Yang Journal of Inequalities and Applications (2015) 2015:394 ® Journal of Inequalities and Applications
DOI10.11 86/51 3660-015-0917-8 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Convergence of general algorithm for
I-generalized asymptotically nonexpansive
nonself-mappings in uniformly convex
hyperbolic spaces

Liping Yang”

“Correspondence:
yanglping2003@126.com Abstract

School of Applied Mathematics, . . . . . . .
Guangdong University of In this paper, a new iterative scheme for a finite family of /i-generalized asymptotically

Technology, Guangzhou, 510520, nonexpansive nonself-mappings {T;}/_; is constructed in a uniformly convex

China hyperbolic space. We establish strong convergence theorems of this iterative scheme
to a common fixed point of {T;}/_; and {/;}i_,; under certain conditions. Our results of
this paper extend some results in the literature.

MSC: 47H09; 47H10

Keywords: /-generalized asymptotically nonexpansive nonself-mappings; common
fixed point; iteration scheme; hyperbolic spaces; A-convergence

1 Introduction

Let T:K — K, I: K — K be two mappings of nonempty subset K of a real normed linear
space X. T is said to be I-asymptotically nonexpansive [1, 2] if there exists a sequence
{v,} C [0, 00) with lim,,_, » v, = 0 such that

|| T"x — T”y“ < (1 + v'n) ||I"x —I”y” 1.1)

forallx,ye Kand n > 1.

A subset K of X is said to be a retract of X if there exists a continuous map P: X — K
such that Px = x, Vx € K. A mapping P : X — K is said to be a retraction if P> = P. It follows
that if a map P is a retraction, then Py = y for all y in the range of P.

For nonself-nonexpansive mappings, some authors (see [3, 4] and the references therein)
have studied the strong and weak convergence theorems in Hilbert spaces or uniformly
convex Banach spaces. However, iterative algorithms for approximating fixed points
of nonself-asymptotically nonexpansive mappings have not been paid too much atten-
tion. The concept of nonself-asymptotically nonexpansive mappings was introduced by
Chidume et al. [5] in 2003 as a generalization of asymptotically nonexpansive self-
mappings.
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The concept of asymptotically nonexpansive nonself-mappings in the intermediate
sense was introduced by Chidume et al. [6] as an important generalization of asymptoti-
cally nonexpansive self-mappings in the intermediate sense.

Definition 1.1 ([6]) Let K be a nonempty subset of a Banach space X. Let P: X — K be a
nonexpansive retraction of X onto K. A nonself-mapping 7 : K — X is called asymptoti-
cally nonexpansive in the intermediate sense if T is continuous and the following inequal-
ity holds:

limsup sup (| T(PT)"'x - T(PT)"'y|| - llx - yll) < 0.

n—oo  xyek

By studying the following iterative sequence:
xpe1 = P((1 = 0t)xy + 0y T(PT)" '), Va1 €K,m>1, (1.2)

Chidume et al. [5] established demi-closed principle, strong and weak convergence the-
orems for nonself asymptotically nonexpansive mapping in a uniformly convex Banach
space. Recently concerning the convergence problem of an explicit iterative process to
a common fixed point for some nonself-asymptotically nonexpansive mappings in uni-
formly convex Banach spaces have been considered by several authors (see, for example,
Wang [7], Yang [8], Thainwan [9], and the references therein).

Inspired and motivated by those facts, we will construct a new type of iterative sequence
involving I-generalized asymptotically nonexpansive nonself-mapping in a nonempty
closed convex subset of complete uniformly convex hyperbolic spaces and study the strong
convergence for such mappings. Our theorems improve and generalize important related
results of the previously known ones announced by Chidume et al. [6], Wang [7].

2 Preliminaries

Definition 2.1 Let (X, d) be a metric space and T : K — X, I : K — X be two mappings
of nonempty subset K of X. A nonself-mapping 7 : K — X is said to be I-generalized
asymptotically nonexpansive mapping if there exist sequences {v,} C [0,00) and {s,} C
[0, 00) with lim,,_, oo v, = 0 = lim,,_, o S, such that

d(T(PT)" %, T(PT)""y) < (1 + v)d(I(PD)" %, I(P)" ) + s, (2.1)

for all x,y € K, where P is a nonexpansive retraction of X onto K.
If I is the identity mapping, then (2.1) reduces to

d(T(PT)"'x, T(PT)"'y) < 1+ v)d(x,y) + Su,
then T is said to be generalized asymptotically nonexpansive nonself-mapping.
T : K — X is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such
that

d(T(PT)" "%, T(PT)"'y) <Ld(x,y9), Vn>1xy€eK.

Remark 2.2 If s, = 0 for all # > 1, then (2.1) reduces to the nonself-asymptotically non-
expansive mapping. If v, = 0 for all # > 1 and I the identity mapping, then /-generalized
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asymptotically nonexpansive nonself-mappings coincide with asymptotically nonexpan-
sive nonself-mappings in the intermediate sense.

A hyperbolic space [10] is a metric space (X, d) together with a map W : X% x [0,1] — X
satisfying:

(i) d(u, W(x,y,4)) < Ad(u,x) + 1 - 1)d(u,y),
(ii) d(W(x,3,A), W(x,y, 1)) = [A — pnld(x, ),

(i) W(x,9,2) = Wi, (1- 1)),

(iv) d(W(x,z,A), W(y,w, 1)) < (1 -A)d(x,y) + rd(z,w),
for all x,y,z,w € X and A,u € [0,1]. We denote the above defined hyperbolic space by
(X, d, W); if it satisfies only (i), then it is said to be the convex metric space introduced by
Takahashi [11]. A nonempty subset K of a hyperbolic space X is convex if W(x,y,1) € K
forall x,y € X and A € [0,1].

Kohlenbach [10] pointed out that all normed spaces and their subsets are hyperbolic
spaces as well as convex metric spaces. The class of hyperbolic spaces is properly contained
in the class of convex metric spaces.

A hyperbolic space (X,d, W) is said to be uniformly convex [12] if for any x,y,u € X,
r> 0 and € € (0, 2], there exists a § € (0,1] such that

dx,u) <r

diy,u) <r = d(W(x,y,%),u) <(1-9)r.
d(x,y) > er

A map 7n:(0,00) x (0,2] — (0,1] which provides such a § = n(r,€), for given r > 0 and
€ €(0,2], is called modulus of uniform convexity of X. We call n monotone if it decreases
with 7 (for a fixed €). We call n monotone if it decreases with r (for a fixed ¢).

The concept of A-convergence in a metric space was introduced by Lim [13] and its
analog in CAT(0) spaces has been investigated by Dhompongsa and Panyanak [14]. In this
article, we continue the investigation of A-convergence in the general setup of hyperbolic
spaces.

Let {x,} be any bounded sequence in a metric space X. For x € X, define a continuous
function 7(-, {x,}) : X — [0, 00) by

7(%, {x4}) = lim sup d(x, x,,).

The asymptotic radius p =7(x,) of {x,} with respect to a subset K C X is given by
p = inf{F(x, {x,}) :x € K}.

The asymptotic center of a bounded sequence {x,} with respect to a subset K C X is
defined as follows:

Ax(x,) = {x eX :7(x, {xn}) 57()}, {xn}) forany y € K}.

If the asymptotic center is taken with respect to X, then it is simply denoted by A(x,,). In
general, A(x,) may be empty or may even contain infinitely many points. It is well known
that a complete uniformly convex hyperbolic space with monotone modulus of uniform
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convexity enjoys the property that bounded sequences have unique asymptotic center with
respect to closed convex subsets [15].

A sequence {x,} is said to A-convergence x € X if x is the unique asymptotic center
for every subsequence {x,,} of {x,}. In this case, we call x as A-limit of {x,} and write
A —lim, x, = x.

Lemma 2.3 (see [15]) Let (X,d, W) be a uniformly convex hyperbolic space with monotone
modulus of uniform convexity and K a nonempty closed convex subset of X. Then every
bounded sequences {x,} in X has a unique asymptotic center with respect to K.

Lemma 2.4 (see [15]) Let (X,d, W) be a uniformly convex hyperbolic space with monotone
modulus of uniform convexity n and x € X. Let {)\,} € [b,c] for some b,c € (0,1). If {u,}
and {v,} are sequences in X such that limsup,,_, . d(u,,x) < r,limsup,_, .  d(v,,x) < r and
limy,, oo A(W (141, Viy» Ay), %) = 1 for some r > 0, then lim,,_, o d(u,, v,) = 0.

Lemma 2.5 (see [15]) Let K a nonempty closed convex subset of a uniformly convex hyper-
bolic space (X,d, W) and {u,} be a bounded sequence in K such that A({u,,}) = {u}. If {Vin}
is any other sequence in K such that lim,,_, oo r(V,y, {u,,}) = (s, {u,,}), then limy,—, o Vi, = u.

Lemma 2.6 (see [16], Lemma 1) Let {a,}, {b,}, {8,} be sequences of nonnegative real num-

bers satisfying the inequality
anin = (14 85)an + by, n=1.

Ify 2 by<ooand ) ., 8, < 0o, then
(i) lim,_ o0 @, exists;

(i) in particular, if {a,} has a subsequence {a,, } converging to 0, then lim,,_, oo @, = 0.

In the following, we denote Iy = {1,2,...,r}.

A family {T; : i € Iy} be I;-generalized asymptotically nonexpansive nonself-mappings
and {J; : i € Iy} be generalized asymptotically nonexpansive nonself-mappings with F =
(Mi—; F(T;) N F(I;) # @, are said to satisfy condition (B) with respect to the sequence {u,,}
if there is a nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0, f(s) >0 for all s > 0
such that

max{d(un, T,»un)} \% r%%llx{d(un,liun)} > f(d(un, F)).

iely

3 Main results

Lemma 3.1 Let (X,d, W) be a convex metric space and K be a nonempty closed con-
vex subset of X. Let T; : K — X (i € Iy) be I;-generalized asymptotically nonexpansive
nonself-mappings with sequences {vi,},{si} C [0,00) and I; : K — X (i € Iy) be gener-
alized asymptotically nonexpansive nonself-mappings with {u;,},{s;,} C [0,00), and F =
(M._; F(T;) N E(I;) # . Suppose that for any given x; € K, the sequence {x,} is generated by

Zn = PW(Ii(PIi)n_lxm Xy An)s
I = PW(T{(PT,)" 2, PW (T{PT)" s %, %), ), 3.1)
Xpat = PW (T} 71y, PW(T) 2%, 125), @),
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satisfying the conditions:
1) Yo hy<ooandy o, s, < 00, where hy, = max{u;, : i € Ip} V max{v;, : i € Ip} and
Sy = max{s;, : i € [y} v max{s}, : i € Ip}.
(2) 0 =< an, by cny &, s by + Cpyoty + B <1, Vn = 1.
Then the sequence {x,} defined by (3.1) has limit existence property for the mappings T;
and I; (i € Iy).

Proof For any given g € F. It follows from (3.1) that
d(zm 6]) = d(PW(Ii(PIi)n_lxmxm an); q)
< d(W(Ii(PIi)nilxmxm an); q)
< and(LPL)" %, q) + (1 — @,)d (%, q)

E an[(l + hn)d(xn’ 6]) + Sn] + (1 - an)d(xm 61)
<1 +h,)d(x,, q) + s, (3.2)

It follows from (3.1), (3.2) that
dymq) = d(PW(Ti(PTi)”‘lz,,,PW(Ti(PTi)”‘lxn,xn, C—”),bn),q>
< d(W(Ti(PTi)”‘lz,,,PW(T;(PTi)"‘lx,,,xn, #) b,,),q)
< b, d(TPTY" 2, 9) + (1 - bn)d(PW(T,-(PTi)"-lxn,xn, lc—)q)
< by (A + y)d(L(PL)" " 2, q) + 1)
(- hn)(lf—”bnd(mm;)"*xmq) . (1 T )d(xn,m)

< bu(Q+ h) (A + 1020, ) + $5) + Su)
+ (1 + hn)d(L(PL)" 50, q) + 85) + (1= by — ) (0, q)

< by + hy)d(@,q) + bu(L+ 1,)°8 + bu(L + By)sy + bysy
+c,(1+ h,,)zd(x,,,q) + (1 + hy)sy + cpsy + (1= by, — ¢,)d(x,, q)

<1+ h,,)3d(xn,q) + @+ h)%s,+ A+ h,)s, + Sp. (3.3)

It follows from (3.1), (3.2), and (3.3) that

d(xu1,9) = d(PW(Ti(PTi)"‘lyn,PW(E(PTi)”‘lzmxm 1i>,an)»q>

n

< d(W(E(Pj—vi)n_lynrPW(E(PTi)n_IZn’xn, 1&)#&):4)
< a,d(TAPTY" "y, q)
-y

= an((l + hn)d(li(PIi)nilym 4) + Sn)
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+ Bud(Ti(PT)" " 21, q) + (1 =y — Bu)d(x, q)
< a1+ hy) (A + B0)d(Yns G) + Sn) + Sy
+ Bu(Q + h)d(L(PL)" 2, q) + ) + (1 — 0t — Bu)d (%, )
< a1+ 1) AV @) + a1+ y)sy + XSy
+ Bu(L+ 1) (1L + 1) (2, @) + 51) + Busn + (1= &ty = B)d (%, q)
< (an@ + 1)° + By + 1) + (1= ety = B)) A, )
+ (M) + A+ k) + L+ h)? + (L4 hy) +1)s,
< (1+ 1,)°d(x, q) + 00

=1+ :On)d(xm q) + Op- (34)

Since ) o, hy <ooand Y o2 s, < 00, we have Y 02, py =Y ooy hy(5 + 10k, + 1042 + 5h3 +
Ky <ooand Y 02 0, =2 o0 (L +hy)* + 1+ hy)® + 1+ By)* + 1+ hy) +1)s, < 00. Applying
Lemma 2.6 to (3.4), we observe that lim,,_, o, d(x,, q) exists for each g € F. O

Lemma 3.2 Under the assumptions of Lemma 3.1, we have the following:
(i) If0 <liminf,_ o oy <limsup,_, o (ots + Bn) < 1, then

limy, a0 d(Ti(PT)" "y, PW(Ti(PT;)" 2, %, 1£2-)) = 0.

(il) IfO <liminfy,_ o by <limsup,_, (b, + cu) <1, then
limy,—s o0 A(T;(PT;)" 2, PW (Ti(PT;)* 50y, %, =), b) = 0.

(iif) If0 <liminf,_, « b, <limsup,,_, .. (by +¢4) < 1,
0 <liminf,_, ~ a, <limsup,_, ., a, <1, then
lim,,_, oo AL (PL)" %y, %) = limy,_ o0 d(T{(PT;)" 2,0, %) = 0.

Proof By Lemma 3.1, lim,,_, o d(x,,, q) exists for each g € F.

Let lim,,_, o d(x,, q) = ¢ for some ¢ > 0. The case ¢ = 0 is trivial. Next, we discuss the case
c>0.

(i) Assume that 0 < liminf,_, o o, < limsup,_, . (o, + B4) < 1, then there exist n,7; €
(0,1) suchthatO < <o, <a,+ B, <ny<1lforalln>1.

Since T; is I;-generalized asymptotically nonexpansive mapping, it follows from (3.3)

that we have

d(Ti(PT)" "y, q) < 1+ h)d(LPL)" "y, q) + s
< @+ h) (L + 1)dWnrq) + Sn) + Sn
< (1 +h,)°d(x,,q) + ((1 + 1)+ 1+ hy,)?

+ 1 +h,)+ l)sn.
Therefore

lim sup d(Ti(PTi)"_lyn, q) <c. (3.5)

n—0o0
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Further, it follows from (3.2) that we have the inequality

d(PW(Ti(PTi)"-lzn,xn,—ﬂ” ) ><d( ( W(PT))" z,,,x,,,—'Bn ),q>
1-«, 1-q,

B ne
< g, ATPTY 20, )
+( lf";)d(xmq)
< P (r(pr)"
= i\l Zm‘])"'sn

+<1— Pr )d(x,,,q)
1-o,

B

1-o,

. (1— P )d(xn,q)
1-a,

< U+ hy)*d(@ q) + (L+ 1)s, + Sy

1+ h,,)zd(x,,,q) + 1+ hy)s, + s,

IA

Therefore
lim supd(PW/( W(PT)" 2, %,, P ),q) <c (3.6)
n—>00 1- oy
Aslim,,_, o d(%4.1,9) = ¢, we have
lim d( ( W(PT;)" yn,PW<Ti(P1"i)”1zn,xn, lﬁ),an)q) =c. (3.7)
n—00 — oy

It follows from Lemma 2.4 and the sequences (3.5)-(3.7) that

lim d(T,-<PT»"—1yn,PW(Ti(PTi)"-lzn,xn, 1’3—)) -0, (3.8)
n— o0 n

(i) Assume 0 < liminf,_, b, < limsup,_, (b, + ¢,) < 1, then there exist 7;, 7, € (0,1)
suchthat 0 <11 < b, <b, + ¢, <1, <1 for all > 1. Next we calculate:

d(x,.1,9) = (PW/( (PT))" 1y,,,PW<T(PT)” lzn,xn,%)an),q)

=< d(W(Tl'(PTi)”_lymPW(E(PTi)”_IZmxn, %)m@),q)

< a,d(T{(PT)" " yur q)

<T(PT)” s Koy ——— P ),q)
1-o,

g
< o,d(Ti(PT)" 'y, q)
(

+ (1 —ay)d

+ (- a,)d( TAPT,)" 1y,,,PW<T(PT)" 1leﬂ>)

-y

+ (1= a,)d(Ti(PT)" "y, q)
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< (L4 I)d(LPL) Y ) +5,
. d(Ti(PT,»)"-lyme(TxPT,-)"-lzn,xn, f—))
—ay
< (L B2y g) + 2 + s,

+ d(E(PTi)nlymPW(Ti(PTi)nlzmxm #))

-y

That is,

A% 1, q) <@+ hn)Zd(ynr q) +(2+ hy)s,

+ d<Ti(PTi)nlymPW(Ti(PTi)nlzmxm #))

-y

Applying liminf in the above inequality and then using (3.8), we have

¢ <liminfd(y,, q) <limsupd(y,,q) <c.
n—00

n—00

That is,

n—00

lim d(PW(T,»(PTi)”1zn,PW(Ti(PTi)”1x,,,xn, c—”),b,,),q) —c. (3.9)

It follows from (3.3) and (3.9) that

n—00

lim d(W(Ti(PTi)”‘lz,,,PW(Ti(PTi)”‘lx,,,xn, C—”),b,,),q) —c. (3.10)
Similar to (3.5), we have

limsupd(T{(PT))" "z q) <c. (3.11)

n— 00

Similar to (3.6), we have

limsupd( PW ( T,(PT)" %020 —— ), q ) <c. (312)
n—00 1—1’),,,

The sequences in (3.10), (3.11), and (3.12) satisfy the hypotheses of Lemma 2.4, therefore
it follows that

lim d( T.(PT)"z,, PW( Ti(PT))" %, %, —"— ) ) = 0. (3.13)
n—00 1-b,

(iii) As 0 < liminf,_, o b, <limsup,_, (b, + c,) <1, so as in part (ii), there exist 71, 7o €
(0,1) such that 0 < 1y < b, < b, + ¢, <19 <1 for all # > 1. Also 0 < liminf, ., a, <
limsup,,_, ., a, <1 shows that there exist 81, §; € (0,1) such that 0 <8, < b, < b, +¢, <
8y <1forallm>1.
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Taking liminf in the inequality

d()/n: q) = d(PW(Ti(PTi)n_lzmPW<Ti(PTL')n_1xmxm %),bn),q>

< d(W(Ti(PTi)n1Zn;PW(Ti(PTi)n1xn!xn: ﬁ)’ b”’)’q>
< bnd(n(Pn)n—lzn’q) + (1 — hn)d(PW(Ti(P:ri)”—lxn,xn, _1 Cn ),q>
< bnd(Ti(PTi)n_lzn’q) + (1—bn)d(7}(PTi)”‘lzwq)

+(1- hn)d(Ti(PT,')"_lzn,PW (Ti(PTi)”'lxmxm 10, C"b ))

<1+ hn)zd(zmq) + (2 + hy)s,

+ d(TI(PTi)n_lzmPW<TL'(PTi)n_1xmxnr %))

and using (3.13), we have

¢ <liminfd(z,,q) <limsupd(z,,q) <c.
n— 00

n—00

Since
d(Z,,, q) = d(PW(Ii(PIi)n_lxmxn: ﬂn): q) < d(W(Ii(PIi)n_lxmxn: ﬂn); q),
we have
nlin;o d(W(Ii(PIi)n_lxm Xns an)’ q) =c
Appealing to Lemma 2.4, we have
lim d(L;(PL)" "%y, %,) = 0. (3.14)
Hn—0Q
Therefore

d(zy, %) = d(PW(Ii(PIi)”_lx,,,x,,,a,,),x,,)
< d(W (L(PL)" " %, %, An), %)
= and(li(PIi)n_lxm xn)

< d(L(PL)" %, %,) = 0. (3.15)
Since

d(Ti(PT)" " %) < d(T{PT)" %, TAPT)" ' 2,) + d(Ti(PT)" " 2, %), (3.16)

d(Ti(PT)" " 2x,) < d(Ti(PTi)"-lzn,PW(Ti(PTi)"-lxn,xn, ﬁ))
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+ d(PW(Ti(PTi)n_lxmxm %)w&ﬂ)

= d<Ti(PTi)n1Zn¢PW<E(PTi)nlxnxxn: ﬁ))

Cn
1-bp,

d(Ti(PT))" "%, %) (3.17)

It follows from (3.16) and (3.17) that

_ Cn : \n—1
(1 I —b,,)d(Tl(PTl) x,,,xn)

< d(T{PT)" " x,,, T(PT;)" ' 2,)

. d(T,-(PT»"-lzn,Pw(Ti(PTi)"-lxn,xn, C—)) (3.18)

Therefore, we have

(1 - 2 )d(T,»(PTi)”lxn,x,,)

- T

= d(Ti(PTi)nilxm TL’(PTi)nilzn)

+d (Ti(PTi)n_lzn:PW(Ti(PTi)n_lxn:xm %))

< (1 + h,,)2d(x,,, Zn) + (2 + hn)sn

+ d(ﬂ(PTl«)”‘lzn,PW(Ti(PJ"i)”‘lxn,xn, ﬁ)) (3.19)

It follows from (3.8), (3.15), and (3.19) that
Jlim d(T/(PT;)" %, %,) = 0. (3.20)
This completes the proof. d

Theorem 3.3 Under the assumptions of Lemma 3.1, let T;, I; : K — X (i € Iy) be uniformly
L-Lipschitzian, the sequence {x,} is generated by (3.1) satisfying the conditions:
(i) 0<liminf,_ o, <limsup,_, (o, + Ba) <1,
(i) 0<liminf,_, b, <limsup,_, (b +c¢,) <1,
(iii) 0 <liminf,_ o~ a, <limsup,_, . a, <1.
Then {x,} in (3.1) has approximate common fixed point property for I;, T; (i € I).

Proof Since T; is uniformly L-Lipschitzian, it follows from (3.15) and (3.20) that

d(Ti(PTi)n_lzmxn) =< d(Ti(PTi)n_lzm Ti(PTi)n_lxn)
+d(T/(PT))" s, %)

< Ld(zy, %) + d(T;(PT})" "%, %4) — 0. (3.21)

Page 10 of 15
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It follows from (3.13) and (3.21) that

Ay ) = d(P\X/(Ti(PTi)”‘lz,,,PW(Ti(PTi)"‘lx,,,xn,1c—n>,bn>,xn>

IA

d(W(’Ti(PTvi)n_lzn;PW<Ti(Pn)n_lxn1xn: %)71’)}1)’9@1)

= bnd(Ti(PTi)n_lzm xn)

+(1- by,)d<PW<7}(PTi)”_1x,,,xn, C—”),x,,)
=< d(Tz’(PTi)n_lzn:xn)

+d (Tf(PT»"‘lzmPW(Ti(PTi>"-lxn,xn, 10—))

— 0. (3.22)
Since T; is uniformly L-Lipschitzian, it follows from (3.13) and (3.22) that

d(Ti(PTi)n_lym xn) = d(Ti(PTi)n_lyn: Ti(PTi)n_lxn) + d(Ti(PTi)n_lxm xn)

< Ld(yn,x) + d(Ti(PT;)" "2, %) — O. (3.23)

It follows from (3.8) and (3.23) that

d(xnﬂrxn) = d(PW(Ti(PTL')n1yn’PW(Ti(PTi)nlzn:xm li)’an>;xn)
-y

IA

d(W(Ti(PTi)n_lymPW<T1’(PTi)n_1Zn;xm 1&);0[}1):9@1)
—ay

IA

and(Ti(PTi)n_lym xn)

+(1-ay)d (PW(Ti(PTi)”’lzn,x,,, #),xo

—ay

IA

A(Ti(PT)" "y %)

. d(Ti(Pz"i)"-lyn,Pw(mm"-lzn,xn, 1 P ))

-y

— 0 aswun— oo. (3.24)
Note that the inequality

A, Tixtn) < A %11) + d (X1, Ti(PT;) % 11)
+ d(Ti(PT) %1, Ti(PT1) %) + d(Ti(PT;)" %, Tie)
= d(%, %n1) + d(Ti(PT;) %11, T{(PT;)"%,,)
+ d(xns1, Ti(PT) 1) + d(T{(PT}) 5, Tik)

= (1 + L)d(xn) xn+1) + d(xn+lr Ti(PTi)nerl) + Ld(Ti(PTi)nilxm xn)

Page 11 of 15
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together with (3.20) and (3.24) gives
lim d(x,, Tix,) =0 forallie I. (3.25)
n—0o00

Similarly, we can prove that

lim d(x,,Lix,) =0 foralliel,. (3.26)

n—00

Equations (3.25) and (3.26) prove that {x,} has approximate common fixed point property
for I;, T; (i € Ip). This completes the proof. O

Theorem 3.4 Under the assumptions of Theorem 3.3, if {T;:i € Iy} and {I; : i € Iy} satisfy
condition (B) with respect to the sequence {x,}, then {x,} in (3.1) converges strongly to a
common fixed point of {T;:i € Iy} and {I; : i € Ip}.

Proof 1t follows from Theorem 3.3 that
lim d(x,, Tix,) = lim d(x,,I;x,) =0, Viel.

Since {T;:i € Ip} and {I; : i € Iy} satisfy condition (B) with respect to the sequence {x,}, we
have

lim d(x,, F) = 0.
Hn—0Q

Next, we show that {x,} is a Cauchy sequence. For any g € F. It follows from (3.4) that
there exists a positive constant M such that

AXpi1,q) < AKXy @) + Vi (3.27)

where y,, = Mp,, and Y .7, y,, < co. For an arbitrary € > 0, since lim,_, » d(x,,, ) = 0 and
Y ooy ¥n < 00, there exists a positive integer N such that d(x,,, F) < €/4, Z]‘fn y; < €/4 for
all # > N. So, we have d(xyn, F) < €/4, Z}OSN ¥j < €/4. This means that there exists aq; € F
such that d(xn, q1) < €/4. It follows from (3.27) that when n > N,

AXpemsXn) < AKpoms q1) + A%, q1)
n+m-1

n-1
<d@n,q)+ ) vi+dng)+ Yy
j=N j-N

< 2<d(xN,q1) £y y;)

j=N

€ €
<2l -+ | =€

This implies that {x,} is a Cauchy sequence. K is complete for it is a closed subset in
a complete hyperbolic space. Without loss of generality, we can assume that {x,} con-
verges strongly to some point g* € K. It is easy to prove that F is closed. It follows from
lim,_, o0 d(x,,, F) = 0 that g* € F. This completes the proof. d
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Theorem 3.5 Under the assumptions of Theorem 3.3, then the sequence {x,} defined by
(3.1) A-converges to a point in F.

Proof 1t follows from Lemma 3.1 that {x,} is bounded. Therefore by Lemma 2.3, {x,} has
a unique asymptotic center, that is, A({x, }) = {x}. Let {u,,} be any subsequence of {x,} such
that A({u,}) = {u}. By (3.25) and (3.26), we have lim,_, o d(uy,, Titt,) = limy,, o0 d (14, L) =
0 for i € Iy. We claim that u is the common fixed point of {T; :i € Iy} and {/; : i € I,}.

To do this, we define a sequence {z,} in K by z,, = T;(PT;)"'u. Observe that

d(Z,,, Mn) = d(Ti(PTi)nilu: Ti(PTi)nilun) + d(Ti(PTi)nilunr Mn)
< (L+ h)d(L(PL)" u, L(PL)" ) + 5, + d(Ti(PT)" hy, 14 )

< U+ hy)°d(u, ug) + 2+ hy)sy + d(T{(PT)" thy, 1)
Therefore, we have

7(2,,, {u,,}) =limsupd(z,, u,) < limsupd(u,u,) = 7(u, {u,,}).
n—o0 n— 00

This implies that [7(z,, {u,}) — 7(u, {u,})| — 0 as n — oo. It follows from Lemma 2.5
that lim,_, o T;(PT;)" 'u = u. Since K is closed, lim,_ o T;(PT;)"'u = u € K and
lim,_, o T{(PT;)"u = T;u, thatis, T;u = u. Similarly, we can show that u is the common fixed
point of {I; : i € Iy}. Therefore u is the common fixed point of {T;:i € Iy} and {[; : i € Ip}. It
follows from Lemma 3.1 that lim,,_, o d(x,, u) exists. Suppose x # u. Then by the unique-

ness of asymptotic centers, we have

limsup d(u,, u) < limsup d(u,,x) < limsup d(x,,x)
n—0oQ n—0oQ n— 00

< limsupd(x,, ) = limsup d(u,, u),
n—0oQ n— o0

which gives a contradiction. Hence x = u.
Therefore A({u,}) = {u} for all subsequences {u,} of {x,}. This proves that {x,} A-

converges to a point in F. |

Example 3.6 Let us consider that R, the set of real number with the usual norm | - |. Let
K= [—%, %] C R. The mapping T3, T> : K — K are defined by

Tyx sing, «x€ [—%,0],
—-sing, x€(0, %],
and
sz: X, RS [_%ro]x

x*, x€(0,3].
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Then T; and T are generalized asymptotically nonexpansive mappings. Note that F(77) =
{0} and F(T) = {-% <x <0} and F = F(T}) N F(T,) = {0}. Let

n b n n n ﬁ n
3 = ) Cy = 3 oy, = 3 =
n+l "o+l " 3n+1 "Tan+1 " Bn+l

a, =
for all # > 1. Therefore, the conditions of Theorem 3.5 are fulfilled.

Theorem 3.7 Under the assumptions of Theorem 3.3, {x,} in (3.1) converges strongly to a
common fixed point of {T;:i € Iy} and {I; : i € Iy} if and only if liminf,_, o d(x,, F) = 0.

Proof The necessity is obvious. Indeed, if x, — g € F as n — o0, then
d(x,, F) = qigjde(xmq) <d®nq) >0 (asn— 00).
Now, we show sufficiency. Equation (3.27) means that
,}Sﬁ d(Xn1,q) < ,;Sﬁ Axn, q) + Vs
that is,
A1, F) < dxn, F) + Vu. (3.28)

It follows from (3.28), Lemma 2.6, and liminf,,_, o, d(x,, ) = 0 that lim,,_, o d(x,, F) = 0.
Thus, the rest of the proof follows as in the proof of Theorem 3.4. This completes the
proof. d

Theorem 3.8 Under the assumptions of Theorem 3.3, if at least one mapping of the map-
pings {T;:i € ly} and {I; : i € Iy} is semi-compact, then {x,} in (3.1) converges strongly to a
common fixed point of {T;:i € Iy} and {I; : i € Iy}.

Proof Without loss of generality, we may assume that 7} is semi-compact. By (3.25) and
the assumption that 7; is semi-compact, there exists a subsequence {2} C {2} such that
{x4;} converges strongly to some point g € K. Then by the continuity of T; (i € Ip), we get

d(% ’qu) = hm d(xnjr Tvl'xnj) =0, i€l
j—00

Similarly, we can prove d(q, I;q) = 0 for i € Iy. Therefore g € F. It follows from Lemma 3.1
that lim,,_, o d(x,,, q) exists and thus lim,,_, o, d(x,, q) = 0. This completes the proof. O
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