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Abstract

In this paper, we investigate the reciprocal sums of even and odd terms in the
Fibonacci sequence, and we obtain four interesting families of identities which give
the partial finite sums of the even-indexed (resp., odd-indexed) reciprocal Fibonacci
numbers and the even-indexed (resp., odd-indexed) squared reciprocal Fibonacci
numbers.
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1 Introduction

The Fibonacci sequence is defined by the linear recurrence relation
F,=F,1+F,, forn>2,

where F), is called the nth Fibonacci number with Fy = 0 and Fj = 1. There exists a simple

and non-obvious formula for the Fibonacci numbers,

e () 5.

The Fibonacci sequence plays an important role in the theory and applications of
mathematics, and its various properties have been investigated by many authors; see
[1-5].

In recent years, there has been an increasing interest in studying the reciprocal sums
of the Fibonacci numbers. For example, Elsner et al. [6-9] investigated the algebraic rela-
tions for reciprocal sums of the Fibonacci numbers. In [10], the partial infinite sums of the
reciprocal Fibonacci numbers were studied by Ohtsuka and Nakamura. They established

the following results, where | -] denotes the floor function.

Theorem 1.1 Foralln> 2,

oo -1 . .
Z i | Fuas if nis even; 1)
F; - F,»-1, ifnisodd. '

k=n
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Theorem 1.2 For each n > 1,
o0 -1 . .
Z i ) EuFua -1, ifnis even; 1.2)
k=n FI? FnFn—l; ifl’l is odd. ’

Wu and Zhang [11, 12] generalized these identities to the Fibonacci polynomials and
Lucas polynomials, and they considered the subseries of infinite sums derived from the
reciprocals of the Fibonacci polynomials and Lucas polynomials.

Recently, Wu and Wang [13] studied the partial finite sum of the reciprocal Fibonacci
numbers and deduced the following main result.

Theorem 1.3 Forall n > 4,

2n 1 -1
{(Z E) J =F,,. (1.3)
k=n

Inspired by Wu and Wang’s work, Wang and Wen [14] strengthened Theorem 1.1 and 1.2
to the finite sum case.

Theorem 1.4 Ifm > 3 and n > 2, then
mn -1 . .
Z i _ F,.,, if nis even; (1.4)
— Fy F,2-1, ifnisodd. '
Theorem 1.5 For all m > 2 and n > 1, we have
a
f: 1 | FuFra -1, if nis even; (L5)
p F} |\ E.E, if n is odd. '

Applying elementary methods, we investigate the partial finite sums of the even-indexed
and odd-indexed reciprocal Fibonacci numbers in this paper, and obtain four interesting
families of identities. In Section 2, we consider the reciprocal sums of even and odd terms
in the Fibonacci sequence. In Section 3, we present the finite sums of the even-indexed
and odd-indexed squared reciprocal Fibonacci numbers.

2 Main results I: the reciprocal sums
We first present several well-known results on Fibonacci numbers, which will be used
throughout the article. The detailed proofs can be found in [5].

Lemma 2.1 Let n > 1, we have

E} —Fy1Fp = (1" (2.1)
and

F,Fy + Fau1Fpi1 = Faupn (2.2)

if a and b are positive integers.
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As a consequence of (2.2), we have the following result.

Corollary 2.2 Ifn >1, then

Fan = Frn = Fry (2.3)
Foni1 = Fu1Fpaa + FuFpyo, (24)
Fypi1 = FyaFpia — FyaFy. (25)

The following is an interesting identity concerning the Fibonacci numbers.

Lemma 2.3 Assume that a and b are two integers witha > b > 0. If n > a, then
Fn+aFn—u—1 - Fn+bFn—b—1 = (_l)n_aFa+b+1Fa—b~ (26)

Proof We proceed by induction on . It is clearly true for # = a + 1. Assuming the result
holds for any integer # > a, we show that the same is true for n + 1.
Applying (2.2) repeatedly and by the induction hypothesis, we get

FoyraFmi-a-1 — FoeysoFne)-b-1 = FnrvaFn-a + FuraFn-a-1)
= Fui1voFn-b — FrvaFn—a
= Fou — FpawwFub — FuvaFuaa
= FuipFp-b1 = FuvaFp-a
= —(FpiaFu-a-1 = FrivFu-p-1)

= (_1)n+1_aFu+b+lFu—b:
which completes the induction on 7. 0

Remark Recently, Akyigit et al. [15, 16] defined the split Fibonacci quaternion, the split
Lucas quaternion and the split generalized Fibonacci quaternion, and they obtained some
similar identities to those above for these quaternions.

Before presenting our main results, we establish an inequality.

Proposition 2.4 Ifn > 3, then

1 2 1

> .
Fana 4= FaraFabakn

(2.7)

Proof A direct calculation shows that it is true for n = 3. Thus, we assume that #n > 4 in
the rest of the proof.
Setting @ = 2 and b = 0, and replacing # by 2# in (2.6) yields

FypioFon3 = FapFop 1 +2. (2.8)



Wang and Zhang Journal of Inequalities and Applications (2015) 2015:376 Page 4 of 13

From (2.5), we know that
Fyni1 = Fana1Fonsa = Fan1Fon. (2.9)
Applying (2.8), (2.9), and the fact F,,_3 > 2 and Fy,,_1F, > Fou41 if n > 3, we obtain

Fyu3F4ns1 = Fan-3(Fans1Fanva — Fau-1Fon)
= Fop-3Fonn1Fansa — Fan-3Fan-1F2n
= (Fan-1Fan + 2)Fops1 — Fon3Fap 1Fay
= Fop 1F2nFons1 + 2Fon — Fan3Fon1Fon
= Fyp1FonFonin = (Fan-3Fan-1Fon — 2Fop41)

< Fou1FonFonis

which is equivalent to

Fapn Py 1
Fry1FoFona  Fous

Now we have

R 1 1 1 & Fun

Fannr 4= FoxaFakFokr Fanet Fana 7= FakaFacFokn

1 1 &1

> —
F4n+1 F4n+1 F2n—3

k=n
_ 1 (an_g —-n- 1)
Fapn Fy, 3 )

It is not hard to see that for n > 4, F,,_3 > n + 1, which completes the proof. O

Now we introduce our main results on the reciprocal sums of Fibonacci numbers.

Theorem 2.5 For all n > 3, we have

2n -1
Kkz F%/() J =Fy . (2.10)

Proof By elementary manipulations and (2.1), we derive that, for k > 1,

1 1 _ For(Fogs1 — Foxo1) — (Fogr + 1)(Foge1 + 1)
Fora+1  Fy Fya+l For(Fokoy + 1) (Fog +1)
B F2 — Fog1Fogs1 = Foro1 — Fon — 1
For(Fog1 + 1) (Fage1 + 1)
(1) = Py = Fypn - 1
For(Fogo1 + 1) (P +1)
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Hence, we have

2n 2n
1 1 1 Z 1 1
Fy - ’ ( ’ )
— B Foypa+1 Fapn+1 =\ Fu(Fora +1)  Fu(Fakn +1)

1 1 1
> - + .
Fou1+1  Fapa +1  Fou(Fop1 +1)

It follows from (2.4) that
Fani1 > FopFopio > Fou(Fopo1 + 1),

which implies that

2n 1 1

—_— > —. (2.11)
Fy Fyua+1

k=n
Invoking (2.1) again, we can readily deduce that

11 1 A
Foyer For Funt FuciFacFoga’

(2.12)

from which we obtain

2n 2n

ZL 1 1 +Z 1

o F2k F2n—1 F4-n+1 o FZk—lFZkFZkH
k=n k=n

Because of (2.7), we get, if n > 3,

Zi< 1 . (2.13)

Combining (2.11) and (2.13), we have

1 7 1

—— <) —< ,
Fop+1 4= For Fap

which yields the desired identity. O

Theorem 2.6 Ifm >3 and n > 1, we have

mn 71
{(kz %k) J =F, -1 (2.14)

Proof 1t is obviously true for #n = 1. Now we assume that # > 2.
By some calculations and (2.1), we obtain, for k > 2,

1 1 1 Fox1 + Fopn — 2 0
= = >0,
Foo1 -1 Fy Fuya—1  (Faor — DFox(Foga — 1)

(2.15)
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from which we have

o 1 1 1 1
L P
pa Fyp Fya.-1 Fyypa-1 Fyi-1

On the other hand, it follows from (2.12) that

mn mn
1 1 1 1

—_— = -+ E -

i Fox  Fonr Fomnn 4= FauaForFokn

1 1 1
> + - .
Fyr BuaFonFoug Founs

We claim that if # > 1 and m > 3,
Fon1FonFon < Famn-
Replacing a by a — 1 in (2.2), we arrive at
Fy 1Fp+ FyFpi1 = Fayp,
which implies that
Furp > FuFp > F Fp.

Thus, Fa,-1F2uFani1 < Fen < Fops1 < Famns1, which means

mn

1 1
S
P Fox  Foug

=n

Combining (2.16) and (2.18) yields

mn

1 1 1
Lot
Fopa 4= Fae Fapa =1

from which the desired result follows immediately.

Corollary 2.7 For all n > 1, we have

(52) e

Proof By using (2.15) repeatedly, we have

1 1 1
- s -
Fyy1-1 By Fya-1
1 1 1
>—+ —+ —
FZV: Z:'2n+2 F2n+3_1
1 1 1
> ——+ + + -

F2n F2n+2 F2n+4

Page 6 of 13

(2.16)

(2.17)

(2.18)

(2.19)
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Thus, we obtain

Y
i Fox an 1-

Applying the same argument to (2.12) yields

:Mff

k F2n 1

Hence we have

1 1 1
LI
Fopa 4= Pk Fana -1

o0
which completes the proof. 0

Remark Identity (2.19) can be regarded as the limit of (2.14) as m — oc.

Theorem 2.8 For all n > 1 and m > 2, we have

mn -1
Z 1
\;(/@n FZ“) J “he 220

Proof It is clearly true for n = 1, hence we suppose that # > 2 in the following.
Invoking (2.1), we derive that for k > 2,

1 1 1 1 0
- =— >0,
Foy o Fouo1 By FyoF 1P

which implies that

mn

1 1 1 1
> < - < . (2.21)
Fyo1 Fos Foun  Faua

k=n
It follows from (2.17) that
F4n+1 > F2n+1F2n > (F2n—2 + 1)F2n—1’

based on which we conclude that, when n > 1,

an + an_z 1 1 > 1
> > > .
(Fon—a + V)Foy1(Fon + 1) (Fona + DF2u1 Fanr ~ Fopnn

Employing (2.1) again, we can readily obtain

1 1 1 —Fox — Fox_a
Fopa+1  Foypp Fop+1  (Fopog + D)Ey (P +1)°
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from which we arrive at

mn

1 1 1 Foi + For—
= - +
— For Fopa+1 Fopn+1 4= (Fokp + 1)Fy (Foi +1)

=n

1 1 an + an_z
> - +
Fousa+1  Foup+1  (Fapo + 1)Fpu_1(Fan +1)
1
>
an_z +1

Combining the above inequality with (2.21), we have

mn

1 Z 1 1
< < )
Fopa+1 = Fya  Faa

which yields the desired result. O
As m approaches infinity, Theorem 2.8 becomes the following.

Corollary 2.9 Ifn>1, we have

o -1
1
(&) |

3 Main results Il: the reciprocal square sums
We first introduce several preliminary results on the square of the Fibonacci numbers.

Lemma 3.1 Forall n > 2, we have

F2 F?

n+l

—F*,F?,=(-1)"-4-F2 (3.1)

Proof 1t follows from

FuoFp. = (Fy— Fuo1)(Fu + Fui1)
=F3 +FnFn+1_Fn—1Fn—Fn_1Fn+1

= 21:3 _Fn—an+1
that

FZ,1F2+1 - FZ,ZFZQ = (Fp1Fus1 + FuoFyio)(FyoiFria — Fu—aFrio)

n
= 2F}(2F,_1F 1 — 2F2)

- (1) -4-F,
where the last equality follows from (2.1). O
Lemma 3.2 Ifn> 2, then

Fop3Fou —Fy =1 (3.2)
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Proof 1t is straightforward to check that

Fyp3Fonit — 3,y = (Fauo1 = Fauoa)(Fan1 + Fay) = Fy, )
=F; | +Fy1Foy—Fay oFsy 1 — Foy 2F>, — Fa,
= Fou1Fon — FapaFou1 — FouaFay
=Fy1F — By aFoun
= 1’

where the last equality follows from (2.6). d

Lemma 3.3 For each n > 2, we have

F22n+1 - F22 -3 > 31:'22;4—1' (33)

n
Proof A direct calculation shows that
F22n+1 - F22n,3 = (F2n+1 + F2n—3)(F2n+1 - FZn—B)
= 2Fon1 + Fopz + Fou3)(Fap1 + Fon — Fap3)
> 3Fu-1F21
= 3F22n—1‘
The proof is complete. O

Remark In fact, applying the equalities (ii) and (iv) of Proposition 2.2 of [17], we can easily
obtain

E3 = Fao s = (Fans1 + Fru3)(Fanst — Fans) = 3Fou 1 - Lowt,

where L, means the nth Lucas number. Then (3.3) follows immediately from the fact L, >
F, forn>2.

Now we are ready to present the reciprocal square sums of the Fibonacci numbers.

Theorem 3.4 For all n > 1 and m > 2, we have

mn -1
{(Z FLZ) J =Fy0—1. (3.4)
k=n = 2k

Proof It is clearly true for n = 1, so we assume that # > 2 in the rest of the proof.

For k > 2, we have

P11 _ F3 (Fagsa — Far—a) = (Fag—p — 1) (Fagsz — 1)
Fuca—-1 Fy  Far—1 (Fak—n — 1)Fa (Fags2 — 1)

F2 (Faxs2 — Fag—2) — Fag—2F g2 + Fajs2
(F4k—2 - I)ngk(F4k+2 - 1)
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It follows from (2.3) that

Fzzk - F22k_2 = Far-2, (3.5)

F2.o — Far = Fagso. (3.6)
As a consequence of (3.1), we see

F22k—1F22k+1 - F22k—2F22k+2 = 4Fzzk' (3.7)
Applying (2.1), (3.5), (3.6), and (3.7), we derive that

E3(Fagsa — Far—a) = Fax—aFaxsa + Farsa
= F22k(F22k+2 - 2F5; + Fzzk—z) - (Fzzk - F22k—2)(F22k+2 - Fzzk) +Fy0—F3y
=-F, ;k +F 22k—2F 22k+2 +F 22k+2 -F 22k
=-F, (F22k + 1) + Fy oFopn + Faps
= ~(Fak-1Foks1 — V) Eok1Foks1 + Fax_yFasn + Fapn
=-F 221<_1F 22k+1 + Py Fo1 + F 221<-2F 22/<+2 +F. 22k+2
= Fypy — F  For + Foi_oF3 o + Fak1Fokn
= F3py — 4F3 + Py 1Foran
= (Foksa — 2F51) (Forsa + 2Fo) + Fox1Fora

>0,

which implies that

1 1 1

_— - —>0.
Fuca-1 Fj  Far—1
Thus, we have
o 1 1 1 1
Z = < — < . (3-8)
k=n sz F4n—2 -1 F4mn+2 -1 F4n—2 -1

Employing the same argument as above, we obtain, for k > 2,

1 1 1 3F—FyaFun
Fius Fy  Fae Far—oFy Faks2

For each k > 2, we have

3F2 — Fog1Fas1 = 3F5 — Fog 1 (Fax 1 + Fax)
= Fy + (B3 — F33) + (F3x — Fak1Fx)

2
> Fy.
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Therefore,

1 1 1 1
- _ «_ )
Fia  F3  Fusa  FuaFaro

from which we arrive at

mn

1 1 1 1
> > - +
sz F4r1—2 F4mn+2 F4n—2F4n+2

k=n
1 1 1
> + — -
F4n—2 FSn F4mn+2
1
> .
F4n—2

Combining (3.8) and (3.9) yields

mn

1 Z 1 1
<Y —<—,
Fany 1 Fy  Faua-1

from which the desired result follows.

As m tends to infinity in Theorem 3.4, we have the following consequence.

Corollary 3.5 Forall n>1, we have

£4) )

Theorem 3.6 Ifn>1and m> 2, then

mn -1
= =Lan-4.
k=n F22k—1

Proof It is obvious when # = 1, thus we assume that # > 2 in the following.

It follows from (2.3) that

2 2 _
F2k+1 - F2k—1 = Fa,

2 2 _
sz—l - sz-a = Far-a.

Therefore, applying (3.2), we deduce

F3y 1 (Fax = Faa) — Fax_aFax = F3y_ (F3py — 2F3_y + F3 )
- (F22k+1 - F22k—1)(

= F22k73F22k+1 - F;k—l

= (sz—3F2k+1 - Fzzk,l) (sz—3F2k+1 + Fzzk,l)

2
= For 3Fora + Fop .

Page 11 0f 13

3.9)

(3.10)

(3.11)

(3.12)
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For k > 2, we have

2 2
Fyea  Fy,  Fax Fyi_aF5_Far

2
_ F2k—3F2k+1 + sz—l
- 2
F4k—4F2k_1F4k

>0,
from which we derive
G| 1 1 1
Y < - < ) (3.13)
k=n F2k—1 F4~n—4 F4~mn F4n—4

Employing (3.2) and (3.12), we obtain
Fj_y(Fax = Faea) = (Faka + D)(Fax +1) = 2F5,_ + Fyy 5= Fyp oy < —F3y ),

where the last inequality follows from (3.3).
Now we see that, for k > 2,

11 1 F3 (Fak — Faje_a) — (Fajeea + 1)(Fax + 1)
Fuca+l Fi ., Fu+l (Fak-a + DF%_(Fa +1)
-1
< )
(Fag—a + 1)(Fage +1)

which implies that

mn

1 1 1 1
> - + .
F22k—1 Fupa+1  Faup+1  (Fapeg +1)(Fap +1)

k=n
It is easy to see that
(Fap-a + 1)(Fap +1) = Fap-4Fan + Fapa + Fap +1
< Fgy g+ Fgy3+Fgy1+1

=F8n+1.

Hence,

mn

1 1 1 1 1
> > + - > ) (3.14)
on FZk—l F4n,4 +1 an +1 F4mn +1 F4n,4 +1

It follows from (3.13) and (3.14) that

mn

1 1 1
< ) < )
Fana+l 4= Fy,y Fina

which completes the proof. d
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Consequently, we have the following result.

Corollary 3.7 Ifn>1, then

00 -1

1

= Fup . (3.15)
Fyy

k=n

4 Conclusions

In this paper, we give the exact integral values of the reciprocal sums (resp., square sums) of

the even and odd terms in the Fibonacci sequence. The results are new and important for

those with closely related research interests. In addition, the methods used here are very

elementary and can be extended to the investigation of other combinatorial sequences.
In a future paper, the reciprocal sums and the reciprocal square sums of the Fibonacci

3-subsequences will be presented.
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