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Abstract

In this paper, we propose a method for estimating the Sobolev-type embedding
constant from W'9(€2) to LP(£2) on a domain 2 C R" (n=2,3,...) with minimally
smooth boundary (also known as a Lipschitz domain), where p € (n/(n - 1), 00) and

g =np/(n+ p). We estimate the embedding constant by constructing an extension
operator from W'9(€2) to W'(R") and computing its operator norm. We also present
some examples of estimating the embedding constant for certain domains.
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1 Introduction

Let @ C R” (n=2,3,...) be a domain with minimally smooth boundary (also known as
a Lipschitz domain), the definition of which will be introduced in Definition 2.6. We are
concerned with a concrete value of a constant C,(£2) for the embedding W(2) — L7 (),
i.e., C,(Q2) satisfies

lullzr o) < Cp(Q)”M”WLq(Q)» Vu e WH(Q), 1)

where p € (n/(n —1),00), g = np/(n + p), and the norm | - || \y14q) denotes the o -weighted
WL norm defined as

11 gy = IV - Moy + 1 Wy )

for given o > 0.

Since the Sobolev-type embedding theorems are important in studies on partial differ-
ential equations (PDEs), many studies have investigated such theorems and their applica-
tions, e.g., [1-16]. In particular, a concrete value of the embedding constant is indispens-
able for verified numerical computation and computer-assisted proof for PDEs; see, e.g.,
[9-11, 13]. The best constant in the classical Sobolev inequality on R” was independently
shown by Aubin [1] and Talenti [14] in 1976 (see Theorem B.1). Moreover, since all ele-
ments u in Wé"‘f(sz), the commonly defined closure of C§°(2), can be regarded as elements
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of W*1(R") by zero extension outside £, a constant for the embedding Wé’q(Q) — [7(Q)
can be estimated for a general domain Q2 C R” by calculating the best constant of the
classical embedding constant. Although, as a limited result, one can find in [17] a for-
mula that gives a concrete value of a constant for the embedding W'2(Q) — L?(Q) on
a square 2 C R?, little is known about a concrete value of a constant for the embedding
W(Q) — IP(Q) on general domains.

To estimate a concrete value of the embedding constant defined by (1), we construct a
linear and bounded operator E from W4(Q2) to W4(R") such that (Eu)(x) = u(x) for all
x € , which is called an extension operator from W4(Q) to W4(R"). We then estimate
bounds for the operator norm A,(2) of E satisfying

| VED) | gy < A D (I Vttlla@) + 0 lullra), Vi€ WH(R), (3)

which leads to bounds for the embedding constant. Several construction methods for ex-
tension operators have been proposed. For example, a summary of the reflection method,
which was originally proposed by Whitney [16] and Hestenes [7], can be found in, e.g, [18,
19]. In addition, Calderén [5] constructed a k-dependent extension operator from W*?(2)
to Wk?(R"), 1 < p < 0o, on domains satisfying the uniform cone condition. Stein [12] sub-
sequently showed that a k-independent extension operator from W*?(Q) to W*?(R"),
1 < p < 00, can be constructed on domains with minimally smooth boundary. The exten-
sion theorems of Calderdén and Stein are summarized in, e.g., [18]. Furthermore, Stein’s
extension theorem was recently generalized by Rogers [20] to the so-called (¢, §)-domain,
the notation of which was originally introduced in [21]. Although many studies have in-
vestigated such extension operators (see, e.g., [22—25]), little is known about the concrete
values of their operator norms.

The main contribution of this paper is to propose a formula that gives a concrete value
of A4(2) for the extension operator constructed by Stein’s method. Stein first constructed
an extension operator on the special Lipschitz domain and then expanded it to that on
domains with minimally smooth boundary. In his method, the regularized distance plays
an important role; it is a C* function that approximates the distance from a given closed
set S C R” to any point in its complement S¢. Subsequent to the development of Stein’s
construction method, the regularized distance was generalized to a one-parameter family
of smooth functions by Fraenkel [26]. In this paper, we construct an extension operator
using Stein’s method with the generalized regularized distance to derive the embedding

constant.

2 Preparation
Throughout this paper, the following notation is used:
« N={1,2,3,...} and Ny ={0,1,2,...};
+ B(x,r) is an open ball with center x and radius r > 0;
« for any point x = (x1,%2,...,%,) € R” and any p > 0, define
¥l o= (ol + [xal? + -+ [alP) P
« if no confusion arises, we denote | - | = | - |2;
« forany set S C R”, ¢ is its complementary set, and S is its closure set;
for any set S C R” and any ¢ > 0, define §° := {x e R" : B(x, &) C S};
« for any point x € R” and any set S C R”, define dist(x, S) := inf{|x — y| : y € S};

3
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« for any function f, supp f denotes the support of f;
« for any function f over R, f” denotes the ordinary derivative of f;
« for any function f over R” (n=2,3,...), d,f denotes the partial derivative of f with
respect to the ith component x; of x.
Let LP(2) (1 < p < o0) be the functional space of pth-power Lebesgue-integrable func-
tions over Q. Let W*?(Q) (k € N, 1 < p < c0) be the kth-order L? Sobolev space on £; in
particular, we denote H¥(Q) := W*2(Q).

Definition 2.1 (Mollifier) A nonnegative function p € C*(R") is said to be a mollifier if

ox)=0 for|x|>1 and px)dx=1.
RYI

For example, the function

o) {Cewﬁ% <1, .,

0, x| >1

becomes a mollifier, where c is chosen such that f]R” ox)dx =1.
In the following lemma, the existence of a C* function approximating Lipschitz con-

tinuous functions is guaranteed.

Lemma 2.2 (Fraenkel [26]) Let f:R"” — R be a function satisfying the Lipschitz continu-
ous condition, i.e., for some M > 0,

[f@®) —f)| <Mlx-yl, Vx,yeR"

Suppose that there is an open set G C R” such that f (x) > 0 for all x € G. Then, for any given
€ €(0,1), there is a function g € C*°(G) such that, for all x € G,

(1+8) (%) <glx) < (1 - ) (x) ®)
and
‘%g(x) <P, M {sf@)}' ™, Va e N with a| > 1. )

Here, P, is a constant depending only on a.

We can find in the proof of Lemma 2.2 (see [26]) that one of the concrete values of P,
can be derived as follows.

Lemma 2.3 Let p be the mollifier defined in (4). Let p, : R — R be a function such that
p«(|x]) = p(x), x € R". The multiindex o is written as a = 8 + y for B,y € Nj with |y| = 1.
Then, inequality (6) holds for

L 181
Pa—/ [=F 1)L+ [y]) i, )
Rn

- 1-yl

where p1(y) := (n = 1) p.(1y]) + [yl 0L(Iy])-
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By applying Lemma 2.2 to distance functions, the regularized distance for any closed set
can be derived.

Definition 2.4 (Regularized distance) Let S be a closed set in R”. For any given & € (0,1),
there exists a function RDg; € C*°(S°) such that, for all x € S¢,

(1 + &)~ dist(x, S) < RDg(x) < (1 — &) dist(x, S) (8)
and
‘aa_ RDs; (x)| < Py (£ dist(x,S))' ™, Va e NJ with Ja| > 1. 9)
xﬂt

The function RDg is called the regularized distance from S.
Next, we introduce two types of open sets.

Definition 2.5 (Special Lipschitz domain [12]) Let ¢ : R"1 — R (n =2,3,...) be a func-
tion satisfying the Lipschitz condition, i.e., for some M > 0,

lp(x) - p()| <Mlx-yl, Vx,yeR"

Then, Q is called a special Lipschitz domain if it is written as Q := {(x’, x,,) € R" : x,, > ¢ (x')}
with &' = (x1,%2,...,%,.1) € R

The positive number M in Definition 2.5 is called the Lipschitz constant of Q2. Generaliz-
ing the special Lipschitz domain, the domain with minimally smooth boundary is defined
as follows.

Definition 2.6 (Domain with minimally smooth boundary [12]) Anopenset 2 C R” (1 =
2,3,...)is said to be a domain with minimally smooth boundary if there exist ¢ > 0, N € N,
M >0, and a sequence {U;};cn of open subsets of R” such that
(1) foranyx € 92, B(x,¢) C U; for some i € N;
(2) no point in R” belongs to more than N of U;; and
(3) for any i e N, there exists a special Lipschitz domain €2;, the Lipschitz bound of
which is not more than M, such that U; N Q = U; N Q;.

The positive number M in Definition 2.6 is called the Lipschitz constant of €2, and N in
Definition 2.6 is called the overlap number of €.

Remark 2.7 The domain with minimally smooth boundary defined in Definition 2.6 is
referred to by various names. For example, it is called a domain satisfying the strong local
Lipschitz condition in [18]. In addition, numerous researchers simply call it a Lipschitz
domain, although several other definitions exist (see, e.g., Section 1.2.1 in [27]).

3 Construction of extension operator

Here, we describe Stein’s construction method for extension operators [12]. Stein first con-
structed an extension operator on a special Lipschitz domain. He then expanded it to that
on a domain with minimally smooth boundary.
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3.1 Extension operator on special Lipschitz domain

Let @ C R" (n = 2,3,...) be a special Lipschitz domain, i.e., Q" is written in the form
Q = (W, %) e R : %, > ¢(x)}, & = (X1,%2,...,%,_1) € R"L, with a Lipschitz continuous
function ¢ : R"! — R, the Lipschitz constant of which is Mg . For given & > 0, let RDg/ ¢
be the regularized distance with the bound P, as in (9). Moreover, for given t > 0, let us
define g, . := (1+7)Co,e RDgye with Corg := (1 + £)?,/1+M3,. Then, for any k € Ny and
any p € [1,00), the operator E¢y ; ¢, defined by

u(x',x,), V(' x,) €,

o i 10
[0 ux %, + o & xn))Y () dt, V(%) € ()5, 10)

(Eqys) (%, %) := {

becomes the extension operator from W*?(Q2') to W*?(R"), where ¥ : R — R is a function
satisfying

/mw(t)dtzl, /oot’”W(t)dt:O, Vm e N. (1)
1

1

A concrete selection of the function ¥ can be found in (31). Note that since (1 +
M?Z/)—I/Z dist(x, ()°) > ¢(x') — x, for all (x',x,) € ()¢, we have g;;’,r,g(x/)x”) > (1+
T)(P(') — x).

Remark 3.1 In the original construction method, Stein set T and & to concrete values [12].
However, since the selection of 7 and £ affects the accuracy of estimation of the embedding
constants, we do not fix them above. Their selection will be discussed later.

3.2 Extension operator on domain with minimally smooth boundary
Let @ be a domain with minimally smooth boundary. Let {U;};cn be the sequence as in

3

Definition 2.6. Let ¢ be a positive number such that LI[*S are not empty for all i € N, and
1

if dist(x, 0Q2) < ¢/2, then x € LIiZS for some i € N. Let p be any given mollifier defined as

3
in Definition 2.1, and put p,(x) := e " p(xe™!). Let x; be the characteristic function of LIi‘*g,
and put Af (x) := (x; * p%S)(x). Put

1
Uy = {x e R” : dist(x, Q) < 18},
. 3
u, = {x e R": dist(x, 0Q2) < Zs},
and
. 1
u.= {x € Q: dist(x,092) > Zs}

Let xo, x+,» and x_ be the corresponding characteristic functions of Uy, U,, and U_, re-

spectively. Let 1§ := xo * Pl AS = X, % Ple and A% := y_ % Pl Put

+

e, M e e M
Af =1 and Af:=ij———.
AZ 4+ AE A+ A8
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To each U, there corresponds a special Lipschitz domain €2; as in Definition 2.6. Let Eé?,',r,é
be the extension operator for each €; constructed by (10). For any k € Ny and any p €
[1,00), the following operator Eq s . becomes the extension operator from W*?(Q) to
wke(R"):

YD M @EG, (R u)(x)
D A )

(Eq,rgeu)x) = Ai’(x)< ) + A% (x)u(x) 12)
for all x € R".
Here, one can observe that .
o supp AY C Uy, and A5 (x) = 1ifx € U?5;
o ifx esupp A%, then ), A (%) > 1;
« the bounds of the derivatives of A¢ are independent of i and depend only on the L!
norm of the corresponding derivatives of p 1
o Ax) =1lifx € 2;
o A5 (x) = 1if dist(x, 0Q) < &/2;
o A2 (x) =1ifx € Q and dist(x, 02) > &/2;
« the supports of A§, A5, and A® are contained in the £/2-neighborhood of €2, in the
e-neighborhood of 9€2, and in €2, respectively;
« the functions Aj, A%, and A® are bounded in R”, and all their partial derivatives are
also bounded;
« all the derivatives of A and A® are bounded on R";
« AS+A’islon Q and is 0 outside the €/2-neighborhood of .

Remark 3.2 In Stein’s original construction method, ¢ > 0 is assumed to be sufficiently
small [12]. However, since the bounds for the derivatives of A; increase as ¢ decreases,
a small ¢ makes the norm of the corresponding extension operator large. Therefore, we
should select the value of ¢ by taking this property into consideration. The selection of ¢

for concrete domains  will be discussed in Section 5.2.

4 Formula for estimating operator norm
Let us first present the following lemma, which gives bounds for the operator norm of the

extension operator on special Lipschitz domains constructed by the method in Section 3.1.

Lemma 4.1 For a special Lipschitz domain @' C R" (n=2,3,...), let E (= Eq/r ¢) be the
extension operator constructed by (10). Then,

IEullp@ny < Apre () lullrg),  YueLP(), (13)

and

[V gy < Ay (@) 1Vl Vi WH(R), (14)

for

Apes(2) = {(40QP +1}7
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and
Az,ﬂ,r,é (Q/) = max{ [2”’1(A0Q)p + l]l/p, [(n -1)2°"Y(BQY + {(Ao + B)Q}p + 1]1/19},

respectively. Here,
- Ao and A, are constants satisfying | Y (t)| < Ao/t* (t > 1) and |y (£)] < A /t2 (> 1),
respectively;
- P corresponds to P, with |a| =1;
- Qand B are defined as

pA+1)A+8)?
Q= Qu,rep) = 2 DI 5)2,/1 + M?Z,

and
B(=Bg ) = A1PA+ &) (1 +1)y/1 + M2,

Proof Since C*°(£) is dense in W?('), it suffices to consider z € C®(Q’). Moreover,
Q' is written in the form Q' := {(x',x,,) € R" : %, > ¢(x)}, &’ = (%1, %2,...,%,1) € R, with
a Lipschitz continuous function ¢ : R*! — R, the Lipschitz constant of which is M.
Hereafter, for simplicity, we write u, = dyu, g* = 8o rer 8y = Hg"

First step: estimating Ay ()

If y < ¢(x) with y € R and x = (xy,%9,...,%,_1) € R", then

|(Eu)(x,y)| = ‘./1 u(x,y +1g*(x, ) ¥ (¢) dt
o d
<A /1 Iu(x,y+tg*(x,y))|t—f. (15)
Moreover, we have g*(x,y) > (1 + 7)(¢(x) —y) = (1 + 7)|y — ¢(x)|. In addition, it fol-

lows that ¢(x) — y > dist((x, y), ') for all x € R"! and y € R. Since dist((x,y), ') > (1 —
£)?RDg £ (xy), it follows that

ly - ¢ ()| = > dist((x,5), V)
> (1-£)*RDg (%, )
=(1-8)>2(1+ t)_lcgzl,,gg*(x,y). (16)

Now, recall that g* = (1 + 7)Cq ¢ RDg ¢ From (16) we obtain g*(x,y) < aly — ¢(x)|, where
a(=ag r¢) = (L+7)(1+£)*1-§)2/1+ M%,. Putting s = y — ¢(x) + £g* (x, y), it follows from

(15) that
00 d
|(Eu) )] < Ao /1 uy+ @) 5
- Aog' ) [ 4(x5-+ $9) | (5 = (v = $(x))) s
y-p(x)+g* (%)

<Apaly - ¢(x)| b )l|u(x,s+¢(x))’s’2ds.
Tly—p(x
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By changing the integration variable as t(y — ¢(x)) = w, we have

d(x)
/ |Ew)(x,p) dy

(x) oo
< (@)1’ /¢ (r|y—¢(x)‘ |u(x,s+¢(x))‘s_2ds>pdy,

T 00 Tly-¢()|

P 0 o )
) (%) / (|W|/ |M(x,3+¢)(x))is‘2 ds) daw
- Iw|
b poo o) »
- (Sﬁ?p) /0 (/Wl |u(x,s+¢(x))‘s—2 ds) |W|(p+1)—1 dw.

Hardy’s inequality, which can be found in Lemma C.1, gives

#(x) 00
/ |(Eu)(x,y) |p dy < <‘DA7M>IQ/ (!u(x,s + ¢(x))|s_1)ps1’ ds
- 0

o (P + 1)T1+1/p

- (%)p /Oooiu(x,s + o))" ds
= (%)p fq} :|u(x,y)|P dy. (17)
Moreover, from the definition (10) of the extension operator we have
[l ay= [ jus as)

From (17) and (18) it follows that

1/p

00 1/p )
(/ |(Eu)(x,y)|"dy) 5{(AOQ)P+1}“”(/¢()Iu(x,y)|de> , (19)

where Q(= Qu/,1,p) := pagy ¢ /{(p + 1)T'*P}. Integrating both sides of (19) by x, we find
that (13) holds for

Apre(Q) = {(40Qp +1}'7.

Second step: estimating A, . (2')

Inequality (9) ensures that Ig;‘], (x,9)] <B/A; forje{1,2,...,n}. If y < ¢(x) with y € R and
x = (x1,%0,...,%,_1) € R"™L then

dy(Eu)(x,y) = 3y/1 u(x,y + tg*(xry))l/f(t) dt
= /1 uy(x,y +tg" (x,y)) (1 +1g, (x,y))lp(t) dt
- ./1 uy(x,y + tg" (%, 7)) ¥ (¢) dt

+g;k (ac,y)/1 u, (x,y + tg*(x,y))tl//(t) dt.

Page 8 of 23
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Therefore, we have

|3y (Eu)(x, )|

<

/1 uy (%, 5 + 1g" (x,9)) ¥ (£) dt}

o d

+ g (x,y)l‘ /1 uy (%, y + tg*(x,y))t3w(t)t—2t
o d

< (Ao +B)/1 Iuy(x,y+tg*(x,y))|t—2t, y < ().

From the similar discussion in the first step we have

/ |0, (Ew)(x,9)|" dy < [{(40 + B)Q}” +1] /¢ ( )Iuy(x,y) " dy. (20)
On the other hand, forj € {1,2,...,n—1} and y < ¢(x),
O, (Eut) (x, )
~o, [ ulnyr g y)viodr
1
= /; {t (0,7 + 187 (x,9)) + 1y (%, 7 + tg*(x,y))tg; )} (o) dt
_ /1 s (5, + £ (6,9)) ¥/ () dlt
+ g;j (%,9) /1 uy (%, + 1g" (%, 7)) e (£) dt.

Therefore, we have

|0y (Eu0) 5, )|

=

/ uxj(x,y+tg*(x,y))¢’(t)dt‘
1
+ |g§§,.(x,y)|‘ f uy(x,5 + 1¢*(x,9)) 19 (¢) dt‘
1
o0 d
SAO/ qu,(x,yﬁg*(x,y))lt—f
1
o N
+B/1 ‘uy(x,y+tg (x,y))’t—z, ¥ < ¢(x).

Since (s + £)? < 277Y(s? + ) for s,£ > 0 and p > 1, it follows from the similar discussion in
(17) that

$(x) »
| oy el ay

<27(A40QY f ( )}ux,.(x,wl”dy + 277 (BQY / ( )|uy(xry>|”dy~
Pl ok
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Therefore,
| log @@l ay < (2 aser +1) | sl
—00 (163
+ 2P Y(BQY / |ty (o, 9) |7 dy (21)
(%)

forje{1,2,...,n—1}. From (20) and (21) we have
> / |0y (Ew)(x,9)|” dy
j=1 © 7%
n-1 [ [
=> f |0y (Ew)(x,9)|” dy + / |0y (Ewe) (x, )| dly
j=1 -0 —00

n-1 00
< {ZP’I(AOQ)P+1}Z/ |14, (x,9)|” dy
j=1 ¢ (x)
x)

+ (1 - 127 (BQY /¢ N
+[{4o + B)Q} +1] /¢:|uy(x,y)|” dy
=1 oo
= {2271 (40QF +1}) 121: /{b . |4 (x, )| dly
+[(n-1)277(BQY + { (Ao + B)Q}" +1] /¢ :\uy(x, |’ dy.

This ensures that inequality (14) holds for

A ()

= max{[27(40Q) + 1], [(n - D2 (BQY + {40 + BIQY +1]'7). =

The following formula enables us to estimate the operator norm A,(S2) for the exten-
sion operator on domains with minimally smooth boundary constructed by the method
described in Section 3.

Theorem 4.2 For a domain Q C R" (n=2,3,...) with minimally smooth boundary, let E
(= Eq,r.t,¢) be the extension operator constructed by (12). Then, letting y be a given positive
number, we have

||V(EM) ||Lp(Rn) SAp(Q)(”VMHLP(Q) +ylullr), Vue Wh(Q), (22)
with

NA" +1, R=y,

A,(Q) =
p(S2) b.(4NA + 2N32A + NA' +3)n'?/y, R>vy,

(23)
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where N is the overlap number of , b, is a positive number satisfying b, > fR" |8x/,0%€ (x)| dx

forallje{1,2,...,n}, and R := b,(4NA + 2N>?A + NA' + 3) n"'?/(NA’ +1). The constants A
and A’ are determined by A = sup{A, () :ie Ny and A’ = sup{A;M,S(Q;) :1 € N} for the
operator norms Ay :(Q2;) and A;%E(Qi) of E! (= Egt,,rg) satisfying (13) and (14) with the
notational replacement Q' = Q;, respectively.

Proof Foranyje{1,2,...,n}, we have
3] = [ Joypp. 0] dv < b (24)

this bound does not depend on the index i. Likewise, |8xjkf,|, |0 A5 15 and |05, A2 are
bounded by b.. Moreover,

N (B A5)(% + A7) = A5 (045 + 0 A7)
Ae+ae 0 (A8 +28)2

It is easily confirmed that |05, AZ ] is also bounded by 35, =: b_ (we distinguish b, and b_ to
avoid confusion in the following proof). Hereafter, we simply denote | J, U¢/* by U*, DN
by >, Af by A;, A2 by A, and A® by A_. For u € W'P(Q),

” V(Eu) ”LP(R”)

1/p
=D |oyE)| dx)
(=)
i) 1 1/p 1/p
< (ZAH‘(axjA+)<ZM;;;lu)) dx) + (Z/W|A+(o)|1’dx>
j t j
1/p

1/p
+ (Z /R n|(8xjA)u|pdx) + (Z /R n|A(3x/.u)|pdx> : (25)
J ]

where

o

(0 S ME ) (2 A3) = (C MiE (ite)) (0 3 27)
) (A7) '

From Lemma C.2, the first term of (25) is evaluated as
> ME' (hu) )

P 1/p
(Z Lofoao(=557)] #)
P 1/p
(2] )
j
" i s 1
< b.n p(/ )»iEl()»ill) dx)
yn> |
) 1/p
< b, NVryllp (Z/ |E’(Aiu) |p dx)
[25

> ME (A
s
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< b+N1‘””An””< / |niul? dx)
< b,NAn'"? ( / lul? dx)

The second term of (25) is evaluated as

1/p
L)fd
(3 [nora)

By Y ME ) [P\ VP
(Z L5 )
> )\iEl()\iu))(ax,' A7)

p 1/p
dx) . (26)

(A7

(2],

The first term of (26) is evaluated as

0 S ME Q) [P\
( > Az dx)
+ 3 A0 E (hiu))
) (X]: /u A2
(=], [Zomztanf o)
=< (M) E" (Ajut) dx>
j o

(2],

The first term of (27) is evaluated as
) p 1/p
<Z / ’Z(ax,xi)y(/\iu) dx)
j U
] 1/p
< <ZN’”‘IZ / | (@ 1) E (e[ dx>
j i
) 1/p
SNl_llp<ZZ/ b€|El(klu)|de>
jooi
) 1/p
<b.N" (Z > / |E' ()| dx)
jooi
, 1/p
sble‘””nW<Z / |E(u)[” a’x>
i Ui
1/p
<bN'"PAR'? (Z / |Aiul? dx)
i Q

1/p
< b, NAn'? ( / i dx) )
Q

14 1/p
dx>

) 12 Lp
in(axjfl(x,»u))‘ dx) . (27)
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The second term of (27) is evaluated as

(=], )’

1/p
< (ZNP-IZ /U 20y E (i) |”dx)
j i

D hi(0gE (i)

1/p
< NP (Z > / |0 E' (A1) Y dx)
i YU
1/p
< Nl-“PA/<ZZ f |0y, (i) [P dx)
i Y9
1/p
=N1‘””A’<ZZ / | (0201 + 20| dx)
i U9
1/p
§N1‘1/pA’<Z / Z|(8xiki)u|pdx>
i e
1/p
+N1-”1”A’<Z / Z|)\i(8x/u)|de>
i Ve
1/p 1/p
SNA/{<Zb{;/ Iulpdx> +</Z|8x/u|pdx> }
i e ¢

1/p 1/p
§NA/{b5n1/p</ |u|de) +(/§ |ax,u|de) }
Q Qs

]

Since Holder’s inequality ensures that | Y- (dy,A:)A:| < beNY2(3"22)V2, the second term of
(26) is evaluated as

(O° ME () (B, 3 27) [P 4 Up
OHE x)

(=,
QC ME )2 22 (3 20) 1)
) (; I, (2

5 (Z / (X ME () (26 NVA(Y 22)7)
—~ Ju- (A2
’ » 1/p
gzngW(Z / ZME‘(MM)’ dx)
j *
) 1/p
< 2b5N3/2—1/pn1/p (Z/ |El()\.lu)|p dx)
Ui
1/p
<2b N3’2-1/PAn1’P( / |niul? dx)
X > i

1/p
<2b,N*?An'? ( / |ul? dx) )
Q

p 1/p
dx)

P 1/p
dx)
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From these evaluations we have

“ V(Eu) ”LP(]R”)

1/p 1p
< b,NAn'? ( / lulP dx) + Nb, An'? ( / lulP dx)
Q Q
1/p 1/p
+NA’{b8n1/”</ |u|pdx> + (f Z |8x/u|pdx> }
Q Q5
j
1/p 1/p
+2N32b, An''P (/ |ul? dx) +b_n'? (f |ul? dx)
Q Q
1/p
+ (/Q Z |8x/.u|"dx>
j
l/p
=(NA"+1 / |8x,u|pdx)
([ 2

1/p
+ (b+NA + bNA + 2b,N*"*A + b,NA' + b_)n""” ( / luf? dx)
Q
= (NA" + 1) Vuull (o) + be (4NA + 2N*A + NA' + 3)n'? | u| 1o (-

Hence, inequality (22) holds for

NA' +1, R<y,
Ap(R2) = 3/2 / 1
b.(4NA + 2N°“A + NA' + 3)n''P|y, R>vy,
where R := b, (4NA + 2N32A + NA' + 3)n'?|(NA' +1). O

The operator norm derived by Theorem 4.2 leads to bounds for the embedding constant

as in the following corollary.

Corollary 4.3 Forgivenn € {2,3,...} andp € (n/(n—1),00), let T, be a constant satisfying
ltll o ry < Tl VitllLaqrry for all u € WH4(R™), where q = np/(n + p). Moreover, let @ C R”
be a domain with minimally smooth boundary. Then,

lullr@) < Cp(Nullwraq)y Yue wh(Q), (28)
with
q-1
C(2) =27 T,A,(%).

Here, || - lyq(q) denotes the o-weighted W4 norm (2) for given o > 0, and A,(S) is the
upper bound of the operator norm derived by Theorem 4.2 with y = o'/4,

Proof We have

llztll e () < IIEullrr @

< T, VEul| pawn
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< T, A, () (IVullra@y + 0wl ra(e)

q-1
<27 T,A,(Q)ullwra) >
for all u € WH4(Q). )

Remark 4.4 The value A,(2) derived by Theorem 4.2 monotonically decreases with
& €(0,1). Moreover, A,(2) = A,(2)|¢-0 (¢ | 0). Therefore, A,(2)|s-0+8 and C,(2)[¢=0 +4
for any positive number § become an upper bound of the norm of the extension opera-
tor E (defined by (12)) and an upper bound of the embedding constant (satisfying (1)),
respectively, whereas the range of £ is (0,1).

Remark 4.5 The constant CIQ(Q) such that [|u||r@) < C;(Q)||u||H1(Q) for all u € HY(Q)
is also important, especially for verified numerical computation and computer-assisted
proof for PDEs summarized in, e.g., [9-11, 13]. We can obtain a formula that gives a con-
crete value of C;(Q) with additional assumptions for € and p (see Corollary D.1).

5 Examples

In this section, we present some examples of estimating the embedding constant C,(<2)
defined in (1) using Theorem 4.2 and Corollary 4.3. Throughout this section, we set p as
the mollifier defined in (4) and o = 1.

5.1 Calculation of constants
The constants Ag, A;, P, and b, in Lemma 4.1 and Theorem 4.2 were numerically calcu-
lated. All computations were carried out on a computer with an Intel Core i7 860 CPU
(2.80 GHz), 16.0 GB RAM, Windows 7, and MATLAB 2012b. Since all the rounding er-
rors were strictly estimated using INTLAB version 6 [28], a toolbox for verified numerical
computations, the accuracy of all results is mathematically guaranteed.

The constants A and A; can be respectively computed as

Ap = sup{’t%ﬁ(t)’ > 1} and A;= sup{‘t%ﬁ(t)‘ E> 1} (30)

with the function ¥ : R — R constructing the extension operator (10), which satisfies
property (11). For example, the function
e 1 in C
t) = — Im(e @D, =Cpe 4 =—=(1-i 31

v (t) v ( ) w=C, ﬁ( ) (31)
satisfies this property for any C,, > 0; a simple proof can be seen in, e.g, [6, 12]. Table 1 lists
values of Ay and A; for some selections of C,,. We believe that C,, = 4.83 is a ‘good’ (albeit
not optimal) selection for obtaining small Ay and A;. Moreover, recall that b, is a positive
number satisfying

b, > /H;n|3xip%€(x)|dx(: g/wmxlp(x)\dx). (32)

For the mollifier defined in (4), the bounds for the integration in (32) are independent of
the index j. Furthermore, one of the concrete values of P can be derived by (7) with the
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Table 1 Values of Ag and A
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Co Ao € Al €

1 [15.4893767258475,15.4893767258481] [77833.3633336837,77833.3633336869]
2 [2.65390726696554,2.65390726696560]  [828.073610866384,828.073610866409]
3 [2.10591300732044,2.10591300732053] [88.5738560955430,88.5738560955457]
4 [5.63766113155191,5.63766113155202]  [24.6566936219851,24.6566936219859]
4.83 [12.8860220862419,12.8860220862429] [12.9832586501139,12.9832586501147]
5 [15.2681658080940, 15.2681658080947]  [15.3072274336907,15.3072274336919]

condition || =1, i.e., it can be computed as

p= [ {r=1)p.(x1) + 1o 1) (1~ 1)

Using verified numerical computation, we derived the following estimation results:
/ |0x p(%)| dx € [1.86412,1.92770] and P € [7.45592,7.50131]
R2
for the case of n = 2.

5.2 Examples of estimating the embedding constant

Here, we present estimation results for the following two concrete domains:

Example A Let Q C R? be the domain as in Figure 1(a). We set {U];};cy as follows: we first
defined the two sets among U; as in Figure 1(b); then, U; (i =1,2,...,8) were obtained by
symmetry reflections; and finally, we defined the other U; (i = 9,10,11,...) as empty sets.
In this case, we chose M =1, N =2, and ¢ = 0.25. We can find in Figure 1(c) that these
constants satisfy the required conditions mentioned in Theorem 4.2.

Figure 2(a) shows the relationship between v and A,4(2) in the cases of p = 4,6,and 8;
recall that g = 2p/(2 + p). We can observe that A,(S2) first decreases as T increases.
Then, it reaches a minimum point; thereafter, it monotonically increases with t. The
relationship between p and the value of 7 that minimizes A,(€2) can be seen in Fig-
ure 2(b). For example, in the cases of p = 4, 6,and 8, each A,(2) is minimized at the points
T~ 8.12,5.83,and 5.06, respectively.

Figure 2(c) shows the relationship between p and C,(£2); we chose 7 such that A,(2) (and
C,(R2)) are as small as possible. Recall that all the results in Figure 2 are mathematically

guaranteed with verified numerical computation.

Example B Let Q C R? be the domain as in Figure 3(a), the boundary of which is com-
posed of five semicircles and a straight line. We set {U;};en as follows: we first set U;
(i=1,2,...,6) as in Figures 3(b), (c), (d); then, we obtained the other U;s (i =7,8,...,10)
by symmetrical reflection; and finally, the other U; (i = 11,12,...) were defined as empty
sets. In this case, we chose M =1, N = 2, and ¢ = 2sin(7r/8)/{sin(7 /8) + 1}. The selection of
¢ depends on the smallest semicircle that constitutes the boundary of Q. We can find in
Figure 4 that ¢ = 2sin(7r/8)/{sin(rr /8) + 1} satisfies the required condition in Theorem 4.2.

The graphs of A,(€2), T that minimizes A,(£2), and C,(2) are also shown in Figure 5.
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(a) (b)

S
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Figure 1 Figures in Example A. (a): Domain €2. (b) and (c): opensets U; (i=1,2,..., 8).

6 Conclusion
We proposed a method for estimating the operator norm A,(€2) (defined in (3)) of the
extension operator constructed by Stein [12]. The concrete bounds for the operator norm
lead to estimation of the embedding constant C,(2) from W4(Q) to L?(£2), as defined in
(1). Here, € is only assumed to be a domain with minimally smooth boundary.

In addition, we presented some estimation results of the embedding constants. All the
estimation results are mathematically guaranteed with verified numerical computation,
whereas the derived constants may not be sharp because of some overestimations.

Appendix 1: Relation between p-norms

The following lemma is required for proving Corollary B.2 and Corollary D.1.

Lemma A.1 For0<p<qandxeR" (neN), we have
11
lxlg < lxl, <nP 9lxlg (33)

where both inequalities are optimal.
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5 5x10° “
m—n
2 _gzg 12t
10t
~ 15
S by
<
. o
N
0.5
4
% 5 10 i5 20 2 20 40 60 80 100
T p
(a) (b)
,x 10°
1.5t
e |
L)Q.
0.5
0 20 40 60 80 100
p
(c)
Figure 2 The relationship between (a) T and Aq(2) with p = 4,6,and 8, (b) p and 7 that minimizes
Aq(£2), and (c) p and C,(£2).

Proof We first prove the left inequality in (33). This is clear when x = 0. Otherwise, since
lxil/|xlg <1fori=1,2,...,n, we have

L) =)

i=1

and therefore, |x|, > |x|,. The equality is attained, e.g, when x; =1 and x; =0 (i =
2,3,...,n).
We then prove the right inequality in (33). Holder’s inequality ensures that

12 a-r 12
n q q n q q 1_1_7 n q
o < (Y () | (D 1) =A (D )
i=1 i=1 i=1

Raising both sides of this inequality to the power 1/p, we have |x|, < nl% K |#|g. The equality
is attained, e.g, whenx; =1 (i=1,2,...,n). O
Appendix 2: The best constant in the classical Sobolev inequality

The following theorem gives the best constant in the classical Sobolev inequality.

Theorem B.1 (Aubin [1] and Talenti [14]) Let u be any function in H'(R") (n = 2,3,...).
Moreover, let q be any real number such that 1 < q < n, and set p = nq/(n — q). Then,

( Rn|u(x)|pdx> < T};(A;{JVu(x)!de)
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Figure 3 Figures in Example B. (a): Domain 2. (b)-(d): U; (i=1,2,...,6) are shown; the other
Ui (i=7,8,...,10) can be obtained by symmetrical reflection.

Figure 4 How to determine ¢.
Us NUg

with

o a(g-1\TI[ T+ Hrem \*
Ty=m2n (n—q) {r(g)r(un-g)}’ Gy

where T is the gamma function.

From Lemma A.1 and Theorem B.1 the following corollary immediately follows.
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Figure 5 The same as Figure 2, but for the case of the domain £ in Figure 3(a).

Corollary B.2 Let u be any function in H'(R") (n = 2,3,...). Moreover, let q be any real
number such that 1 < q < n, and set p = nq/(n — q). Then,

el zormy < Tpll Vel Larn)

with Ty = M, T, where T), is defined by (34), and

leq =

1, 1<g<2,
1 1
n?a, 2<g<n.

Proof Since Lemma A.1 ensures that

1 1
q q
(/ |Vu(x)|gdx> §M2,q(/ }Vu(x)|de> = Mo 4|Vl pawny,
R R”

this corollary holds. O

Appendix 3: Lemmas for proving Lemma 4.1 and Theorem 4.2
The following two lemmas are required to prove Lemma 4.1 and Theorem 4.2.

Lemma C.1 (Hardy et al. [29]) Let p € N and r > 0. Suppose that a function f : R — R
satisfies f(x) > 0, Vx € R. Then, it follows that

(/oOO </oxf ) dy)px"‘l dx)l/p < 1;( /0 OO OFO)) dy> Up

Page 20 of 23
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and

([ ([ o) osan) " <2( [ o)

Lemma C.2 Let S C R"” and p € [1,00). Moreover, let {a;(x)}ien C LP(S) be such that at
most N of a;(x) are not zero for each x. Then, we have

</s pdx)}j =N <Z/S\“i(x)|pdx>%.

ieN
Proof This lemma follows from the inequality

Z a;(x)

ieN

> i)

ieN

»
<N Z‘ﬂi(x) 7,

ieN

which comes from Holder’s inequality. O

Appendix 4: The embedding constant from H'(2) to LP(L2)
Corollary D.1, which comes from Theorem 4.2, gives a concrete estimation of the embed-
ding constant from H'(2) to L7 (2) under suitable assumptions for Q and p.

Corollary D.1 For given n € {2,3,...}, let p be a real number such that p € (n/(n —
1),2n/(n-2)) ifn >3 and p € (n/(n—1),00) if n = 2, and set q = np/(n + p). Moreover, let
2 C R” be a bounded domain with minimally smooth boundary. Then, for any r € [q,2),

lullr@) < Cp(DNullig)y, Vu e H(KQ),
with
92—
() = 2191 T, M, A,(€).

Here, || - || 1(q) denotes the o -weighted W2 norm (2) for given o > 0, r* := nr/(n —r), Ty

is a constant satisfying ||ull gy < T+ ||Vt 1rwn) for all u € W (R"), M, := n%’%, and

A(R) is the upper bound for the operator norm derived by Theorem 4.2 with y = o'/2.

Proof Since q € (1,2), a real number r such that r € [g, 2) exists.
Let u € H'(RQ). Holder’s inequality gives

*

2 rp
||u||‘zp(ms<f|u(x)} P) (fl) = 1917 4l g
Q Q

and we have

el @y < IIEutll s ny < T | VEU|| Lr ()

< T A Q) (IVullr) + o lullr@)-
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Therefore, it follows that

*

-pr
lellre) < 12077 TrA(Q)(I Vil + o ullr@)- (35)

Moreover, Holder’s inequality again gives

2-r

3 3
1Vl < ( | |w<x>|;~3dx) ( [1# dx)
2 Q
2-r 2 %
|Q|T(/|Vu(x)|rdx) ,
Q

where || is the measure of 2. Therefore, it follows from Lemma A.1 that

ﬂ
IVullr@) < 1217 Mol Vil 12(q)- (36)
In the same manner, we have
2-r
llzellr) < 19212 |lutll 2. (37)

Since M, > 1and (r* — p)/(pr*) + (2 -r)/(2r) = (2 — q)/(2q), it follows from (35), (36), and
(37) that

= 12
lullr ) < 1€2] T My A/(Q)(IIVull 20y + 0 Nl 2(e)

1210 52
<2 |Q| g Tr*Mr,QAr(Q)”u”Hl(Q)‘ O
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