p —159)/8 + 1 < 0} is equivalent to

9, q € [4/5,00),
b=
3q-8/5 ¢qe(-00,4/5)

or

22 p € [4/5,00),
T=) pi3+8/15, pe(-o0,4/5).

Therefore, Proposition 2.1 can be restated as Propositions 2.2 and 2.3.

Proposition 2.2 Let H, ,(x) be defined on (0,00) by (2.3). Then the following statements
are true:
(i) Ifq € [34/35,00), then H, ,(x) is increasing on (0,00) for p > 3q — 8/5 and
decreasing for p < q.
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(ii) If g € [4/5,34/35), then H, 4(x) is increasing on (0,00) for p > 234q/17 and
decreasing forp < q.

(iii) Ifq € (0,4/5), then H, 4(x) is increasing on (0,00) for p > 23q/17 and decreasing for
p <3q-28/5.

(iv) If g € (—00,0], then Hy4(x) is increasing on (0,00) for p > q and decreasing for
p <3q-28/5.

Proposition 2.3 Let H,,(x) be defined on (0,00) by (2.3). Then the following statements
are true:
(i) Ifp € [46/35,00), then Hy,4(x) is increasing on (0, 00) for q < p/3 + 8/15 and
decreasing for q > p.
(ii) If p € [4/5,46/35), then H, 4(x) is increasing on (0,00) for g <17p/23 and
decreasing for q > p.
(iii) Ifp € (0,4/5), then H,4(x) is increasing on (0, 00) for g < 17p/23 and decreasing for
q > p/3 +8/15.
(iv) Ifp € (—00,0], then H, 4(x) is increasing on (0,00) for q < p and decreasing for
q > pl/3 +8/15.

Let p = kg, then Proposition 2.1 leads to the following corollary.

Corollary 2.1 Let H,4(x) be defined on (0,00) by (2.3). Then the following statements are
true:
(i) Ifk € (3,00), then Hyq4(x) is increasing on (0,00) for g > 0 and decreasing for
q < 8/[5(3 - k)].
(ii) If k =3, then Hygq(x) is increasing on (0,00) for all g € R.
(iii) Ifk € [23/17,3), then Hy,4(x) is increasing on (0,00) for 0 < q < 8/[5(3 — k)].
(iv) Ifk € (1,23/17), then Hyy4(x) is increasing on (0, 00) for g = 0.
(v) Ifk € (—00,1], then Hyg4(x) is increasing on (0,00) for g < 0 and decreasing for
q > 8/[5(3 - k).

Let I; and I, be defined by (2.17) and (2.18), respectively. If (5p —15¢)/8 + 1 = 0, then we

clearly see that

5p—15¢q 34 8 46 5p+8
LU{0,0)N 1=ob=lg=22 o325 20 ,
10100} { g } {q—35p 1 5} {p—ssq 15
5p —15¢q 4 8 4 5p+8
LN 1=0; = <—,p=3g—-—¢ = < —-,g= ,
’ { 5 } {”’—5’” ! 5} {’”—5‘1 15}

and Proposition 2.1 leads to the following corollary.

Corollary 2.2 Let Hy4(x) be defined on (0,00) by (2.3). Then Hz,_g54(x) is increasing on
(0,00) if g > 34/35 and decreasing if g < 4/5. In other words, Hy,5p.8)/15(X) is increasing on
(0,00) if p > 46/35 and decreasing if p < 4/5.

3 Main results
In this section, we present several Lazarevi¢ and Cusa type inequalities involving the hy-

perbolic sine and cosine functions with two parameters.
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Let Sh,(x), Ch,(x), H,,(x), I;, and I, be, respectively, defined by (2.1), (2.2), (2.3), (2.17),
and (2.18). Then it is not difficult to verify that

11U{O,0}ﬂ{

17p 5p+8 5p+8
= Osqsmin(—p P >}U{q§min<0,p, P+ )],

5p—15
ps q+1zo}

237 15 15

+1§0}

17p 5p +8 5p+8
= max(—p,L>§q<0}U{qimax(O,p, pl; )},

From Proposition 2.1, we get Theorem 3.1 immediately.

Theorem 3.1
(i) If0 <g <minf{l17p/23,(5p + 8)/15} or g < min{0, p, (5p + 8)/15}, then the inequalities

sinh(x)
(=2p -1 § 1 cosh?(x) -1

(pq #0), (3.1)
p 3 4
mg(smh(x)) S 1 COShq(x) -1 (p =0, q # 0)’ (32)
X 3
sinh(@) \p _
‘xl’# . % log[cosh@)] (70,4 =0), (33)
1og(Sin:(x)> g % log[cosh(x)] (p=q=0), (4

hold for x € (0, 00) with the best possible constant 1/3.
(i) Ifmax{17p/23,(5p + 8)/15} < g < 0 or g > max{0,p, (5p + 8)/15}, then all the

inequalities (3.1)-(3.3) are reversed.

For clarity of expression, in the following we directly write Sh,(x), Ch,(x), and H,,4(x),
and so on. For their general formulas, if pg = 0, then we regard them as limit at p = 0 or
q = 0, unless otherwise specified.

Lemma 3.1 will be used to establish sharp inequalities for hyperbolic functions.

Lemma 3.1 Let Sh, and Ch, be, respectively, defined on (0,00) by (2.1) and (2.2), and D, ,
be defined on (0, 00) by

. (@) 1 cosh(x) — 1

Dpa(w) = Shy() = 3 Chy(o) = —— 3 (3.5)

Then we have

D,,(x) 1 8
lim Pra® _ 1 (0 o 8Y '



Yang and Chu Journal of Inequalities and Applications (2015) 2015:403

. Daggpex) 1 34
lim =224 -~ (-2 ),
x—0* x6 270 35

o0, p>q=>0,
oo, PEqZO;

xgr&[e_qu"’q(x)] B —%, qg>p>0,
—%, q>p=0,
00, p=>0,g<0,
lim D, (x) = { —oo, p<0,g>0,
. 3%—}7, p<0,9<0.

Proof Let x — 0%, then making use of power series formulas and (3.5) we get

5p-15q+8 , 35p*—42p-3154* +630q - 320
X + X +0

Dy q(x) =

Therefore, (3.6) and (3.7) follows easily from (3.10).
We divide the proof of (3.8) into four cases.
Casel.p >0, g >0. Then (3.5) leads to

Jim (€77 Dypq ()]

1et-9* (1_e2\? 1 /1+e2\?7 (1 1
lim | — -— -|-=-= )7
x—>oo| p XP 2 3q 2 p 3q

_{OO, p>q>0’

—%, qg>p>0.

Case?2.p =0, g > 0. Then it follows from (3.5) that

lim [e"”‘Dqu (x)]

X—>00

1- —2x 1/1 —~2x\ 4
= lim | xe™® + e ™ log ¢ —eTlogx— — te +
x—>00 2 3q 2

21

Case 3.p =0, g =0. Then (3.5) leads to

2 1 1-— —2x 1 —2x
lim Dgg(x) = lim [x<§ - ﬂ) + log( ¢ ) _-te i| = 00.
x

X—> 00 X—> 00

2 6

Case4.p >0, g =0. Then it follows from Lemma 2.1 and (3.5) that
Dyp,o(x) > Do o(x)

for x € (0, 00).
Therefore,

lim D, o(x) = 00
X—>0Q0

follows from Case 3 and (3.11).

6
360 45,360 (x°).

Page 10 of 19

3.7)

3.9)

(3.10)

(3.11)
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Equation (3.9) follows easily from (3.5) and the fact that

. oo, p=0,
xlinolo Up(x) - _117 p< 0. O

’

Making use of Proposition 2.2 and Lemma 3.1 we get Theorems 3.2 and 3.3.

Theorem 3.2 The following statements are true:
(i) If g € [34/35,00), then the double inequality

(SiﬂTh(%))pz -1 . cosh?(x) — 1 . (%(%))m -1

P2 3q p1

(3.12)

holds for x € (0,00) if and only if p1 > 3q — 8/5 and p; <gq.

(i) If q € [4/5,34/25), then the second inequality of (3.12) holds for x € (0, 00) if
p1 > 23q/17, and the first inequality of (3.12) holds for x € (0, 00) if and only if
P2=q.

(ili) Ifq € (0,4/5), then the second inequality of (3.12) holds for x € (0, 00) if p1 > 23¢q/17,
and the first inequality of (3.12) holds for x € (0,00) if and only if p, < 3q — 8/5.

(iv) If g € (—00,0], then the second inequality of (3.12) holds for x € (0,00) if p1 > q, and
the first inequality of (3.12) holds for x € (0,00) if and only and p, < 3q — 8/5.

Proof All the sufficiencies in (i)-(iv) follow from Proposition 2.2 and H, 4(0*) = 1/3. Next,
we prove the necessities in (i)-(iv).

(i) If g € [34/35, 00) and the second inequality of (3.12) holds for all x € (0, 00), then (3.5)
and (3.6) lead to the conclusion that p; > 3q—8/5.1f g € [34/35, 00) and the first inequality
of (3.12) holds for all x € (0, 00), then we claim that p, < g, otherwise, py > g € [34/35, 00)
and the first inequality (3.12) imply that D, ,(x) < O for all x € (0, 00), which contradicts
with (3.8).

(ii) If g € [4/5,34/25) and the first inequality of (3.12) holds for x € (0, 00), then the proof
of py < g is similar to part two of (i).

(iii) If g € (0,4/5) and the first inequality of (3.12) holds for x € (0, 00), then the proof of
P2 <3q —8/5 is similar to part one of (i).

(iv) If g € (—o0,0] and the first inequality of (3.12) holds for x € (0, 00), then (3.5) and
(3.6) lead to the conclusion that p, < 3g — 8/5. O

Theorem 3.3 The following statements are true:
(i) Ifp €[46/35,00), then the double inequality

cosh? (x) — 1 (%)” -1 cosh®(x)-1
< <

(3.13)
3q1 p 39>

holds for all x € (0,00) if and only if g1 < (5p + 8)/15 and g, > p.

(i) Ifp € [4/5,46/35), then the first inequality of (3.13) holds for all x € (0,00) if
q1 <17p/23, and the second inequality of (3.13) holds for all x € (0,00) if and only if
g2 Z P
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(iii) Ifp € (0,4/5), then the first inequality of (3.13) holds for all x € (0,00) if
q1 <17p/23, and the second inequality of (3.13) holds for all x € (0,00) if and only if
q> > (5p + 8)/15.

(iv) Ifp € (—00,0], then the first inequality of (3.13) holds for all x € (0,00) if g1 < p, and
the second inequality of (3.13) holds for all x € (0,00) if and only if g, > (5p + 8)/15.

Remark 3.1 Let g =1. Then Theorem 3.2(i) leads to the conclusion that the inequality

X

. 3(1-p)
(smh(x)) ’ > p + (1 - p) cosh(x) (3.14)

holds for all x € (0, 00) if and only if p < 8/15, and inequality (3.14) is reversed if and only
ifp>2/3.

Remark 3.2 Let ¢ € (1,00), and 2,4, and M(¢; p, q) be, respectively, defined by

Q= {(2@):p =0} U{(p.g) :3g <p<0} (8.15)
and
(-4 +4tD', pg#0,(,9) € g
(t1-1)/(3q) =
M(t,p, q) _ ep ) " P 0) q # 0’ (3.16)
(Zlogt +1)"7, p>0,9=0,
£13 p=q=0.

Then we clearly see that H,,(x) < (>) H,,(0%) = 1/3 for all x € (0,00) is equivalent to
sinh(x)/x > (<) M(cosh(x); p,q). Moreover, it is not difficult to verify that M(t; p, q) is de-
creasing with respect to p and increasing with respect to q if (p,g) € Q4.

Remark 3.3 From Remark 3.2 we know that Theorems 3.2 and 3.3 are also true if (p, q) €
Q,,, and replacing (3.12) and (3.13), respectively, with

1/p1 inh 1/p2
1- L + B cosh?(x) < sinh(*) <l1- el + b2 cosh?(x)
3q 39 3q

3q X
and
1/p inh 1/p
(1 _r + L cosh?! (x)) < sinh() < (1 -2 + P cosh?? (x)) .
31 3q x 32 32

Let g =1, then Theorem 3.2 leads to Corollary 3.1.

Corollary 3.1 The double inequality

1/m inh Upa
1= 20 P oshin) P ® <(1-2 4+ 2 cosh(w)
3 3 x 3 3

holds for all x € (0,00) if and only if py > 7/5 and 0 < p, <1.
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Remark 3.4 Letting p; = 7/5,3/2,2,3 and making use of the monotonicity of M(cosh(x);
p,q) with respect to p, then Corollary 3.1 leads to the inequalities

1 2 1/2 11 2/3
cosh”?(x) < [ = + = cosh(x) < | = + = cosh(x)
3 3 2 2

1
< — 4 — cosh(x)
3 3

8 7 517 sinh(x) 2
< | — + — cosh(x) <
15 15

for x € (0, 00), which is better than the inequalities given in (3.23) of [7].
Let p = 0,1, then Theorem 3.3 leads to Corollary 3.2.
Corollary 3.2 Let x € (0,00). Then the double inequality

pleoshtt 0-1/3an) _ SIO®)(cosner ()-1)/3q2)
X

holds if and only if g1 < 0 and q, > 8/5, and the double inequality

1 1 sinh(x 1 1
1-— + —cosh?(x) < () <1- — + — cosh?(x) (3.17)
31 3q x 3¢2 3q2

holds if and only if 1 <17/23 and q; > 1.

Remark 3.5 Letting ¢; =17/23,2/3,1/2,1/3,1/6,0 and making use of the monotonicity of
M(cosh(x); p, q) with respect to g, then inequality (3.17) leads to

1 1 2
3 log[cosh(x)] +1 < 2cosh”®(x) — 1 < cosh'3(x) < 3 + 3 cosh'2(x)

1 28 2
< = + = cosh?3(x) < = + == cosh!"/?3(x)
2 2 51 51

inh 2 1
_ sin (%) <= + = cosh(x)
x 3 3

for x € (0, 00).

Let p = kg, then (3.15) and (3.16) become

Qugq = {(k,q) : kg =0} U{(k,q) :k,q <0} U{(k,q):0<k <3,4 <0},

(1= 5+ 50, kg 70,k q) € Qqq
t1-1

M(t;kg,q) = { ¢35, q#0,k=0,

£13, q=0.

Remark 3.6 It is not difficult to verify that M(¢; kg, q) is decreasing (increasing) with re-
spect to q if k > (<) 3, and M(t; kq, q) is decreasing (increasing) with respect to k if g > (<) 0.

Theorem 3.4 Let x € (0,00) and k € [0,3). Then the following statements are true:
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(i) Ifk € [23/17,3), then the inequality

inh k Kk Vikg)
sinh(x) >11-=-+ = cosh?(x) (3.18)
x 3 3

holds if and only if g < 8/[5(3 — k)].
(ii) Ifk € (0,1], then the double inequality

1/ (k1) inh 1/(kq2)
1- k + ]—(coshq1 (x) P () <[1- k + ECOShq2 (%) (3.19)
3 3 X 3 3

holds if and only if g1 < 0 and g, > 8/[5(3 — k)].

Proof (i) If k € [23/17,3), then it follows from Corollary 2.1(iii) that Hyg,(x) > H,4(0%) =
1/3 and (3.18) holds for 0 < g < 8/[5(3 — k)]. For g < 0, we have M*(cosh(x); kq,q) <
M¥(cosh(x); 0,0) due to M*(cosh(x); kq,q) is a weighted gth power mean of cosh(x) and
1, so (3.18) still holds.

If (3.18) holds, then Dy, ,(x) > 0 and (3.6) leads to

. Dqu(x) 1 8
lim 4% _ = (kg —3g+2)>0
0 xt 7\ g )=

and g < 8/[5(3 - k)].

(i) If k € (0,1], then it follows from Corollary 2.1(v) that Hyg, 4, (%) > Hig,4,(0%) = 1/3,
Higy g0 (%) < Higy 4, (0%) = 1/3, and (3.19) holds for ¢; < 0 and g > 8/[5(3 — k)].

If the second inequality of (3.19) holds, then Dy, 4, (x) < 0 and (3.6) leads to g, > 8/[5(3 -
K)].

Next, we prove that the condition ¢; < 0 is necessary such that the first inequality of
(3.19) holds for all x € (0, 00). Indeed, the first inequality of (3.19) leads to Dyy, 4, (%) < O for
all x € (0,00). If 1 >0 and k € (0,1], then 0 < kgq; < ¢; and (3.8) leads to

-1

i -q1% -z
xllglo[e Digyq1 (x)] - 3q1 <0,

which implies that there exists large enough X > 0 such that Dy, 4, (%) < 0 for x € (X, 00).

O
Let k=1,3/2,2, then Theorem 3.4 leads to Corollary 3.3.
Corollary 3.3 The inequalities
2 1 YPL inh 2 1 Vp2
(§ + 3 cosh”! (x)> < sinh(x) < (§ + 3 cosh”? (x)) , (3.20)
x
inh 11 2/(5p)
sinh(x) > | = + = cosh’(x) , (3.21)
X 2 2
and
inh 1 2 g
sinh(*) > <§ + 3 coshq(x)) (3.22)
x

hold for all x € (0,00) if and only if p1 <0, po > 4/5, p <16/15, and q < 8/5.
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Let p = 3q — 8/5, then (3.15) and (3.16) become
8
Q34-854=19:9> =0

8
M(t;Bq—g,q

5(t3/15-1)/8
S8 -

8 8 \/4)5/(154-8) 8

>_{ 15g + (L=t g > 5,
- 8
15

It is easy to prove that M(¢;3g — 8/5,¢) is decreasing with respect to g on the interval
[8/15,00) and

8
lim M<t; 3q - g,q) =3,

q— 0

Theorem 3.5 Let q > 8/15. Then the inequality

inh 8 8
sinh(x) s+ (1= =) coshi(w)
x 15¢q 15¢q

holds for all x € (0, 00) ifand only if g > 34/35, and inequality (3.23) is reversed if and only
if q < 4/5.

(3.23)

]5/(15q—8)

Proof The sufficiency can be derived from Corollary 2.2. If inequality (3.23) holds, then
D34 _g/54(x) > 0 and (3.7) leads to the conclusion that g > 34/35.

Next, we prove that g < 4/5 if the reversed inequality (3.23) holds.

If there exists g > 4/5 such that the reversed inequality (3.23) holds, then Ds,_g/5 4(x) < 0,
3q - 8/5>q >4/5, and (3.8) leads to

; —qx _
xllglo [679D3qg/54(x) ] = o0, (3.24)
which contradicts with D3,_g/5,4(x) < 0. O

Let g = 34/35,1,16/15,6/5,8/5,2,00 and 4/5,7/10,2/3,3/5,8/15*. Then Theorem 3.5
leads to Corollary 3.4.

Corollary 3.4 The inequalities

1 522 o 1)\ 516
cosh(x) < (— cosh?(x) + —) < (— cosh®(x) + §>

15 15 3

5 4\ 12 1 1\5/8 7 g \57
<[ = cosh®®(x) + = < | = cosh®™(x) + = < | — cosh(x) + —

9 9 2 2 15 15

23 28\ %% inh 1 2\ 54
< | = cosh®3>(x) + = < sinh(x) <[ =cosh?(x) + =

51 51 X 3 3

2 5/2

< (% cosh”0(x) + ;—?) < (é cosh?3(x) + %) < eDleosh® P (x)-1)/8

hold for all x € (0,00).
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4 Applications
Let a,b > 0. Then the geometric mean G(a, b), arithmetic mean A(a, b), quadratic mean
Q(a, b), logarithmic mean L(a, b), Neuman-Sindor mean M(a, b) [22] and second Yang

mean V(a, b) [23] are defined by
[a? + b2
Q(dr h) = ) ’

Gla,b)=vab, Alab)=""

and
b-a
L(a,b) = ———— (a#D), L(a,a) = a,
logb —loga
—-a
M(a,b) = ——+— b), M(a,a) = a,
(a,b) 2sinh 1 (22) (a#Db) (a,a)=a
Vah=—""% Vb @sh)  Va
a,b)= —=——— a, a , a,a) = a,
/2 sinh
respectively.

The Schwab-Borchardt mean SB(a, b) [22, 24, 25] of a > 0 and b > 0 is given by

Vb2-q2

arccos(a/b)’ as< b’

SB(a,b) = { a, a=b,
Ja i

cosh~L(a/b)’ a>b,

where cosh™ (x) = log(x + +/x% — 1) is the inverse hyperbolic cosine function.
Let p,q € R and the function ¢t — Sh(p, g, £) be defined on (0, c0) by

h -
(L3N0, pg(p—gq) 70,
(smh(pt )l/p p#0,q=0,
Sh(p,q,t) = Cmﬁﬁw p=0,470,
etcoth(pt l/p’ p=q,pq 7./ 0,
1, p=gq=0.

Recently, Yang [23] proved that Sh,, ;(b, a), defined by

Shy (b, a) = {a x Sh[p,q,cosh™ (b/a)], a<b,
a, a=>b,
isamean of a and b for all b > a > 0 if (p,q) € {(p,q) : p>0,9>0,p+q <3,L(p,q) <
1/10g2}U{(p,q) :p<0,0 <p+g <3} U{(p,q):q< 0,0 <p+q <3}.
In particular, Shy o(b,a) = asinh[cosh™(b/a)]/ cosh™ (b/a) = SB(b,a) forallb > a > 0. Let
¢ = cosh™(b/a), then Theorems 3.2-3.5 lead to Theorems 4.1-4.4..

Theorem 4.1 Let b > a >0 and (p,q) € {(p,q) : p > 0} U {(p,q) : 3q < p < 0}. Then the

following statements are true:
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(i) If g € [34/35,00), then the double inequality

1/p
1— P al + ﬂbq lal—q/m
3q 3q

1/p2
<SB(b,a)<|[1- L] a? + &bq al=a'r2 (4.1)
3q 3q

holds if and only if p1 > 3q — 8/5 and p; <q.

(i) If q € [4/5,34/35), then the first inequality of (4.1) holds for p > 23q/17, and the
second inequality of (4.1) holds if and only if p» < q.

(iii) Ifq € (0,4/5), then the first inequality of (4.1) holds for p1 > 23q/17, and the second
inequality of (4.1) holds if and only if p < 3q — 8/5.

(iv) If g € (—00,0], then the first inequality of (4.1) holds for py > q, and the second
inequality of (4.1) holds if and only if p, < 3q — 8/5.

Theorem 4.2 Let b > a >0 and (p,q) € {(p,q) : p = 0} U {(p,q) : 3q < p < 0}. Then the
following statements are true:
(i) Ifp € [46/35,00), then the double inequality

1/p
|:<1 - L) a ib‘h] al-
3q1 3611

1/p
<SB(b,a) < [(1 - L)aqz + Lb’ﬂ] al~er (4.2)
34> 39>

holds if and only if 1 < (5p + 8)/15 and q, > p.

(i) Ifp € [4/5,46/35), then the first inequality of (4.2) holds for qu <17p/23, and the
second inequality of (4.2) holds if and only if g, > p.

(iii) Ifp €(0,4/5), then the first inequality of (4.2) holds for g1 <17p/23, and the second
inequality of (4.2) holds if and only if go > (5p + 8)/15.

(iv) Ifp € (—00,0], then the first inequality of (4.2) holds for q1 < p, and the second
inequality of (4.2) holds if and only if q» > (5p + 8)/15.

Theorem 4.3 Let b > a > 0 and k € [0,3). Then the following statements are true:
(i) Ifk € [23/17,3), then the inequality

k kM%)
SB(b,a) > [(1 - §>aq + gbq] aVk

holds if and only if g < 8/[5(3 - k)].
(ii) Ifk €[0,1], then the double inequality

(k1)
1- ]i a® + /_(bql 1 al~Vk
3 3

k k 1/(kq2)
<SB(b,a) < [(1 — §>aq2 + gb‘“] al~lk

holds if and only if 1 <0 and g, > 8/[5(3 — k)].
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Theorem 4.4 Let b > a >0 and p,q > 8/15. Then the double inequality

8 8 5/(15p-8)
— 1= =\ a~P/(15p-8)
15p 15p

8 3 5/(15-8)
<SB(b,a) < | —al+[1-— |b? a~7154-8)
15¢q

holds if and only if p > 34/35 and q < 4/5.

Remark 4.1 Let a,b > 0 with a #b. Then we clearly see that

b-a

Shl,O [A(ﬂ, b), G(&l, b)] =SB [A(ﬂ, b), G(ﬂ, b)] = m = L(ﬂ, b),
b —
Shyo[Q(a,b), A(a, b)] = SB[Q(a, b),A(a, b) | = ml?bi) = M(a, b),
b+a
Shyo[ Q@ b), G(a,b)] = SB[Q@ b), G(@,B)] = ————%— ~ Vi(a,b),

a1 b-a \
/2sinh (m)

and Theorems 4.1-4.4 still hold true if we replace (b,a,SB(a,b)) with (A(a,b), G(a, b),
L(a, b)), (Q(a, b),Ala, b), M(a, b)) and (Q(a, b), G(a, b), V(a, b)).
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