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Abstract

The sequence spaces Ino(B, p), c(B,p), and (B, p) of non-absolute type derived by the
double sequential band matrix B(7,3) have recently been defined. In this work, we
establish identities or estimates for the operator norms and the Hausdorff measure of
noncompactness of certain matrix operators on these spaces that are paranormed
spaces. Further, we find the necessary and sufficient condition for compactness of L
in the class (X, (q)) (where X is any of the spaces /o (B,p), c(B,p) or co(B,p)) and
characterize some classes of compact operators on these spaces by using the
Hausdorff measure of the noncompactness technique.
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1 Preliminaries and background

The first measure of noncompactness, the function «, was defined and studied by
Kuratowsky [1] in 1930. Darbo [2], using this measure, generalized both the classical
Schauder fixed point principle and (a special variant of) Banach’s contraction mapping
principle for so called condensing operators. The Hausdorff measure of noncompactness
x was introduced by Goldenstein et al. [3] in 1957.

Recently, the Hausdorff measure of noncompactness turned out to be very useful in
the classification of compact operators between Banach spaces. Many authors character-
ized the classes of compact operators given by infinite matrices on some sequence spaces
by using the Hausdorff measure of noncompactness. For example, in [4, 5] Malkowsky
and Djolovic, in [6, 7] Malkowsky and Rakocevic, in [8] Alotaibi et 4l., in [9] Basar and
Malkowsky, and in [10, 11] Mursaleen and Noman have applied the Hausdorff measure of
noncompactness to characterize some classes of compact operators given by matrices on
the spaces in the literature.

Further, as we know paranormed spaces are another version of the linear metric space
but have more general properties than normed spaces [12]. Hence, some authors have ap-
plied these spaces in their research. For example, in [13] Basarir and Kara have character-
ized some classes of compact operators given by matrices on a normed sequence space,
which is a special case of the paranormed Riesz B”-difference sequence space r?(p, B")
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and for this purpose they have applied the Hausdorff measure of noncompactness. In
[14, 15] Basarir and Kara and in [16] Ozger and Basar have studied these spaces.

In [17] Kirisci and Basar have studied the domain of generalized difference matrix B(r, s)
in the classical spaces I, ¢, and ¢p.

Afterward, Ozger and Basar in [16] introduced the paranormed sequence spaces
lso(B,p), ¢(B,p), and ¢(B,p) that are more general and comprehensive than the corre-
sponding consequences of the matrix domain of B(r, s).

In this work, we establish identities or estimates for the operator norms and the
Hausdorff measure of noncompactness of certain matrix operators on these spaces that
were defined by Ozger and Basar in [16].

Let w be the space of all real or complex valued sequences. Any vector subspace of w is
called a sequence space. We write /., ¢ and ¢ for the spaces of all bounded, convergent,
and null sequences, respectively. Also, by bs, cs, I;, and ,, (1 < p < 00), we denote the spaces
of all bounded, convergent, absolutely, and p-absolutely convergent series, respectively.
A sequence space A with a linear topology is called a K-space if each of the maps P; :
A — C defined by P;(x) = x; is continuous for all i € N, where C is the set of all complex
numbers. A K-space A is called an FK-space provided A is a complete linear metric space
and a BK-space if it is a normed FK-space. Let ¢ be the set of all sequences which have
finite number of non-zero terms. An FK-space A which contains ¢ is said to have the AK
property if every sequence x = (x)32, € A has a unique representation x = Y2, xre® [18].

A linear topological space X over the real field R is said to be a paranormed space if
there is a subadditive function /2 : X — R such that #(6) = 0, (—x) = h(x), and scalar mul-
tiplication is continuous, that is, |o, — | — 0 and h(x,, — x) — 0 imply h(w,x, — ax) = 0
for every @ € R and x € X, where 6 is the zero vector in the linear space X [19].

Throughout this paper, we assume (py) is a bounded sequence of strictly positive real
numbers with suppy = H and M = max({1, H}. So, the sequence spaces I (p), cp), co(p),
and [(p) (which generalize the classical spaces I, ¢, ¢y, and [;, respectively) are defined as

follows:
los(p) = {x = (xx) € w:sup | |Px < oo],
keN
clp) = {xz (o) € w:3L €T3 lim | — [P = o},
co(p) = {x: (k) € w:klim g [PE = 0},
lp) = {x: (k) € W:Z | |PK < oo} (0 < px < 00).
k

Let the functions /; and %, be defined on the spaces /o (p), c¢(p) or ¢o(p), and [(p) by

1

M
() = suplael H and hz(x>:(2|xk|”) :
keN «

The sequence spaces co(p) and c¢(p) are complete paranormed spaces paranormed by /1
if p € I ([20], Theorem 6). [ (p) is also complete paranormed space by /, if and only if
pr > 0, and also /(p) is complete paranormed space paranormed by 4, and {€®};cy is a
basis in the space /(p).
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The domain of an infinite matrix A in a sequence space A is denoted by 14 where
AA:{x:(xk)ew:Axek}. 1)
It is obvious that 14 is a sequence space.
Let (X, || - ||) be a normed space and X D ¢ be a BK-space and a = (ax) € w, then the a-,

B-, and y -dual of a subset X of w are, respectively, defined by

X% = {tz = (ax) e w:ax = (arxy) € l for all x = (xx) EX},

XP

{a = (ax) e w:ax = (arxy) € cs for all x = (x;) € X},

X {a = (ax) € w:ax = (axxy) € bs for all x = (xy) EX}.

If A is an infinite matrix with complex entries a, (1, k € N), then we write A = (a,x). We

define the A-transform of x as the sequence Ax = (4,(x))5,, where

Ay®) =) amxmc (neN),
k=0

if x = (xx) € w and provided the series on the right-hand side converges for each n € N.

If X and Y are subsets of w and A = (a,) is an infinite matrix, then A defines a matrix
mapping from X into Y, and we denoteitby A : X — Y, if Ax existsandisin Y forallx € X.
We denote the class of all infinite matrices that map X into ¥ by (X, Y). So, A € (X, Y) if
and only if A, € X? for all x € X (we write A, for the sequence in the nth row of 4, i.e.,
A, = (aw)i2, for every n e N [21].

The following results are fundamental for our work.

Remark 1.1
(a) ([22]) Let ¥ denote any of the symbols «, B or y. Then we have cg =c' =0 =1,
ZI =loo, andl;:lqwhere1<p<ooandq:p/(p—l).
(b) ([21]) Let X be any of the spaces co, ¢, loo 0r [, (1 < p < 00). Then || - ||y denotes the
natural norm on the dual space X?.
(c) ([23]) Let X D ¢ and Y be a BK-space. Then we have the following:

() (X,Y)CB(X,Y), that is, every matrix A € (X, Y) defines an operator L4 € B(X,
Y) by La(x) = Ax for all x € X.

(c”) If X has AK, then B(X,Y) C (X, Y), that is, for every operator L4 € B(X, Y) there
exists a matrix A € (X, Y) such that L4(x) = Ax for all x € X.

Remark 1.2 ([10]) Let X D ¢ be a BK-space. Then:
(a) If Y is any of the spaces ¢y, ¢ or [, and A € (X, Y), then

IZall = 1Al (x,100) = sUp |Anlly < 00.
n
(b) IfA € (X, 1), then

lAllcen) < ILall <4 - 1Al on)s
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where

*

< 00,
X

1Al o) = sup| > A,
€F neN
where F denotes the collection of all finite subsets of N, and F, (r € N) is the

subcollection of F consisting of all nonempty subsets of N with elements grater than
r, that is,

F,={NeF:n>rforalnueN} (reN).

2 The sequence spaces I.(B, p), c(B, p), and ¢o(B, p)
In this section we define the sequence spaces of non-absolute type that derived by the dou-
ble sequential band matrix B(7,5). These sequence spaces are the complete paranormed
linear spaces.

Let k,n € N and 7 = (r¢), and § = (s) be the convergent sequences whose entries are ei-
ther constant or distinct non-zero numbers. Then we define the double sequential matrix
B(7,3) = {buk(rics si)} o bY

43 k= n,
bnk= Sk» k:n_ly
0, otherwise.

Recently, Ozger and Basar [16] introduced the sequence spaces (B, P) (B, p), and
Co (B, p) as follows:

lso(B,p) = [x = (xx) € w:sup |rexx + Sg_1xx-1 |PK < oo],
keN
c(B,p) = [x =(x)ew:3eC> klim |ricek + sk1xp_1 — I|Pk = ()},
—00

co(B,p) = {x = (xx) ew: klim ik + Sk [P = 0},
and the B(7,5)-transforms of these spaces are in the spaces [ (p), ¢(p) and cy(p), respec-

tively.
Because of the notation (1) we have

loo(B»p) = [loo(p)]gi C(B;P) = [C(P)]B and CO(B’p) = [CO(p)]B'

Throughout, we define the sequence y = (yx) by the B(7, 5)-transform of a sequence x = (xy),
that is,

¥k = {B(F,3)x}, = nixi + skama,  VkeN. )

Since the spaces A3, and A are norm isomorphic for any sequence space A, we observe
thatx = (x¢) € A p) ifand only if y = (yx) € A, where the sequences x = (x;) and y = (yx) are
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connected by (2). Let (X, || - ||) be a normed space. If X D ¢ is a BK-space and a = (ax) € w

then we write

, 3)

oo
2wk

k=0

lally = sup
xSy

provided the expression on the right-hand side exists and is finite.
Now, we have the following result.

Lemma 2.1 The sequence spaces L. (B, p), ¢(B, p), and co(B, p) are BK -spaces with the same
paranorm given by

P
”x”loo(é,p) = ||B(I", S)(x) ||loo([7) = SUP|Bk(V, S)(x)| M, (4)
keN
and they are linearly isomorphic to the spaces l(p), c(p), and co(p).
Proof See Theorem 3.1 in [24]. O

Now, we have the following lemma by the previous result.

Lemma 2.2 Let X denote any of the spaces lo.(B, p), ¢(B, p) or co(B,p). If a = (ay) € XP, then
a = (ax) € l(p) and the equality

o0
S wm= Y ak (5)
k=0

holds for every x = (xx) € X, where y = B(7,5)(x) is the associated sequence defined by (2)
and

A Y, (6)

Proof The equality (5) derived by using equation (2) from the mth partial sum of the series

Zk AnkXk; SO

m m-1 . 00 (_1)m—k m—1 5
kZ: i = kZ:ﬂnkyk * (Z Py I1 ;cw)ym, (7)
=0 =0

k=m j=k

that the summation running from 0 to m — 1 is equal to zero when m = 0. Now, when

m — oo we obtain
Zakxk = Z&kyk, Vne N, O
k k

Lemma 2.3 If X denotes any of the spaces ls(B,p), ¢(B, p) or co(B,p), then

1

[e'9) M
lall = lallxs = Nl = (Z mw) <00, 8)
k=0

where a = (ax) € XP and a = (ax) is a sequence defined by (6).
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Proof Let a = (a;) € XP. Then, by using Lemma 2.2 we have @ = (@;) € [(p) and y =y, € Y
(we assume that Y are, respectively, the spaces [ (p), c(p), and ¢ (p)), which are connected
by equation (2). Further, it follows by (4) that x € Sx if and only if y € Sy. Therefore, we
derive from (3) and (5) that

oo
D

k=0

00
E aArXk

k=0

lallx = sup = llally, )

xESX

= sup
yESY

and since a € [(p), we obtain from Remark 1.1 (parts (a) and (b))
lallx = lally = llall) < oo. (10)
This completes the proof. O

Lemma 2.4 Let X be any of the spaces I, (B,p), C(B,p) or ¢y (E,p), and Y be, respectively, the
spaces I (p), c(p) or co(p) and V be a sequence space and A = (ai) be an infinite matrix. If
A€ (X,V), then A € (Y, V) such that Ax = Ayfor all sequences x € X and y € Y which are
connected by equation (2), where A = (@) is the associated matrix defined by

=3 T Law e, (an

Proof Let x € X and y € Y be connected by equation (2) and suppose that A € (X, V).
Then, by using Lemma 2.3, we obtain A, € [(p) = X for all # € N and the equality Ax = Ay
holds, hence Ay € V. Since every y € Y is the associated sequence of some x € X, we
deduce that A € (Y, V). This completes the proof. d

Theorem 2.1 Let A = (a,x) be an infinite matrix and A = (G,y) be the associated matrix
defined by (11) and let X be any of the spaces Lo (B, p), ¢(B, p) or co(B,p). If A is in any of the
classes (X, co(p)), (X, c(p)) or (X, I (p)), then

1

[e'9) M
IZall = 1Al 02 = sUp (Z |énk|Pk> < o0. (12)

neN \ ;2o
Proof By combining Remark 1.2(a) and Lemma 2.3, we obtain the equality in (12). d

3 The Hausdorff measure of noncompactness

Recently, many authors characterized the classes of compact operators given by infinite
matrices on some sequence spaces by using the Hausdorff measure of noncompactness.
For example, Mursaleen and Noman in [18] introduced the notion of generalized means
and studied some topological properties of the spaces of generalized means. In [21] they
have characterized some matrix operators on these spaces by applying the Hausdorff mea-
sure of noncompactness. Further, Mursaleen and Noman in [10, 25, 26], Basarir and Kara
in [13, 27], Mursaleen et al. in [28], Kara and Basarir in [29], Maji and Srivastava in [30],
Kara et al. in [31] and Alotaibi et al. in [23] characterized some classes of compact opera-
tors on the spaces in the literature by using the Hausdorff measure of the noncompactness
method.
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Let (X, || - ||) be a normed space. Then the unit sphere and the closed unit ball in X are
denoted by Sy = {x € X : ||x|| = 1}, Bx = {x € X : ||x|| < 1}. For the Banach spaces X and Y
we denote the set of all bounded linear operators L : X — Y by B(X, Y) with the operator
norm given by ||L|| = sup,g, IL(x)]|. A linear operator L : X — Y is said to be compact if
the domain of L is all of X and, for every bounded sequence (x,) in X, the sequence L(x,,)
has a subsequence which converges in Y. We denote the class of all compact operators
in B(X,Y) by C(X,Y). An operator L € B(X, Y) is said to be of finite rank if dim R(L) < oo,
where R(L) denotes the range of L. An operator of finite rank is clearly compact [32].

Let S and M be subsets of a metric space (X, d) and € > 0. Then S is called an e-net of M
in X if for every x € M there exists s € S such that d(x,s) < €. If the set S is finite, then the
e-net S of M is called a finite e-net of M, and we say that M has a finite e-net in X. A subset
of a metric space is said to be totally bounded if it has a finite €-net for every € > 0 [10].

We denote the collection of all bounded subsets of a metric space (X,d) by Mx. If Q €
My, then the Hausdorff measure of noncompactness of the set Q, denoted by x(Q), is
defined by

x(Q) = inf{e > 0: Q has a finite e-net in X}. (13)

The function yx : Mx — [0, 00) is called the Hausdorff measure of noncompactness.

The basic properties of the Hausdorff measure of noncompactness can be found in [22,
33, 34]. For example, if Q, Q1, and Q, are bounded subsets of a metric space (X, d), then:

(1) x(Q) =0 ifand only if Q is totally bounded,

(2) Qi C Qq implies x(Q1) < x(Q2).

Further, if X is a normed space, then the function y has some additional properties
connected with the linear structure, that is,

1) x(Q1+Q2) = x(Q1) + x(Q2),

2) x(@Q) =lalx(Q), Yo € C.
Let X and Y be Banach spaces and L € B(X,Y). Then the Hausdorff measure of non-

compactness of L, denoted by ||L| ,, is defined by

LI, = x (L(Sx)) (14)
and

ILl, =0 ifandonlyif LeC(X,Y) [33]. 15)

The following theorem gives an estimate for the Hausdorff measure of noncompactness
in Banach spaces with Schauder bases and in this theorem I denotes the identity operator
on X.

Theorem 3.1 ([34]) Let X be a Banach space with a Schauder basis (br)32,, Q € Mx,
and P, : X — X (n € N) be the projector onto the linear span of {by,b,...,b,}. Then we

)

have

X timsup(sup | - P)@])) < £(Q) < timsup(supl[ (1~ 2,)0)
a xeQ n—oo  “xeQ

n—00

where a = limsup,,_, . [ — Py||.
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Further, the following result shows how to compute the Hausdorff measure of noncom-
pactness in the spaces ¢y and /, (1 < p < c0) which are BK-spaces with AK.

Theorem 3.2 ([34]) Let X be the normed space that I, for 1 < p < 00 or ¢y and Q be
a bounded subset of X. If P, : X — X (n € N) is the operator defined by P,(x) = x" =
(%05 %15 ..., %4,0,0,...) for all x = (x)72, € X, then we have

x(@ =limsup(sup|[(1 - P)@)])-
n—oo  “‘xeQ

An infinite matrix T = (¢,) is called a triangle if ¢,,, # 0 and t,4 = 0 for all k > n (n € N).

Lemma 3.1 ([33]) Let T be a triangle. Then we have:
(a) For arbitrary subsets X and Y of w, A € (X,Yr) ifand only if B=TA € (X, Y).
(b) Further, if X and Y are BK-spaces and A € (X, Yr), then ||La|| = ||Lzg||.

4 Compact operators on the spaces Ioo(E,p), c(B, p), and co(f?,p)
In this section, we establish some identities or estimates for the Hausdorff measure
of noncompactness of certain operators on the spaces lo(B,p), ¢(B,p), and c(B,p).
Also, we apply our results to characterize some classes of compact operators on those
spaces.

We mentioned the following lemmas, which will be used in proving our results.

Lemma 4.1 ([32]) Let X D ¢ be a BK-space with AK or X = ly. If A € (X,C), then the

following hold:
ar = lim a,  exists for every k € N, (16)
o= (Olk) € Xﬂ, (17)

sup |4, — a|lx < oo,

oo
lim A, (%) = Y ok forall x = (x) € X. (18)
n—00 k=0

Lemma 4.2 ([32]) Let X D ¢ be a BK-space. Then we have:
(a) IfA € (X,co), then

1Lally = Jim (sup 4,15 ). (19)
(b) IfX has AK or X =l and A € (X, c), then

1 . .
-+ lim (sup 14, — @l ) = ILall, < lim (sup 4, —all}), (20)
2 r— r—00

O \p>r n>r

where a = (o) with o = 1im,,_, o ayk for all k € N.
(c) IfA e (X,lx), then

0 < Ll < lim (sup 14,5 ). 1)

n>r
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Theorem 4.1 Let X denote any of the spaces lo.(B, p), ¢(B,p) or ¢o(B, p), and q = (qi) be a
bounded sequence of strictly positive real numbers. Then we have:
(a) IfA € (X,co(q), then

1
00 M
1l =limsup (Z |ank|"k) (22)

n—oo k=0

and

1
oo M
Ly is compact ifand only if  lim ( E |Zznk|p’<> =0. (23)
n— 00
k=0

(b) IfA € (X,c(q)), then we have

Sl

1 o0 % o0
5 -hmsup(z |k —&mk) < Lally < nmsup(Z |k —&kV’k) (24)

n—o0 k=0 n—00 k=0

and
1
0 M
Ly is compact ifand only if  lim ( E |Gk —dk|pk> =0, (25)
n— 00
k=0

where lim,,_, oo dpx = Q.

(©) IfA e (X,lx(q), then

1
[} M
0 < |Lally <lim sup(Z |Zznk|1’k) (26)
n—00 =0
and
1
[ele) M
Ly is compact ifand only if lim (Z |Z¢nk|”k> =0. (27)
k=0

Proof We begin with the proof of parts (a) and (c). We know, A € (X, co(g)) if and only if
A, e X? (Yn e N)and Ax € cy(p) for all x € X. So, from Lemma 2.3

o0
1Anly = 1Anllxs = 1Anllig = Dl (28)
k=0

for all k € N. Thus, we get (22) from (28) and Lemma 4.2(a). Similarly, we can get (26)
from (28) and Lemma 4.2(c).
Further, if A is an infinite matrix defined by

3 k= n,
Ank = Sk k =n- 1)
0, otherwise,
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then
Ax = 1%y 1€ + dpx,e” = Sy1%y1€" "t + Faxpe’.

So, by (11) it is easy to see that a,x = 0. Then A, =0and

1

oo M
Tim Ayl = lim (Z |Zznk|f’k> = 0.
k=0
Hence, by combining the latter and (15) we get (23) and (27).
To prove (b) we combine Lemma 2.3 and Lemma 4.2(b) and we have (24).
We write S = Sx, for short. Then we obtain by (13) and Remark 1.1(c’)

[ILally = x (AS). (29)

So we have AS € M,(,) (where M_, is the class of all bounded subsets of c(g)). Thus, we are
going to apply Theorem 3.2 to get an estimate for the value of x(AS) in (29). To this aim,
we define the projectors P, : ¢(q) — c(q) (r € N) by Py(z) = ze and P,(z) = ze + Z;llo(zn -
z)e" for r > 1 (where z = (z) € c(g) and Z = lim,_. o, 2,). Then we have for every r € N,
(I-P)(z) =32 (z, —z)e™ and hence

|a-P)@)|,_,, =suple,—2/5 (30)
for all z € ¢(g) and every r € N. Thus, from (29) and Theorem 3.2, we get

1 . .

3 Jim (supl[( PR, ) < all, = lim (sup]( = P)AD)] ) 6D

Now, for every given x € X, let y € Y be an associated sequence space defined by (2),
where Y is, respectively, the spaces I, (g), c(q) or co(g). It is given that A € (X, ¢(g)), then by
Lemma 2.4 we have A € (Y, c(q)) and Ax = Ay. Further, it follows from Lemma 4.1 that the
limits & = lim,,_, o @ exist for all k, & = (&) € l(g) = Y? and lim,_, 00 A, (Y) = > ro FiYk-
Therefore, we derive from (30) that

P
B o0 M
= sup|A,(y) - Z&kyk (33)
" k=0
P
o0 M
= sup Z(Zlnk — )Yk (34)
" | k=0

for r € N. Since x € S = Sy if and only if y € Sy, we obtain by (3) and Remark 1.1(c’)

Pk
M)

=sup|A, — @} = sup | A, - @lly
n n

[e¢]

> @k — @)y

k=0

sup|| (I -P,)(Ax) H o) = SUP <sup
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for all € N. So, we obtain (24) and (25) by (31) and (14), respectively, and this completes
the proof. d

The following lemmas are necessary for the next theorem.

Lemma 4.3 ([32]) Letx = (x,,) € ly. Then the inequalities

sup an Z [%,] <4 - sup an (35)
Nebrlen n=r+1 NeFrlen
hold for every r € N.

Lemma 4.4 ([32]) Let X D ¢ be a BK-space. If A € (X, 1,), then

*
lim sup( )) < || Lally <4- llm (sup(
’ﬁoo(NeFr nZ X *= NeF, Z

Ap Ap

DI
eN neN X

)) _o. (37)
X

Theorem 4.2 Let X denote any of the spaces (B, p), c(é,p) or ¢o(B,p). IfA € (X,1(q)),
then

and

>4,

Ly is compact ifandonlyif lim (sup (
neN

r—>00 \ NeF,

; )
lim (IIAII(X, ) < ILall, <4- rlggo(llAH(X,l(q))), (38)

where

2 dnk

neN

) (reN)

14N 1 = 0P (Z

k=0

and

Ly is compact  if and only if hm (”A”(xl ) =0.

Proof Since F D Fy D F) D ..., byusing Remark 1.2(b), the sequence (||A Hggvl(q)))io of non-
negative reals is nonincreasing and bounded. So, the limit in (38) exists. Now, we write
S = Sy for short. Then we have Ly(S) = AS € My, by Remark 1.1(c). So, it follows from
(13) and Theorem 3.2 that

IZall; = x(AS) = lim (sup( > A (x)|”k)) (39)
&S n=r+l1
By Lemma 4.4, we have

Z}A (x k<g. sup

n=r+1

> Aux)

"'neN
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for all x € X and every r € N, because A € (X, (g)). Since A, € X? for all n € N, we derive
from (3) and Lemma 2.3 that

25
|z
Az,

for all N € F, (r € N). These relations, together with (40), imply

()],

Pk

M

sup
x€S

ZA (x

= sup
x€S

< sup(z |4, (x) Mk)

sup
Nek; neN x€§ n=r+l
<4 - sup <ZA,4) (41)
NeF, neN I(q)

for every r € N. Thus, by passing to the limits in (41) as r — oo and using (39), we get (38).
This completes the proof. O

5 Some applications

In this section we obtain some estimates or identities for the operator norms of certain
matrix operators and we deduce the necessary and sufficient conditions for such operators
to be compact. Furthermore, we obtain these results by using the Hausdorff measure of

the noncompactness technique.

Corollary 5.1 Let X denote any of the spaces lo(B, p), ¢(B, p) or ¢(B, p), and A be an infinite
matrix. If A is in any of the classes (X, ¢sy), (X, ¢s) or (X, bs), then we have

o0 n
IZall = sup (Z D am
" \k

Pk\ M
) <oo (meN). (42)

Further:
(a) IfA € (X,cso), then

1

) (43)
) - 0. (44)

n
E ﬂmk

[ee]
ILall, = limsup (Z

n—00
k

and

n
2 dm

Ly is compact ifand only if lim (Z
k
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b) IfA € (X, cs), then

1
Pk)M

E amk - ak

n
E Amk — Ak

m=0

1 o0
3 lim sup (Z

n—00 k=0

1
k)M
)

<ILally < hm sup (Z

k=0 |m=0
where
=(ax) withag = lim (Z z;mk) forall ke N
m=0
and

o0 n
Ly is compact  ifand only if  lim <Z Gk —
n—0o0 k

(c) If A € (X, bs), then

1
oo n Pk\ M
0 < |[Lally < limsup<Z > )

n—00
k=0

and

n Pk /Tl/l
>aul ) -0

m=0

o0
Ly is compact ifand only if lim (Z
n—00 o

1
M
) o
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(45)

(46)

(47)

(48)

Proof The equality in (42) is immediate by Theorem 2.1. By using Theorem 4.1 in [32] in

the new spaces lso(B,p), c(B,p), and co(B, p) (for X) and by applying Lemma 2.1 and these
relations with ¢sg = (co)s, ¢s = (¢)s, and (bs) = (I )s we obtain (43), (45), and (47). Then by

using Theorem 4.2 in [32] and Lemma 2.1 we obtain (44), (46), and (48).

We denote the space of all sequences of bounded variation by bv, that is,

bu = {x: (xx) € w: (g —xp1) € 11}.

O

Corollary 5.2 Let X denote any of the spaces loo(B, p), c(B, p) or co(B,p), and A be an infi-

nite matrix. If A € (X, bv), then

i w
sup |:Z D Gk = A i|

NeF| 320 leN

D (k= o)™

1
<|Lall <4- sup[z }
neN

NeF k=0
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Furthermore, if A € (X, bv), then

L (:,gg[Z D @k~

ol

k=0 "neN
00 L
. M
<IZally <4~ lim ( sup | 1> " (@ — @pyun)l*
TTANEE | o en

and

Z(ﬁnk — A(n-1)(k-1))

neN

Yy

Proof See Theorem 4.4 in [32] and Theorem 4.2. O

oo
Ly is compact  if and only if  lim (sup (Z

r—>00 \ NeF, par

We write bu? for the space of all sequences of p-bounded variation, that is,
buP = {x: (xx) e w: (xx —xx-1) € lp} (1< p<o0).

bu? is a BK-space with its natural norm (cf. [35]). For every a = a; € (bv?)?, we have

x
) . (49)

So, by using (49) we obtain the following consequence of Theorem 3.3 in [32] in the spaces
ZOO(Brp)r C(E!p)r and CO(B’p)'

o0
2%

j=k

[e¢]
lall},» = (Z

k=0

Corollary 5.3 Let X denote any of the spaces l..(B,p) and co(B,p), 1 < p < o0, q = (qx) be
a bounded sequence of strictly positive real numbers and A is an infinite matrix. If A €

(buv?,X), then
a\ o=
) ) (reN).

SN

o0
Z Anj

o0
ILall = IANG sup(Z(

n>r
0

Further:
(a) IfA € (bv?,l(B,p)), then

1 Pi

Yo

o0
Z Gnj

o0
0 < [ILall, < lim (sup (Z

n>r
k

and
Pk

qk qi M
) ) :0.

0
E (ln]

o0
Ly is compact  ifand only if  lim (sup (Z
r— 00

n>r
k=
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(b) IfA € (bv?,co(B,p)), then

oo | oo 9k i 1;7,(
ILall, = lim (sup(Z D ) )

mr \io | ok

and

NN
) ) :0.

Proof The proof is a special case of Theorem 3.3 in [32] in the new spaces /o (B, p) and

o0
> an

o0

Ly is compact ifand only if lim (sup( E
r—>00 X
=

n>r k=0

¢o(B, p) when X = bu?. Now by using Lemma 2.1 the proof is complete. d

Now, we consider some relations between X (where X is any of the spaces I, (B, p), ¢(B, p)
or ¢o(B, p)) and some another sequence spaces derived by the domain of the triple band
matrix. First we introduce the sequence spaces /. (B), ¢(B), ¢co(B), and /,(B) as the set of all
sequences whose B(r, s, t)-transforms are in the spaces /, ¢, ¢o, and [,, respectively (for
more details refer to [36]),

lo(B) = {x = (xx) € w:sup |rag + Sag_1 + txp_a| < 007§,
keN

¢(B) = {x = () € w:3Al € C o lim |rxg + Sxg_q + txg_o — 1| = 0},
co(B) = {x = (xx) € w: lim |rog + sxp_1 + x| = 0},

l,(B) = {x =(x) Ew: Z [Pk + Sxg_1 + txp_o|F < oo}.
k

We now consider the special case of Theorems 4.1 and 4.2 in [32] when T = B(F,5), and
X =1,(B).

Corollary 5.4 Let X denote any of the spaces lo (B,p), c(B,p) or co(B,p), and A be an infi-
nite matrix. If A € (1,(B), X), then

1

00 W\ M
NLAN = 1A gy 815 = S0P | D Ianel* <00,
" \\k=0

where q = (qx) is a bounded sequence of strictly positive real numbers.
Further:
(@) IfA € (I,(B),co(B,p)), then

o A\ A
Ll =Timsup( { Y lau/Pxo <00
n—0o0 k=0

and

1

oo i\ M
Ly is compact  ifand only if lim sup((Z |Gk |1’qu) ) =0.

n—00 k=0
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) IfAe (lq(B),c(B,p)), then

1

1oL
%
— - limsu E |Gxe — Oy |PRK
FHOOP(( nk — Ok

o Ly
<I|Lall, <limsup Z |G — G [P )
k=0

n— 00

where ay = (@) With 1im,,_, oo Gui = G and

L

o0 aw\ M
Ly is compact ifand only if lim sup((Z |Gk — &k|1"’<q’<> ) =0.
k=0

n—00

() IfA € (l4(B), Lno(B, p)), then

. Ik
0 <|Lally < limsup<<Z|;;nk|quk) ) <00
k=0

n—00

and

1 1
ax
Ly is compact  ifand only if lim sup((Z |y klpqu) ) =0.

n—00

Example 5.1 Let X be similar to Corollary 5.4 and Y be one of the spaces c((B), ¢(B) or
l»(B), and A be an infinite matrix. If A € (X, Y), then

oo
ILall = 1Al ot B = SUP (Z I&nklpk> <00,

" \k=0
where A = (&,) is the associated matrix defined by

oo k-j \/— j—k~i 2 i
Atr —S— /8" —4tr\ ay
a- 33 (Tp ) (P

j=k i=0

Further:
(a) If A € (X,¢o(B)), then

[o¢]
ILall, = Tim sup (Z |k V’k)
" k=0

and

L, is compact ifand onlyif limsup (Z |, k|pk> =
" k=0
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(b) If A € (X,c(B)), then
1 o0 o0
5 - limsup (; i &mk) < 1Zall, < lim sup (; i &kV’k),
where @ = (%) with lim,,_, oo @,k = 0, and
o0
L, is compact ifand only if limsup (Z |Gk — &klpk> =0.
" k=0
() If A € (X, (B)), then
o0
0 < ILall, <limsup (Z |£znk|1’k>
" k=0
and
o0
Ly is compact ifand onlyif limsup (Z |Zz,,k|l’k) =0.
" k=0

Proof The proof is a consequence of Theorem 4.1. d

The final result is a special case of Theorem 3.3 in [32] in the new spaces /4, (B, p) (B, P)
and ¢,(B, p)-

Corollary 5.5 Let X and Y be similar to Example 5.1 and A be an infinite matrix. If A €
(Y, X), then

N 4
ILall = 1ALy, 1. ) = SUP (Z |ank|l’k> <oc.

" \k=0

Further:
(2) IfA € (Y, coB,p), then

oo i
ILall, = limsup (Z |k |Pk>

" k=0

and

S

o
Ly is compact ifand only if limsup (Z |Gk |Pk> =0.
" k=0

(b) IfA € (Y,c(B,p)), then

S

o A
< | Lall, <limsup (ka—&mk) ,
n

k=0

1 o0
5 - lim sup (Z |Gk —&k|p’<>

" k=0
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where ay = (@) With 1im,,_, o Gpi = 0, and

N

o0
Ly is compact ifand only if limsup Z | @i — Qg [P =0.
" k=0
(©) IfA € (Y,ls(B,p)), then
1
o0 M
0 < I|Lall, <limsup | laul™
" k=0
and
1
0 M
Ly is compact  ifand only if limsup Z lanxlPk ] =0.
" k=0
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