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Abstract

The aim of this paper is to prove continuity of the Riesz potential operator R* : £+ CH
in optimal couple £, CH, for the supercritical case on unbounded domain, where £ is a
rearrangement invariant function space and CH is the generalized Holder-Zygmund
space generated by a function space H. We also construct optimal domain and target
quasi-norms for R* on unbounded domain.
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1 Introduction
Let Ljo. be the space of all locally integrable functions f on R” with lebesgue measure. The
Riesz potential operator R®, 0 <s < n, n > 1 is defined by

Rf(x) = Rnf Wlx—yI*" dy,

where f € Li,.
It is well known that in the supercritical case s > n/p,

R :IP v C"P, s> ulp, (1.1)

where C7; y > 0 is Holder-Zygmund space [1], but in the critical case s = n/p the function
R’f may not be even continuous. We prove the optimal one is obtained if in above L? is
replaced by Marcinkiewicz space L7*°. In this paper we prove similar optimal results, when
L7 is replaced by more general rearrangement invariant spaces E. More precisely, we
consider quasi-norm rearrangment invariant space E, consisting of functions f € L' + L*,
such that the quasi-norm ||f| £ = p(f*) < oo, where pr a monotone quasi-norm, defined on
M* with values in [0, 00]. Here M* is the cone of all locally integrable functions g > 0 on
(0, 00) with Lebesgue measure.

Monotonicity means that g; < g, implies pr(g1) < pe(g2). We suppose that L' N L™ <
E — L' + L, which means continuous embeddings. Here f* is the decreasing rearrange-
ment of f, given by

) = inf{)L >0:ur(A) < t}, t>0,
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and uy is the distribution function of f, defined by

nrd) = |{x eR”: [f(x)| > k}

"

| - |, denoting the Lebesgue n-measure.
Finally,

ok ,_1 ! *
f (t).—t/Of(s)ds.

Let aeg, Br be the Boyd indices of E (see [2—4]). For example, if E = L7, then ag = B = 1/p
and the condition 1 > s/ > 1/p means p > 1, B¢ < 1. For these reasons we suppose that for
the general E, 0 < ag = B¢ <1, and the case s/n > o is called supercritical, while the case
s/n = ag is called critical. In the supercritical case the function R°f; f € E is always contin-
uous [5], while the spaces in the critical case ag = s/n, can be divided into two subclasses:
in the first subclass the functions R°f may not be continuous; then the target space is re-
arrangement invariant, while these functions in the second subclass are continuous and
the target space is the generalized Holder-Zygmund space CH [6, 7]. The separating space
for these two subclasses is given by the Lorentz space L"/*!. The continuity of fractional
maximal operator and Bessel potential operator is discussed in [8] and [9]. Gogatishvili
and Ovchinnikov in [10] discussed the optimal Sobolev’s embeddings. The problem of the
optimal target rearrangement invariant spaces for potential type operators is considered
in [11] by using L,-capacities. The problem of mapping properties of the Riesz potential
in optimal couples of rearrangement invariant spaces is treated in [12—15]. The charac-
terization of the continuous embedding of the generalized Bessel potential spaces into
Holder-Zygmund spaces CH, when H is a weighted Lebesgue space, is given in [7]. For
further literature and reviews, we refer the reader to [16—20].

The main goal of this paper is to prove continuity of the Riesz potential operator RS :
E +— CH in an optimal couple E, CH, for the supercritical case on unbounded domain.
The same problem was considered in [5] for bounded domain. The critical and subcritical
case for the continuity of Riesz potential operator was considered in [12] and [14].

The plane of this paper is as follows. In Section 2 we provide some basic definitions and
known results. In Section 3 we characterize the continuity of the Riesz potential operator
RS : E+> CH. The optimal quasi-norms are constructed in Section 4.

2 Preliminaries
We use the notations a1 < a, or a; 2 a; for nonnegative functions or functionals to mean
that the quotient a;/a; is bounded; also, a1 ~ a, means that a; < a, and a; 2 a,. We say
that a; is equivalent to a5 if a; ~ a,.

There is an equivalent quasi-norm p, ~ pr that satisfies the triangle inequality pj (g1 +
&) < pp(&@) + ph(g2) for some p € (0,1] that depends only on the space E (see [21]). We
say that the quasi-norm pr satisfies Minkowski’s inequality if for the equivalent quasi-

norm p,,

pﬁ(Zg,) S Plg), geM.

Usually we apply this inequality to functions g € M* with some kind of monotonicity.
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Recall the definition of the lower and upper Boyd indices ar and Bg. Let g, (¢) = g(t/u)
where g € M*, and let

hﬂu):sup{ﬁi—i‘ii:geM*}, u>0,

be the dilation function generated by pr. Suppose that it is finite. Then

o Toghe(®) )
E 0<t<1 logt 1<t<oco logt

The function /g is sub-multiplicative, increasing, /#g(1) = 1, hg(u)hg(1/u) > 1 hence 0 <
ap < Be. We suppose that 0 < ag = B¢ <1 and g**(oc0) = 0.

If Br < 1 we have by using Minkowski’s inequality that pg(f*) ~ pe(f**).

Recall that w € M* is slowly varying function, if for every € > 0, the function ¢ w(¢) is
equivalent to increasing function and £~w(t) is equivalent to a decreasing function.

In order to introduce the Holder-Zygmund class of spaces, we denote the modulus of
continuity of order k by

o (t,f) = sup sup‘Al,(f(x)

|h|<t xeR"

’

where Aff are the usual iterated differences of f. When k =1 we simply write w(t,f). Let
H be a quasi-normed space of locally integrable functions on the interval (0,1) with the
Lebesgue measure, continuously embedded in L*°(0,1) and || g||x = pu(|g]), where py is a
monotone quasi-norm on M* which satisfies Minkowski’s inequality. The dilation func-
tion &y, generated by py, is defined as follows:

pr(X0E,)

hy(u) = sup{ .
P (X018

€ Ma},
where (g,)(t) = g(ut) if ut <1, (g,)(¢) = g(1) if ut > 1, and
M, ={g e M* :t“""g(t) is decreasing g is increasing and g(+0) = 0}.

The choice of the space M, is motivated by the fact that (£, ), is equivalent to a func-
tion g € M,.
The function &y (1) is sub-multiplicative and z /(1) is decreasing and

hy(1) =1, hy(Wu)hy(1/u) > 1.
Suppose that /1y is finite. Then the Boyd indices of H are well defined,

log () .. loghy(z)
ag=sup ——— and Py= inf ———
o<t<1  logt lctcoo  logt

and they satisfy oy < By <1. In the following, we suppose that 0 < ay = By < 1.

For example, let H = LI(b(t)t7'"). Here 0 < y < a/n and b is a slowly varying func-
tion, and LI(w), or simply LY if w = 1, is the weighted Lebesgue space with a quasi-norm
gl a0 = Pw,q(lg]). It turns out that oy = By =y /n.
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Definition 2.1 Letj=0,1,... and let C’ stand for the space of all functions f, defined on
R”, that have bounded and uniformly continuous derivatives up to the order j, normed by
fler = sup ). IPf ()], where P'f(x) = ¥, _, Df (x).
e Ifjin<ag<(+1)/nforj>1or0<ay<1l/nforj=0,then CH is formed by all
functions f in ¢/ having a finite quasi-norm

fller = Ifllo + om (£ (£, PIF)).

o If ay = (j +1)/n, then CH consists of all functions f in C/ having a finite quasi-norm

fller = Ifllg + o (£ (£, PIF)).

In particular, if H = L®(¢™"'"), y > 0, then CH coincides with the usual Holder-Zygmund
space C7 (see [1]). Also, if H = L*°, then CH = C°. We need the following result about the

equivalent quasi-norm in the generalized Holder-Zygmund spaces.

Theorem 2.2 (equivalence) ([6]) Let py be a monotone quasi-norm, satisfying Minkowski’s

inequality and let 0 < ay = By < m/n. If pu(t¥) < 00 for o > ayy, then, for all such m,

Ifllcz 2 WIfllco + prr (™ (£7.))- (2.1)

Let N be the class of all admissible couples, it will be convenient to use the following

definitions.

Definition 2.3 (admissible couple) We say that the couple (og, pr) € N is admissible for
the Riesz potential if

RS oy S PE(FY), fEE. (2.2)

Then the couple E, H is called admissible. Moreover, pg (E) is called domain quasi-norm
(domain space), and py (H) is called the target quasi-norm (target space).

To prove our result we introduce the classes of the domain and target quasi-norms,
where the optimality is investigated.

Let N, consist of all domain quasi-norms pg that are monotone, satisfy Minkowski’s

inequality, O < ag = B¢ < 1, and the condition

/ Prle(t)de < pe@) g b 2.3)

0

fooog*(u) du < pe(g*) and pe(xont™) < oo if o < o,
Let N; consist of all target quasi-norms py that are monotone, satisfy Minkowski’s in-
equality, 0 < ay = By <1, pu(t*) < 0o if @ > ay and sup x0,1g(#) S pe(x01)2), £ € M.
Finally

N :={(p£, o) € Na x N : pri (xont"g(0)) S pe(@)g L}



Kang et al. Journal of Inequalities and Applications (2015) 2015:398 Page 5 of 15

Definition 2.4 (optimal target quasi-norm) Given the domain quasi-norm pg, the op-
timal target quasi-norm, denoted by pg ), is the strongest target quasi-norm, such that

(E; pH(E)) € N and

pr(X008) S pHE (X(01E), & € My, (2.4)
for any target quasi-norm pg such that the couple (o, py) € N is admissible. Since
CH(E) — CH, we call CH(E) the optimal Holder-Zygmund space. For shortness, the space
H(E) is also called an optimal target space.
Definition 2.5 (optimal domain quasi-norm) Given the target quasi-norm py € N;, the

optimal domain quasi-norm, denoted by pg), is the weakest domain quasi-norm, such
that (g, or) € N and

pean (f) S pe(f*), f€E,

for any domain quasi-norm pg € N, such that the couple (pg, pr) € N is admissible. The

space E(H) is called an optimal domain space.

Definition 2.6 (optimal couple) The admissible couple (og, o) € N is said to be optimal
if both pr and pp are optimal. Then the couple E, H is called optimal.

3 Admissible couples
Here we give a characterization of all admissible couples (og, o) € N. By using the fol-
lowing Hardy-Littlewood inequality [2], p.44, we get the well-known mapping property:
RS ALY > I,
Now from (2.3) it follows that
R :E— L™, (3.1)
We have the following basic estimate.

Theorem 3.1 Iff € E, then

xone™ (" Bf) SS() @), s<m, (3.2)
where
t
Sg(t) := / " g(u)du, geM". (3.3)
0
Proof The proof of this result follows from Theorem 3.1 in [5]. d

Now we discuss the mapping property R* : E > C°.
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Theorem 3.2 A necessary and sufficient condition for the mapping
R:ErC°

is the following:

oo
[ emoasne, L. (3.4
0
Proof We already know that
R:E— L™, (3.5)

To prove that RS(E) C C, it remains to show that R’f is a uniformly continuous function.

It is enough to show that
lim(¢7,Rf) =0 iff € E.
By using Marchaud’s inequality,
oleh R S [ " udar (uh rer) 2,
t
L'Hépital’s rule, and (3.2), we get

-1 1
tm ™ (tn, RS
limo(th, Bf) < lim RS
t—0 t—0 tn
1 m % S
= th_r)r(l)w (t ,Rf)
< lim §f*(¢) = 0.
t—0
Hence
Rf e C°.
It remains to prove that if R® : E — C°, then (3.4) is true for oz < s/n. To this end we choose

a test function /% as follows. Let g € D,,_;, pe(g) < 0o and

e d
h(x) = /0 g (xu™'") 7” (3.6)

where ¢ > 0 is a smooth function with compact support in (—¢™/#,c™/") such that if ¢ =
Ré¢, then (0) > 0. To see that this is possible, we calculate ¥(0). Since

v = [ ptlls-yirdy

we have for appropriate d > 0,

¥(0) = / CCRCE /
WARS

p(y)dy > 0.
lyl<d
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Note also that, for large ¢ > 0,
) S |x" usec (3.7)
Indeed

— _ S—n < S—n
() /w Oy S f o) dy

lyl=d

since

le—y| > |x| = |y| > x| —d > |x|/2, ifc>2d.
We also have

Rs(go(xu'”")) _ us/nw(xu—lln)'

Hence

fx):=Rh(x) = /OO " g(u)yr (™) @

0 u

We may take

h(x) < /OO g(u)dulu,

|x["

hence, for appropriate ¢ > 0,

n(t) < /Oog(u) dulu.
¢

Applying Minkowski’s inequality and using ag > 0, we have

pe(H*) < pe(@). (3.8)
Given that

sup|Rh(x)| < Al
we have in particular

|R°h(0)| < I4]les
whence

RH0) = (0) [ gy £ il S pe)

Thus (3.4) is proved. O
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In the following theorem, we characterize the admission couple. Note that this result
cannot obtained directly from Theorem 3.4 [5], because here we consider an unbounded
domain.

Theorem 3.3 The couple (pg, py) € N is admissible if and only if

pr(xonSe Sre(@, gl. (3.9)

Proof Let (3.9) be true. By using (3.2) and (3.9), we get

pr(xon@™ (t7, BF)) S pr(xonS(F*)) S pe(f*), m>s.
Therefore

IR | epy ~ IR [ o + ora(e™ (7, RF))
S oe(f*) + | RS | co
< pe(f*) + pe(f7)
5 )OE(f*)~
Thus pg, py is an admissible couple.

For the converse, we have to prove that (2.2) implies (3.9). To this end we choose a test
function in the form f(x) = R°h(x), where 4 is given by (3.6). We have

d
F) =R = [ gt () 5.

0

To estimate the modulus of continuity of f from below, we split f as follows:

S =het S

where
¢ s 1 d d
Ful) = /0 gy (¥ L o) = / g ()

First we prove that, for some large C > 0,

(Ctn flt) > ws g(t).

To this aim consider
t s 1 d’/i
AP fie(x) = / un g(u) Ay 1/f(xu_n) o
0
Also consider

m

APy () = (- )mk< ) ((x+hk)u*%)

k=0

= (1) (0) + Y (- (T)w(hku-i) atx =0.
k=1
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If |h] = Ct%, then foru <t, k>1, |h|ku’% > Ck > C, hence by (3.7) and for large C > 0,
W(hku_%) SC u<tk>1.

Therefore,

¢ s “ 1 d
AYfir(0) = /0 i g (u) [(—1)%(0) . Z(—l)'"-kw(hku‘")] =

k=1

and, for large C > 0,

¢ s d " ¢ s 1 d
INVIOIE ‘(—1)%(0) [ e s et [ gt ()
k=1
¢ S d ¢ s 1 d
> (0) fo g~y /0 ' gy (k) 2
tyd b, d
> ¥(0) /0 wig) ™ - e, /0 g™
VO [f . d
- T/ urgw) -
Hence
(o) = VP s
or
o™ (7, fiy) ~ ™ (CEHfi) > @sgt). (3.10)
Further,

" (67,f) 2 o (7, i) — 0" (67 fr).

Now we estimate the modulus of continuity of the second function from above. To this
aim, by using the formula [2], p.336, we get

| A fou(x)| = ‘/ M, (u) Z %!D"fﬁ(x+ uh)h’ du

[v|=m

° ml, i
S| Maw) ) D sl + w11 .
. !

[v[=m

Hence
sup| Ajf@)| < 1" / Min(00) SUp| P for e + ult)| e S 11" | P"ac -
Therefore

sup| Ajfar ()| < hI"™ [P e, - (3.11)
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To simplify (3.11), consider

o s 1 d
Pl | [ o (v o)) 5|

u

Sl;plP’”ﬁt| < /toou%g(u)u‘% P’”t//||Lmd—:,

[P, S /too u%g(u)%. (312)
So (3.11) becomes

o™ (0 for) S 7 /t T g(u)% (3.13)

whence for m > s, we have

o0
. d
wm(t%,fz,)S/ tﬁg(u)ju.

t

Hence
(L s du
x0158(®) < xon@™ (£7,f) + X0 t"g(u)z, (3.14)
t
m (1/n s du
o1 (x0158) S pr(xone™ (67.1)) + pr | x01) t”é’(“); .
t
Now since (og, o) € N, we get
pr (X058 S pe(). O

4 Optimal quasi-norms
Here we give a characterization of the optimal domain and optimal target quasi-norms.

4.1 Optimal domain quasi-norms
We can construct an optimal domain quasi-norm pg) by Theorem 3.3 as follows.

Definition 4.1 (construction of an optimal domain quasi-norm) For a given target quasi-
norm py € N; we set

Pe(Q) = p(X01Sg), geM'. (4.1)
Note that
aEH) = Ber) =S/n—ap.

Theorem 4.2 The couple pg), pr is admissible and the domain quasi-norm pg) is op-
timal. Moreover, the target quasi-norm py is also optimal and

o (@) ~ pr(xont’™g), g ifon>0. (4.2)
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Proof The couple pg), pu is admissible since
pr(X01)58) = PEr) Q)-

Moreover, pg) is optimal, since for any admissible couple (og,, o) € N we have
or(X0,)58) S PE (Q)-

Therefore,

peen (F*) = pr(xonS(f*)) S pe (f*), fe€E.

To prove that py is also optimal, let (o), or) € N be an arbitrary admissible couple.
Then

P (X0,)S8) S peE) ().
We have to show that
P (X008 S pr(X01E): & € M. (4.3)

Since g € M,, is a quasi-concave, it is equivalent to a concave one, hence

g(t)%/oth(u)du, .
Let

h(t) = £y (2).
Therefore

P (X008) S pr (XS S peen (1) S pr(X0)Sh) S pr(X018)-

Thus (4.3) is proved.
To prove the equivalence (4.2), first we prove that

Per) (@) S PH(X(o,nt%g), gl ifay>0.

To this aim we consider

Loy du
Pr(X01Sg) = PH X(O,l)/ u"g(u)7
0

1 s d
=pH(X<o,1> fo (tv)ﬁg(tv){).

Applying Minkowski’s inequality and using oy > 0, we have

Per) (@) = P (X058 S pH (X(O,l)t%g(t))-
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For the reverse we use
tig(t) <Sg(t), gl
whence

pH(X(O,l)t%g(t)) < pr(x01Sg®)) = peen Q) O

Example 4.3 Consider the space H = LL(v), where v is slowly varying and v > 1. Then

pr € N; and by Theorem 4.2, we can construct an optimal domain E(H), where

1
pE#H) (&) = pH(SE) = / v(t)Sg(t) dt/t

0
1 Loy du dt 1 du
- /0 Wo) fo wigl) " - /O wag) S,

and w(u) = ful v(t)%. Hence E(H) = A'(#*/"w) and this couple is optimal. Also ar = B = s/n.

Example 4.4 Let H = L>°(v), where v is slowly varying and v > 1. Then py € N;. Let

pe(Q) :supv(t)/O u"g* (u) dulu.

Then by Theorem 4.2 this is an optimal domain quasi-norm and the couple pg, py is

optimal. In particular, the couple A(£"), C is optimal.
4.2 Optimal target quasi-norms

Definition 4.5 (construction of an optimal target quasi-norm) For a given domain quasi-

norm pg € Ny, we set

prE (xong) =inf{oe(h) : xong <Shhl}, geM". (4.4)
Note that

arnE) = PHE) =S/n—oE.

Theorem 4.6 The target quasi-norm pE) € Ny, the couple pr, pr) is admissible, and

the target quasi-norm is optimal.

Proof The couple pg, pr(r) is admissible since
prE (XonSh) < pe(h), hl.
Now to prove that pp g is optimal, we take any admissible couple pg, pn, € N;. Then

o (XonSh) S pe(h), h.
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Therefore, if g < Sh, i |, then

o (X0,08) < pry (X0nSh) S pe(h),
whence, taking the infimum, we get

P (X008 S rrE (X008
Hence pp (g is optimal.
Theorem 4.7 If ar < s/n, then

orE (X008 ~ pe(t™"g(t), g€ M,.
Moreover, the couple pg, pr(E) is optimal.

Proof Consider

u

1 dv
_ /n
—,05(/0 % h(tv)—V >, hl.

Applying Minkowski’s inequality and using Bg < s/n, we have

pE(t—s/nSh(t)) = pF (ts/” /t Ms/nh(u)d_u>
0

pe (6" SH(®) < p(), B
If xo0,g < Sh, g € M, then
pe(t7"g(®) S pe(t"Sh(t)) < pe(h)
and, taking the infimum, we get
PE (t‘S/”g (t)) < prE (X009

On the other hand, for g € M,,, let h(t) = t=*/"g(£) x(0,1)(¢). Then & | and

Sh(z) :/ u””h(u)df
0

t du
— sin —s/n e
= /0 wu""g(u) ”
> g(2).

Therefore

orE (X008 S pe(h) = pp(t"g(8)).

Page 13 of 15
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Now we show that the domain quasi-norm pr is also optimal. We have

perE)(F*) = pre (XonS™)
~ pE(t—S/nSf*(t))

t d
— pE<t—s/n‘/(; MS/nf*(M)IM)

2 ,OE(f*), fEE.

Therefore

pewe) (%) 2 pe(f*);  f €E.

Page 14 of 15

O

Example 4.8 Consider the space E = A9(t*w(t)), 0 < g < 0o, where w is slowly varying

and s/n >« > 0. Then B¢ = o = @ and pr € N;. Hence by Theorem 4.7,

1 d 1/q
prp)(@) ~ pr(t"g(8)) = (/ (ts’”w(t)g*(t))q%) :
0

which implies that H(E) = L1(t5/"w).

is

Moreover, the couple pg, py(E) is optimal. In particular, the couple
IP®,C5"P, s> nlp,1<p < oo,

optimal.
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