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1 Introduction
The Hankel transform (HT) is a well-known integral transform which uses the νth order
Bessel function of the first kind, Jν , as a kernel. Since the HT is equivalent to the two-
dimensional Fourier transform (FT) of a circularly symmetric function, it plays an impor-
tant role in a number of applications including optical data processing, digital filtering,
etc. [–].

The conventional HT is extended to the fractional Hankel transform (FrHT) by Kerr []
and Namias []. Its properties are discussed in detail by several authors [–] and its appli-
cations in many areas (such as optics, signal processing, quantum mechanics) are given in
[–]. Using the theory of Hankel translation, Pathak and Dixit defined continuous and
discrete Bessel wavelet transforms (BWT) and studied their properties []. The fractional
Hankel transformation and the continuous fractional Bessel wavelet transformation, some
of their basic properties and applications are studied in []. In [], the relation between
the Bessel wavelet transformation and the Hankel-Hausdorff operator is discussed.

In this paper, we first of all introduce the FrHT, the BWT, and almost periodic func-
tions and some of their properties in brief. A generalized frame decomposition for almost
periodic functions is constructed by using an orthogonal basis with Laguerre functions
relating to the FrHT. We also give various relations using the HT, FrHT, BWT, and strong
limit power signals.

1.1 Hankel and fractional Hankel transforms
We define the Fourier transform of an integrable function f as

f̂ (t) = (F f )(t) =
√
π

∫ ∞

–∞
f (x)e–itx dx.
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The general HT is given as

Hν[f ](x) =
∫ ∞


yJν(yx)f (y) dy, Re(ν) > –




(.)

and the inverse is given by

f (y) =
∫ ∞


xHν[f ](x)Jν(yx) dx,

where Jν is the νth order Bessel function of the first kind [].
The HT of order zero is an integral transform equivalent to a two-dimensional FT with

a symmetric integral kernel,

H[f ](q) =
∫ ∞


rJ(qr)f (r) dr

=
∫ ∞



(


π

∫ π


e–irq cos θ dθ

)
rf (r) dr

=


π

∫ ∞



∫ π–φ

–φ

e–irq cos θ rf (r) dr dθ

=


π

∫ ∞



∫ π


e–irq cos(θ–φ)rf (r) dr dθ

=


π

∫ ∞

–∞

∫ ∞

–∞
f (x, y)e–i(ux+vy) dx dy

= f̂ (u, v), (.)

where r =
√

x + y and q =
√

u + v. This is also known as the Fourier-Bessel transform.
Also Parseval’s theorem holds for the HT:

∫ ∞


xHν[f ](x)Hν[g](x) dx =

∫ ∞


yf (y)g(y) dy.

Namias [] introduced the concept of Fourier transform and Hankel transform of frac-
tional order (FrFT and FrHT), opening the new period of fractional transforms. FrFT with
angle α of a signal f (x) is given as

Fα(y) =
ei( π

 – α
 )

√
π sinα

∫ ∞


e–i x+y

 cotα+ixy cscαf (x) dx (.)

and the inverse is

f (x) =
e–i( π

 – α
 )

√
π sinα

∫ ∞


ei x+y

 cotα–ixy cscαFα(y) dy. (.)

The Parseval relation for FrFT is given as

∫ ∞



∣∣f (x)
∣∣ dx =

∫ ∞



∣∣Fα(y)
∣∣ dy. (.)
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The FrHT is defined by

Hα
ν [f ](y) =

∫ ∞


f (x)Kα(x, y) dx, (.)

where

Kα(x, y) = Aν,αxe– i
 (x+y) cot α

 Jν
(

xy
sin α



)

with

Aν,α =
ei(ν+)( π

 – α
 )

sin α


.

The inverse is given by

f (x) =
∫ ∞


Hα

ν [f ](y)Kα(x, y) dy, (.)

where

Kα(x, y) =
e–i(ν+)( π

 – α
 )

sin α


xe
i
 (x+y) cot α

 Jν
(

xy
sin α



)

as in [].

1.2 Orthogonal basis with Laguerre functions
Let Lν

n be the generalized Laguerre polynomials defined by means of the Rodrigues for-
mula

Lν
n(x) =


n!

exx–νDn[e–xxn+ν
]
, n ∈N ≡N∪ {}, x > 

which gives

Lν
n(x) =

n∑
k=

(–)k (n + ν)!
(n – k)!(ν + k)!k!

xk

in power series form. The Laguerre functions are defined as

lνn(x) = [,∞](x)e–x/xν/Lν
n(x)

and they form an orthogonal basis for the space L(,∞). Let us set FSν
n(x) = lνn(x) and

take (a)n = a(a + )(a + ) . . . (a + n – ). It was shown that

Sν
n(x) =

�( ν
 + )( + ν)n

n!

n∑
k=

(–n)k( ν
 + )k

k!(ν + )k

(



 – ix

)k+ ν
 +

and the Sν
n are orthogonal on the real line [].
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The functions Sν
n can be written as a linear combination of Paul’s wavelets,

ψα(x) =
(


x + i

)α+

,

such that

Sν
n

(
x


)
= C

n∑
k=

ckψk+ ν


(x), (.)

where the constants C and the coefficients ck defined as

C =
�( ν

 + )( + ν)n

n!

and

ck = (i)k+ ν
 + (–n)k( ν

 + )k

k!(ν + )k
.

Sν
n;a,b(x) = a/Sν

n(ax – b) is the natural discretization of Sν
n(x) for every a, b ∈ Z.

If another complete orthogonal basis {ψν
n }∞n=, given by

ψν
n (x) = xνe– x

 Lν
n
(
x),

is chosen, we get

Hν

[
yνe– y

 Lν
n
(
y)](x) = einπ xνe– x

 Lν
n
(
x), n ∈N, x > ,

using equation .() in []. Then the integral representation

Hα
ν [f ](x) = Aν,α

∫ ∞


ye– i

 (x+y) cot α
 Jν

(
xy

sin α


)
f (y) dy, (.)

with

Aν,α =
ei(ν+)( π

 – α
 )

sin α


,

which is known as the FrHT is obtained [].

1.3 Continuous Bessel wavelet transform
Let

σ (x) =
xγ +

γ +/�(γ + 
 )

(.)

and

j(x) = Cγ x/–γ Jγ –/(x), Cγ = γ –/�

(
γ +




)
, (.)
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where γ is a positive real number and Jγ –/(x) is the Bessel function of the first kind of
order γ – 

 . Define

D(x, y, z) =
∫ ∞


j(xt)j(yt)j(zt) dσ (t)

= γ –/
[
�

(
γ +




)][
�(γ )π /]–(xyz)–γ +[�(x, y, z)

]γ –,

where �(x, y, z) denotes the area of a triangle with sides x, y, z if such a triangle exists and
is zero otherwise. �(x, y, z) is nonnegative and symmetric in x, y, z.

Lp
σ (,∞),  ≤ p < ∞ is the space of measurable functions φ on (,∞), such that

‖φ‖p,σ =
[∫ ∞



∣∣φ(x)
∣∣p dσ (x)

]/p

< ∞,  ≤ p < ∞,

‖φ‖∞,σ = ess sup
<x<∞

∣∣φ(x)
∣∣ < ∞.

Let ψ ∈ Lp
σ (,∞),  ≤ p < ∞ be given. The Bessel wavelet is given by

ψb,a(x) := a–γ –
∫ ∞


D(b/a, x/a, z)ψ(z) dσ (z), (.)

where a >  and b ≥ . If ψ ∈ L
σ (,∞), it satisfies the admissibility condition (see [])

Cμ,ψ =
∫ ∞


x–μ–∣∣Hν[ψ](x)

∣∣ dx < ∞, μ ≥ –



, (.)

where Hν[ψ](x) is the Hankel transform of ψ(t).
Using the Bessel wavelet, Pathak and Dixit [] introduced the continuous Bessel wavelet

transform (BWT) as

(Bψ f )(b, a) =
〈
f ,ψb,a(t)

〉
=

∫ ∞


f (t)ψb,a(t) dσ (t)

= a–γ –
∫ ∞



∫ ∞


f (t)ψ(z)D

(
b
a

,
t
a

, z
)

dσ (z) dσ (t).

Also Pathak et al. [] stated the equality

(Bψ f )(b, a) = (f �φ)
(

b
a

)
, a > , (.)

using the convolution operator.

1.4 Almost periodic functions
The space AP of almost periodic functions is the closure of quasi-periodic functions in
the space Lp

loc of f , where ‖f ‖p is locally Lebesgue integrable on R for p ≥ . This space is
defined as the closed subspace of L∞(R) given as the closed linear span of all functions eiλt

where λ ∈R (see [, ]). Equivalently, it is the completion of the space of trigonometric
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polynomials on R whose elements can be written as
∑n

k= akeiλk t , where n ∈ N, ak ∈ C, and
λk ∈R. All AP functions are uniformly continuous and bounded, and we have

‖f ‖
AP = lim

T→∞


T

∫ T

–T

∣∣f (t)
∣∣ dt.

Let Q(R) consist of functions q in the form

q(t) =

{∑m
l= λltαl , t ≥ ,

–
∑m

l= λl(–t)αl , t < ,
(.)

where m = , , . . . ,λl ∈ R, l = , , . . . , m, and α > α > · · · > αm > . A function of the form

P(t) =
n∑

k=

akeiqk (t)

is called a generalized trigonometric polynomial on R, where ak ∈ C, qk(t) ∈ Q(R), and
k = , , . . . , n. Denote by Gtrig(R) the set of all such polynomials.

A function f on R is said to have a strong limit power if for every ε >  there exists a
Pε ∈ Gtrig(R), such that

‖f – Pε‖ = sup
{∣∣f (t) – Pε(t)

∣∣ : t ∈R
}

< ε. (.)

Denote by SLP(R) the set of all such functions. It is obvious that AP(R) ⊂ SLP(R). The
inner product of the SLP(R) space is defined by

〈f , g〉 := lim
T→∞


T

∫ T

–T
f (t)ḡ(t) dt

(see [, ]).

2 Main results
Proposition  Let f ∈AP . Then

lim
T→∞


T

∫ T

–T

∫ π



∫ ∞


q
∣∣H[f ](q)

∣∣ dq dφ dt = ‖f ‖L(x,y),AP(t). (.)

Proof Using the equality (.) and the Parseval theorem for the two-dimensional Fourier
transform, we get

∫ π



∫ ∞


q
∣∣H[f ](q)

∣∣ dq dφ =
∫ ∞

–∞

∫ ∞

–∞

∣∣f̂ (u, v)
∣∣ du dv =

∫ ∞

–∞

∫ ∞

–∞

∣∣f (x, y)
∣∣ dx dy

and the result follows. �

Lemma  Let F α


(y) be in L(,∞) for ν > –. Then

Hα
ν

[
e–xf (x)

]
= Cα

∫ ∞


g(y)F α


(y) dy, (.)
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where

Cα =
ei[ν( π

 – α
 )+ π

 – α
 ]

| sin α
 |ν+ 


√

π

and

g(y) =
(

 + iy csc
α



)– 

((

 + iy csc
α



)
+ ν

(
 + iy csc

α



) 

)

·
(

y
| sin α

 |( + iy csc α
 )( + iy csc α

 ) 


)ν

.

Moreover, if g(y) ∈ L∞, then the FrHT satisfies

∣∣Hα
ν

[
e–xf (x)

]∣∣ ≤ |Cα|‖g‖∞‖f ‖. (.)

Proof Using the definition of the FrHT (.) and the inverse FrFT (.), we get

Hα
ν

[
e–xf (x)

]
= Aν,α

∫ ∞


xe–xe–i x+y

 cot α
 Jν

(
xy

sin α


)

·
∫ ∞



e–i( π
 – α

 )√
π sin α


ei x+y

 cot α
 –ixy csc α

 F α


(y) dy dx.

Changing the order of integration and using Theorem . in [],

Hα
ν

[
e–xf (x)

]

= Aν,α
e–i( π

 – α
 )√

π sin α


∫ ∞


F α


(y)

∫ ∞


e–(+iy csc α

 )xxJν
(

xy
sin α



)
dx dy

= Aν,α
e–i( π

 – α
 )√

π sin α


∫ ∞


F α


(y)

(
 + iy csc

α



)– 


·
((

 + iy csc
α



)
+ ν

(
 + iy csc

α



) 

)

·
(

y
| sin α

 |( + iy csc α
 )( + iy csc α

 ) 


)ν

dy

=
ei[ν( π

 – α
 )+ π

 – α
 ]

| sin α
 |ν+ 


√

π

∫ ∞


g(y)F α


(y) dy.

Therefore,

∣∣Hα
ν

[
e–xf (x)

]∣∣ ≤ |Cα|
∫ ∞



∣∣g(y)
∣∣∣∣F α


(y)

∣∣ dy

≤ |Cα|‖g‖∞
∫ ∞



∣∣F α


(y)
∣∣ dy

≤ |Cα|‖g‖∞‖f ‖

by using the Parseval relation (.). �
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Theorem  Let f be an almost periodic function and let α be an angle where cot α
 >  and

α �= kπ , k is an integer. Then the FrHT of f is a strong limit power function in y if  < x < λk
cot α


.

Proof Let f (x) =
∑n

k= akeiλk x be a trigonometric polynomial where  < x < λk
cot α


. Then

Hα
ν [f ](y) =

ei(ν+)( π
 – α

 )

sin α


∫ ∞


xe– i

 (x+y) cot α


n∑
k=

akeiλk xJν
(

xy
sin α



)
dx

= Aν,α

n∑
k=

ak

∫ ∞


xe– i

 (x+y) cot α
 +iλk x

∞∑
n=

(–)n( xy
 sin α


)ν+n

n!(ν + n)!

= Aν,α

n∑
k=

ak

∞∑
n=

(–)nyν+n

n!(ν + n)!( sin α
 )ν+n e– i

 y cot α


·
∫ ∞


xν+n+e– i

 x cot α
 +iλk x dx

= Aν,α

n∑
k=

ak

∞∑
n=

(–)nyν+n

n!(ν + n)!( sin α
 )ν+n e

– i
 y cot α

 + i


λ
k

cot α


·
∫ ∞


xν+n+e

– i
 cot α

 (x– λk
cot α


)

dx.

Using the substitution u = x – λk
cot α


, we write

∫ ∞


xν+n+e

– i
 cot α

 (x– λk
cot α


)

dx

=
∫ ∞



(
u +

λk

cot α


)ν+n+

e– i
 cot α

 u
du

=
∫ ∞



∞∑
l=

(
ν + n + 

l

)
ul

(
λk

cot α


)ν+n+–l

e– i
 cot α

 u
du (.)

since the binomial series converges for  < x < λk
cot α


. This enables us to use Fubini’s theorem

and we have

∫ ∞


xν+n+e

– i
 cot α

 (x– λk
cot α


)

dx

=
∞∑
l=

(
ν + n + 

l

)(
λk

cot α


)ν+n+–l ∫ ∞


ule– i

 cot α
 u

du. (.)

By [], we know that

∫ ∞


ule– i

 cot α
 u

du =

⎧⎪⎪⎨
⎪⎪⎩


�( l+

 )/( i
 cot α

 ) l+
 , l > –,

(m–)!!
m+ ( i

 cot α
 )–m

√
π

i cot α


, l = m, m integer,

m!/( i
 cot α

 )m+, l = m + , m integer,
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since cot α
 > , we find a constant Cm,n(α,λk) as the solution of (.). So

Hα
ν [f ](y) =

ei(ν+)( π
 – α

 )

ν(sin α
 )ν+

∞∑
n=

(–)n

n!(ν + n)!( sin α
 )n yν+n

·
n∑

k=

akCm,n(α,λk)e
– i

 y cot α
 + i


λ

k
cot α

 ,

which shows that it is a generalized trigonometric polynomial in y.
If f is a general almost periodic function, then there exists a sequence (fn) of trigono-

metric polynomials where fn → f uniformly. Since Hα
ν,n(y) ∈ Gtrig(R), we get Hα

ν (y) ∈
SLP(R).

Thus it is sufficient to verify that, if ‖fn – f ‖∞ → , then ‖Hα
ν,n(y) – Hα

ν (y)‖L∞(y) → .
Using the definition of the FrHT, it is easy to see that

∣∣Hα
ν (y)

∣∣ ≤
∫ ∞



∣∣f (x)‖x‖Jν
∣∣dx

and

∣∣Hα
ν,n(y) – Hα

ν (y)
∣∣ ≤

∫ ∞



∣∣fn(x) – f (x)‖x‖Jν
∣∣dx → 

when  < x < λk
cot α


. Since

∥∥Hα
ν,n(y) – Hα

ν (y)
∥∥

L∞(y) = sup
∣∣Hα

ν,n(y) – Hα
ν (y)

∣∣ → ,

the result follows. �

Theorem  Let f be an almost periodic function and Sν
n;a,b(x) = a/Sν

n(ax – b) be an or-
thogonal basis. Then there exist constants A, B > , such that

A‖f ‖
AP ≤

∑
a∈Z

lim
N→∞


N + 

N∑
b=–N

∣∣〈f , Sν
n;a,b

〉∣∣ ≤ B‖f ‖
AP . (.)

Proof We have

〈
f , Sν

n;a,b
〉

= a/C
n∑

k=

c̄k

∫ ∞

–∞
f (x)ψk+ ν



(
a+x – b

)
dx

=
C√



n∑
k=

c̄k〈f ,ψk+ ν
 ;a+,b〉

=
C√



n∑
k=

c̄k(Wψk+ ν


f )(b, a + ),

where (Wψ f )(b, a) = 〈f ,ψa,b〉 shows the wavelet transform of f . Since f is an almost
periodic function, Wψk+ ν


f is an almost periodic function in b as well []. Therefore
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{〈f , Sν
n;a,b〉}∞b=–∞ is a sequence of almost periodic functions. If f is a trigonometric poly-

nomial f (x) =
∑K

�= a�eiλ�x, we get

〈
f , Sν

n;a,b
〉

= a/C
n∑

k=

c̄k

K∑
�=

al

∫ ∞

–∞
ψk+ ν



(
a+x – b

)
eiλ�x dx

= –( a
 +)C

n∑
k=

c̄k

K∑
�=

ale
iλ�b
a+ ψ̂k+ ν



(
λ�

a+

)
.

Therefore,

lim
N→∞


N + 

N∑
b=–N

∞∑
a=–∞

∣∣〈f , Sν
n;a,b

〉∣∣

= C

[ n∑
k=

|ck|
[ K∑

�=

|a�|hk(λ�) +
∑ ′amā�jk(λ�,λm)

]

+
n∑

i=

n∑
k=,k �=i

c̄ick

[ K∑
�=

|a�|hi,k(λ�) +
∑ ′amā�ji,k(λ�,λm)

]]
, (.)

where the sum
∑ ′ is taken over those �, m such that λm – λ� is a (nonzero) multiple of

πa+

b with

hk(λ�) =
∞∑

a=–∞
–(a+)

∣∣∣∣ψ̂k+ ν


(
λl

a+

)∣∣∣∣


,

jk(λ�,λm) =
∞∑

a=–∞
–(a+)ψ̂k+ ν



(
λ�

a+

)
ψ̂k+ ν



(
λm

a+

)
,

hi,k(λ�) =
∞∑

a=–∞
–(a+)ψ̂i+ ν



(
λ�

a+

)
ψ̂k+ ν



(
λ�

a+

)
,

and

ji,k(λ�,λm) =
∞∑

a=–∞
–(a+)ψ̂i+ ν



(
λm

a+

)
ψ̂k+ ν



(
λ�

a+

)
.

In this case,

∣∣∣∑ ′amā�jk(λ�,λm)
∣∣∣

=

∣∣∣∣∣
∑
λ∈R

∑
s∈Z\{}

aλā
λ+ πa+s

b

∞∑
a=–∞

–(a+)ψ̂k+ ν


(
λ

a+

)
ψ̂k+ ν



(
λ

a+ +
πs

b

)∣∣∣∣∣

≤
∑

s∈Z\{}

( ∞∑
a=–∞

∑
λ∈R

|aλ|
∣∣∣∣ψ̂k+ ν



(
λ

a+

)∣∣∣∣
∣∣∣∣ψ̂k+ ν



(
λ

a+ +
πs

b

)∣∣∣∣
)/

×
( ∞∑

a=–∞

∑
λ∈R

|a
λ+ πa+s

b
|

∣∣∣∣ψ̂k+ ν


(
λ

a+

)∣∣∣∣
∣∣∣∣ψ̂k+ ν



(
λ

a+ +
πs

b

)∣∣∣∣
)/
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≤
∑

s∈Z\{}

( ∞∑
a=–∞

∑
λ∈R

|aλ|
∣∣∣∣ψ̂k+ ν



(
λ

a+

)∣∣∣∣
∣∣∣∣ψ̂k+ ν



(
λ

a+ +
πs

b

)∣∣∣∣
)/

×
( ∞∑

a=–∞

∑
λ∈R

|aλ|
∣∣∣∣ψ̂k+ ν



(
λ

a+ –
πs

b

)∣∣∣∣
∣∣∣∣ψ̂k+ ν



(
λ

a+

)∣∣∣∣
)/

≤
∑
λ∈R

|aλ|
∑

s∈Z\{}

(
�(s)�(–s)

)/,

where �(s) = supλ∈R
∑

a∈Z |ψ̂k+ ν


( λ

a+ )||ψ̂k+ ν


( λ

a+ + πs
b )| and let us take

A = inf
λ∈R

∑
a∈Z

∣∣∣∣ψ̂k+ ν


(
λ

a+

)∣∣∣∣


–
∑

s∈Z\{}

(
�(s)�(–s)

)/ > ,

B = sup
λ∈R

∑
a∈Z

∣∣∣∣ψ̂k+ ν


(
λ

a+

)∣∣∣∣


+
∑

s∈Z\{}

(
�(s)�(–s)

)/ < ∞.

Similarly, we get the inequality

∣∣∣∑ ′amā�ji,k(λ�,λm)
∣∣∣ ≤

∑
λ∈R

|aλ|
∑

s∈Z\{}

(
�(s)�(–s)

)/,

where �(s) = supλ∈R
∑

a∈Z |ψ̂i+ ν


( λ

a+ )||ψ̂k+ ν


( λ

a+ + πs
b )| and we take

A = inf
λ∈R

∑
a∈Z

∣∣∣∣ψ̂i+ ν


(
λ

a+

)∣∣∣∣
∣∣∣∣ψ̂k+ ν



(
λ

a+

)∣∣∣∣ –
∑

s∈Z\{}

(
�(s)�(–s)

)/ > ,

B = sup
λ∈R

∑
a∈Z

∣∣∣∣ψ̂i+ ν


(
λ

a+

)∣∣∣∣
∣∣∣∣ψ̂k+ ν



(
λ

a+

)∣∣∣∣ +
∑

s∈Z\{}

(
�(s)�(–s)

)/ < ∞.

Using (.) and the constants A, B, A, B, we get the inequality (.) for the trigono-
metric polynomials. Then we find the result for almost periodic functions by a standard
approximation. �

Theorem  Let f be an almost periodic function and let α be an angle where cot α
 > .

Then the BWT of f is a strong limit power function in y.

Proof Let f (t) =
∑n

k= akeiλk t be a trigonometric polynomial. Then

(Bψ f )(b, a) =
∫ ∞


f (t)ψb,a(t) dσ (t) =

∫ ∞



n∑
k=

akeiλk tψb,a(t)
(γ + )tγ

γ +/�(γ + 
 )

dt

=
(γ + )

γ +/�(γ + 
 )

n∑
k=

ak

∫ ∞


tγ eiλk tψb,a(t) dt

=
(γ + )

γ +/�(γ + 
 )

n∑
k=

ake–iλk v
∫ ∞

v
(u – v)γ eiλk uψb,a(u – v) du

=
(γ + )

γ +/�(γ + 
 )

n∑
k=

ake–iλk vWφb,a (v,λk),
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where Wφb,a is the wave packet transform [] with respect to the Bessel wavelet. Hence
(Bψ f )(b, a) is a trigonometric polynomial in v.

For a general almost periodic function f we take a sequence of trigonometric polynomi-
als (fn) such that ‖fn – f ‖∞ → , and it will be sufficient to verify that ‖Bψ fn – Bψ f ‖L∞(v) →
. Using the solutions in [], we have

‖Bψ fn – Bψ f ‖L∞(v) =
∥∥(fn – f )�φ

∥∥
L∞(v)

= ess sup
v

∣∣∣∣
∫ ∞



(
fn(u – v) – f (u – v)

)
ψb,a(u – v) dσ (u)

∣∣∣∣
≤ ‖fn – f ‖∞‖ψb,a‖,

which gives the desired result. �
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