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Abstract
For the left Bernstein-Durrmeyer quasi-interpolantsM(2r–1)

n f , we prove that, for some l,

ω2r
ϕ

(
f ,

1√
n

)
p
≤ C(

∥∥M(2r–1)
n f – f

∥∥
p +

∥∥M(2r–1)
ln f – f

∥∥
p) (1 < p≤ ∞).

This is a strong converse inequality of type B.
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1 Introduction
For f ∈ Lp[, ] the Bernstein-Durrmeyer operators are given by

Mn(f , x) = (n + )
n∑

k=

pn,k(x)
∫ 


pn,k(t)f (t) dt,

where pn,k(x) =
(n

k
)
xk( – x)n–k (cf. [, ] and [, ] for more integral type operators). The

rate of convergence and the inverse theorem for Mn(f , x) and their combination have been
investigated in []. Recently Sablonnière (cf. [, ]) introduced a family of operators, so-
called quasi-interpolants. Many quasi-interpolants of different operators were studied (e.g.
[–]).

In the following �j denotes the space of algebraic polynomials of degree at most j. Be-
cause Mn is an automorphism of �n, Mn and its inverse M–

n can be expressed as linear
differential operators with polynomial coefficients in the forms Mn =

∑n
j= βn

j (x)Dj and
M–

n =
∑n

j= αn
j (x)Dj, where D = id, D = d

dx . The polynomials αn
j (x) ∈ �j are expressed

explicitly in terms of shifted Jacobi polynomials (cf. [, , ]) as

αn
j (x) =

[j/]∑
s=

(–)sXsJ (s,s)
j–s(x)/s!(n)j–s,

where X = x( – x), (n)j = n(n – ) · · · (n + j – ), and

J (s,s)
j–s(x) =

j–s∑
i=

(
j – s

i

)(
j – s

j – s – i

)
(x – )j–s–ixi.
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Now we give the definition of left Bernstein-Durrmeyer quasi-interpolants (cf. [, , ]):

M(r)
n (f , x) =

r∑
j=

αn
j (x)DjMn(f , x) =:

r∑
j=

αn
j (x)Mn,j(f , x), (.)

where Mn,j = DjMn. It is well known that αn
(x) = , M(r)

n is exact on �r , i.e. M(r)
n p = p for all

p ∈ �r ,  ≤ r ≤ n.
For M(r–)

n (f , x) the global approximation equivalent theorem has been obtained in []
as follows.

Theorem [] Let f ∈ Lp[, ],  < p ≤ ∞, ϕ(x) =
√

x( – x), n ≥ r, r ∈ N ,  < α < r, then

∥∥M(r–)
n f – f

∥∥
p = O

(
n–α

) ⇔ ωr
ϕ (f , t)p = O

(
tα

)
.

Here

ωs
ϕ(f , t)p = sup

<h≤t

∥∥�s
hϕ f (x)

∥∥
p,

�s
hϕ f (x) =

s∑
k=

(–)k
(

s
k

)
f (x + sh/ – kh).

This is Ditzian-Totik modulus of smoothness, it is equivalent to K-functional

Ks
ϕ

(
f , ts)

p = inf
g∈W s(ϕ)

{‖f – g‖p + ts∥∥ϕsg(s)∥∥
p

}
, (.)

where W s(ϕ) =: {g ∈ Lp[, ], g(s–) ∈ A.C.[,],‖ϕsg(s)‖p < ∞}. It was proved that ωs
ϕ(f , t)p ∼

Ks
ϕ(f , ts)p, i.e. there exists A >  such that (cf. [])

A–ωs
ϕ(f , t)p ≤ Ks

ϕ

(
f , ts)

p ≤ Aωs
ϕ(f , t)p. (.)

The strong converse inequality is an important problem of operator approximation the-
ory. The strong converse inequalities for various operators have been investigated in sub-
sequent papers (e.g. [, ]). In most of these results the second order moduli of smooth-
ness ω

ϕ(f , t)p were used. The intention of this paper is to prove a strong converse inequality
of type B for the quasi-interpolants M(r–)

n f by using high order modulus. To this end we
have to prove several key lemmas presented in Section . Application of these lemmas
enables us to prove our main result in Section .

Throughout this paper C denotes a positive constant independent of n and x not nec-
essarily the same at each occurrence.

2 Lemmas
In this section we give some lemmas.

Lemma . (cf. [, ]) For j ≥ , r ∈ N , we have

∣∣αn
j (x)

∣∣ ≤ Cn– j
 δj

n(x),
∣∣Drαn

j (x)
∣∣ ≤ Cn

–j+r
 δj–r

n (x), (.)

where δn(x) = ϕ(x) + √
n ∼ max{ϕ(x), √

n }.
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Lemma . Let En = [ 
n ,  – 

n ], ϕ(x) =
√

x( – x), f ∈ W r+(ϕ) and Rr+(f , t, x) = 
(r)!

∫ t
x (t –

u)rf (r+)(u) du, then we have, for  < p ≤ ∞,

∥∥M(r–)
n

(
Rr+(f , ·, x), x

)∥∥En
p ≤ Cn–r– 


∥∥ϕr+f (r+)∥∥

p. (.)

Proof Let ψ(u) = ϕr+(u)f (r+)(u), G(x) = M(ψ , x) = supt | 
t–x

∫ t
x |ψ(u)|du|, i.e. G(x) is the

maximal function of ψ . Noting that (cf. [])

∣∣Djpn,k(x)
∣∣ ≤ C

j∑
i=

( √
n

ϕ(x)

)j+i∣∣∣∣
k
n

– x
∣∣∣∣
i

pn,k(x), x ∈ En,

we have, for x ∈ En,

∣∣DjMn(f , x)
∣∣ =

∣∣Mn,j(f , x)
∣∣ ≤ C

j∑
i=

( √
n

ϕ(x)

)j+i n∑
k=

pn,k(x)
∣∣∣∣
k
n

– x
∣∣∣∣
i∣∣ak(n)

∣∣,

where ak(n) = (n + )
∫ 

 pn,k(t)f (t) dt. So, for x ∈ En,

∣∣M(r–)
n

(
Rr+(f , ·, x), x

)∣∣

≤
r–∑
j=

∣∣αn
j (x)

∣∣∣∣Mn,j
(
Rr+(f , ·, x), x

)∣∣

≤ C
r–∑
j=

∣∣αn
j (x)

∣∣
j∑

i=

( √
n

ϕ(x)

)j+i n∑
k=

pn,k(x)
∣∣∣∣
k
n

– x
∣∣∣∣
i∣∣ak(n)

∣∣

=: C
r–∑
j=

Ij,

where ak(n) = n+
(r)!

∫ 
 pn,k(t)

∫ t
x (t – u)rf (r+)(u) du dt. Using (..) in [], we have

∣∣ak(n)
∣∣ =

n + 
(r)!

∫ 


pn,k(t)

∣∣∣∣
∫ t

x

(t – u)r

ϕr+(u)
ϕr+(u)f (r+)(u) du

∣∣∣∣dt

≤ n + 
(r)!

ϕ–(r+)(x)G(x)
∫ 


pn,k(t)|t – x|r+ dt.

Hence by Hölder’s inequality, we have, for x ∈ En,

‖Ij‖En
p ≤ ∥∥G(x)

∥∥
p

∥∥∥∥∥αn
j (x)ϕ–(r+)(x)

j∑
i=

( √
n

ϕ(x)

)j+i n∑
k=

pn,k(x)
∣∣∣∣
k
n

– x
∣∣∣∣
i

× (n + )
∫ 


pn,k(t)|t – x|r+ dt

∥∥∥∥∥
En

p

≤ ∥∥G(x)
∥∥

p

∥∥∥∥∥αn
j (x)ϕ–(r+)(x)

j∑
i=

( √
n

ϕ(x)

)j+i
( n∑

k=

pn,k(x)
(

k
n

– x
)i

)/

×
( n∑

k=

pn,k(x)(n + )
∫ 


pn,k(t)(t – x)r+ dt

)/∥∥∥∥∥
En

p

.
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From (..) in [] and (.) in [], we have, for x ∈ En,

( n∑
k=

pn,k(x)
(

k
n

– x
)i

)/

≤ C
ϕi(x)
n i


,

( n∑
k=

pn,k(x)(n + )
∫ 


pn,k(t)(t – x)r+ dt

)/

≤ C
ϕr+(x)

nr+ 


.

Together with (.) and the fact that

∥∥G(x)
∥∥

p ≤ Cp
∥∥ϕr+f (r+)∥∥

p,

we obtain (.). �

Lemma . For n ≥ r, we have

M(r–)
n

(
(t – x)r , x

)

= (–)r+n–rϕr(x)
(r)!
r(r!)

+ ϕr(x)o
(


nr

)

+ (r)!
(

bn
r


nr + bn

r–
ϕ(x)
nr– + · · · + bn

r+
ϕr–(x)

nr+

)(
 + O

(

n

))
, (.)

where bn
j are uniformly bounded in n and independent of x.

Proof First we note M(r)
n p = p for all p ∈ �r , so we have

M(r)
n

(
(t – x)r , x

)
= ,

then

M(r)
n

(
(t – x)r , x

)
– M(r–)

n
(
(t – x)r , x

)
= αn

r(x)Mn,r
(
(t – x)r , x

)
.

Therefore we have

M(r–)
n

(
(t – x)r , x

)
= –αn

r(x)Mn,r
(
(t – x)r , x

)
. (.)

Using (cf. [])

Mn,r(f , x) =
(n + )!n!

(n – r)!(n + r)!

n–r∑
k=

pn–r,k(x)
∫ 


pn+r,k+r(t)f (r)(t) dt,

we have

Mn,r
(
(t – x)r , x

)
=

(n + )!n!(r)!
(n – r)!(n + r)!

= (r)!
(

 + O
(


n

))
.

Therefore

M(r–)
n

(
(t – x)r , x

)
= –(r)!αn

r(x)
(

 + O
(


n

))
. (.)
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Also we have (cf. (.) in [])

αn
r(x) = bn

r


nr + bn
r–

ϕ(x)
nr– + · · · + bn

r
ϕr(x)

nr , (.)

where bn
j are uniformly bounded in n and independent of x.

By Theorem . and Table  in [] we know that limn nrαn
r(x) exists and

lim
n

nrαn
r(x) =

(–)rϕr(x)
r(r!)

. (.)

With this relation and (.), we get the representation of the coefficient bn
r in (.), i.e.

lim
n

bn
r =

(–)r

r(r!)
. (.)

From (.)-(.) we get (.). �

Lemma . For f ∈ W r(ϕ),  < p ≤ ∞, we have

∥∥ϕr+Dr+(M(r–)
n f

)∥∥
p ≤ C

√
n
∥∥ϕrf (r)∥∥

p. (.)

Proof By (.) in [] one has, for x ∈ [, ],  ≤ p ≤ ∞, r, s ∈ N = N ∪ {},

∥∥δs
n(x)ϕr(x)Dr+sMn(f , x)

∥∥
p ≤ Cn

s

∥∥ϕrf (r)∥∥

p.

So we have

∥∥ϕr+m(x)Dr+mMn(f , x)
∥∥En

p ≤ Cn
m

∥∥ϕrf (r)∥∥

p, m ≥ . (.)

Using (.) and (.), we have

∥∥∥∥∥ϕr+(x)Dr+
r–∑
j=

αn
j (x)Mn,j(f , x)

∥∥∥∥∥
En

p

≤
r–∑
j=

j∑
i=

∥∥∥∥ϕr+(x)
(

r + 
i

)(
Diαn

j (x)
)
Mn,r++j–i(f , x)

∥∥∥∥
En

p

≤ C
r–∑
j=

j∑
i=

∥∥ϕr+(x)n
–j+i

 ϕj–i(x)Mn,r++j–i(f , x)
∥∥En

p

≤ C
√

n
∥∥ϕrf (r)∥∥

p. (.)

Since (ϕr+(x)Dr+M(r–)
n (f , x)) are polynomials, we can use a result of the weight poly-

nomial approximation [], Theorem .., translating the interval [–, ] to [, ] to obtain
the estimate

∥∥(
ϕr+Dr+(M(r–)

n f
))∥∥[,]

p ≤ M
∥∥(

ϕr+Dr+(M(r–)
n f

))∥∥En
p , (.)

where M does not depend on n. From (.) and (.) we obtain (.). �
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Lemma . ((.) in []) For f ∈ Lp[, ],  ≤ p ≤ ∞, we have

∥∥ϕrDr(M(r–)
n f

)∥∥
p ≤ Cnr‖f ‖p. (.)

Lemma . For f ∈ W r+(ϕ), we have

M(r–)
n (f , x) – f (x) –

(–)r+ϕr(x)
rnr(r!)

f (r)(x)

= o
(


nr

)
ϕr(x)f (r)(x) +

(
bn

r


nr + bn
r–

ϕ(x)
nr– + · · · + bn

r+
ϕr–(x)

nr+

)

× f (r)(x)
(

 + O
(


n

))
+ M(r–)

n
(
Rr+(f , ·, x), x

)
, (.)

where {bn
r–, . . . , bn

r+} are uniformly bounded in n and independent of x.

Proof By Taylor’s formula we expand f as follows:

f (t) = f (x) + (t – x)f ′(x) + · · · +
(t – x)r

(r)!
f (r)(x) + Rr+(f , t, x),

where Rr+(f , t, x) = 
(r)!

∫ t
x (t – u)rf (r+)(u) du.

Noting M(r–)
n p = p for all p ∈ �r– (cf. []), we obtain

M(r–)
n (f , x) – f (x) = M(r–)

n

(
(t – x)r

(r)!
, x

)
f (r)(x) + M(r–)

n
(
Rr+(f , ·, x), x

)
.

Using Lemma . we obtain (.). �

3 Main result
Using the lemmas in Section  we are able to prove the following main result, which is the
strong converse inequality for left Bernstein-Durrmeyer quasi-interpolants of type B.

Theorem . Let f ∈ Lp[, ],  < p ≤ ∞, ϕ(x) =
√

x( – x), n ≥ r, r ∈ N , then there exists
a constant k such that, for l ≥ kn,

ωr
ϕ

(
f ,

√
n

)

p
≤ C

(
l
n

)r(∥∥M(r–)
n f – f

∥∥
p +

∥∥M(r–)
l f – f

∥∥
p

)
.

Proof To prove our result at first we estimate K-functional Kr
ϕ (f , n–r)p. We choose the

function

g = K (r–)
n

(
K (r–)

n f
)

=: K(r–)
n f .

By the definition of the K-functional and the boundedness of K (r–)
n (cf. [], p., (.)

in []), we have

Kr
ϕ

(
f , n–r)

p ≤ ‖f – g‖p + n–r∥∥ϕrg(r)∥∥
p

=
∥∥f – M(r–)

n f
∥∥

p + n–r∥∥ϕrDr(M(r–)
n f

)∥∥
p
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≤ ∥∥f – M(r–)
n f

∥∥
p +

∥∥M(r–)
n f – M(r–)

n f
∥∥

p

+ n–r∥∥ϕrDr(M(r–)
n f

)∥∥
p

≤ C
∥∥f – M(r–)

n f
∥∥

p + n–r∥∥ϕrDr(M(r–)
n f

)∥∥
p.

Therefore we only need to estimate ϕrg(r) = ϕrDr(M(r–)
n f ). We recall Lemma .

with g = M(r–)
n f in place of f and l in place of n to obtain

M(r–)
l (g, x) – g(x) –

(–)r+ϕr(x)
rlr(r!)

g(r)(x)

= o
(


lr

)
ϕr(x)g(r)(x) +

(
bl

r


lr + bl
r–

ϕ(x)
lr– + · · · + bl

r+
ϕr–(x)

lr+

)

× g(r)(x)
(

 + O
(


l

))
+ M(r–)

l
(
Rr+(g, ·, x), x

)
. (.)

For x ∈ En, nϕ(x) ≥ . So we have

∥∥∥∥


lr g(r)(x)
∥∥∥∥

En

p
=

∥∥∥∥
nrϕr(x)

lrnrϕr(x)
g(r)(x)

∥∥∥∥
En

p
≤ 

lr

(
n
l

)r∥∥ϕrg(r)∥∥
p,

∥∥∥∥
ϕ(x)
lr– g(r)(x)

∥∥∥∥
En

p
=

∥∥∥∥
nr–ϕr(x)

lr–nr–ϕr–(x)
g(r)(x)

∥∥∥∥
En

p
≤ 

lr

(
n
l

)r–∥∥ϕrg(r)∥∥
p,

. . . ,
∥∥∥∥
ϕr–(x)

lr+ g(r)(x)
∥∥∥∥

En

p
=

∥∥∥∥
nϕr(x)

lr+nϕ(x)
g(r)(x)

∥∥∥∥
En

p
≤ 

lr

(
n
l

)∥∥ϕrg(r)∥∥
p.

(.)

By Lemma . we have

∥∥M(r–)
l

(
Rr+(g, ·, x), x

)∥∥En
p ≤ Cl–r– 


∥∥ϕr+g(r+)∥∥

p. (.)

Combining (.)-(.), we obtain


rlr(r!)

∥∥ϕrg(r)∥∥En
p

≤ ∥∥M(r–)
l g – g

∥∥
p + o

(

lr

)∥∥ϕrg(r)∥∥
p

+ C

lr

[(
n
l

)r

+
(

n
l

)r–

+ · · · +
n
l

](
 + O

(

l

))∥∥ϕrg(r)∥∥
p

+ Cl–r– 

∥∥ϕr+g(r+)∥∥

p. (.)

Next we estimate the first term and the last term of the right side in (.). By the bound-
edness of M(r–)

n f we have

∥∥M(r–)
l g – g

∥∥
p =

∥∥M(r–)
l

(
M(r–)

n f
)

– M(r–)
n f

∥∥
p

≤ ∥∥M(r–)
l

(
M(r–)

n f – M(r–)
n f

)∥∥
p +

∥∥M(r–)
l

(
M(r–)

n f – f
)∥∥

p
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+
∥∥M(r–)

l f – f
∥∥

p +
∥∥f – M(r–)

n f
∥∥

p +
∥∥M(r–)

n
(
f – M(r–)

n f
)∥∥

p

≤ C
(∥∥M(r–)

n f – f
∥∥

p +
∥∥M(r–)

l f – f
∥∥

p

)
. (.)

Using (.) and (.), we obtain

∥∥ϕr+g(r+)∥∥
p =

∥∥ϕr+Dr+(M(r–)
n f

)∥∥
p

≤ C
√

n
∥∥ϕrDr(M(r–)

n f
)∥∥

p

≤ C
√

n
(∥∥ϕrDr(M(r–)

n f
)∥∥

p +
∥∥ϕrDr(M(r–)

n
(
M(r–)

n f – f
))∥∥

p

)

≤ C
√

n
(∥∥ϕrg(r)∥∥

p + nr∥∥M(r–)
n f – f

∥∥
p

)
. (.)

Therefore with (.)-(.) we get


rlr(r!)

∥∥ϕrg(r)∥∥En
p

≤ C
(∥∥M(r–)

n f – f
∥∥

p +
∥∥M(r–)

l f – f
∥∥

p

)

+ C
(

n
l

)r+ 
 ∥∥M(r–)

n f – f
∥∥

p + Cl–r
(

n
l

) 
 ∥∥ϕrg(r)∥∥

p

+ C

lr

[(
n
l

)r

+
(

n
l

)r–

+ · · · +
n
l

+ o()
]∥∥ϕrg(r)∥∥

p. (.)

Since ϕrg(r) = ϕrDr(M(r–)
n f ) are polynomials, for the same reason as (.) we have

∥∥ϕrg(r)∥∥[,]
p ≤ M

∥∥ϕrg(r)∥∥En
p , (.)

where M does not depend on n. Hence by (.) and (.) we obtain


rlr(r!)

∥∥ϕrg(r)∥∥
p

≤ M
rlr(r!)

∥∥ϕrg(r)∥∥En
p

≤ CM
(∥∥M(r–)

n f – f
∥∥

p +
∥∥M(r–)

l f – f
∥∥

p

)
+ CM

(
n
l

)r+ 
 ∥∥M(r–)

n f – f
∥∥

p

+ CM

lr

[(
n
l

)r

+
(

n
l

)r–

+ · · · +
n
l

+
(

n
l

) 


+ o()
]∥∥ϕrg(r)∥∥

p. (.)

We now choose l ≥ kn with k large enough such that

CM

lr

[(
n
l

)r

+
(

n
l

)r–

+ · · · +
n
l

+
(

n
l

) 


+ o()
]

≤ 
 · rlr(r!)

. (.)

By (.) and (.) we get


 · rlr(r!)

∥∥ϕrg(r)∥∥
p ≤ C

{∥∥M(r–)
n f – f

∥∥
p +

∥∥M(r–)
l f – f

∥∥
p

}
.



Guo et al. Journal of Inequalities and Applications  (2015) 2015:367 Page 9 of 9

Therefore

Kr
ϕ

(
f , n–r)

p ≤ C
∥∥f – M(r–)

n f
∥∥

p + n–r∥∥ϕrg(r)∥∥
p

≤ C
∥∥f – M(r–)

n f
∥∥

p + C
(

l
n

)r(∥∥M(r–)
n f – f

∥∥
p +

∥∥M(r–)
l f – f

∥∥
p

)

≤ C
(

l
n

)r(∥∥M(r–)
n f – f

∥∥
p +

∥∥M(r–)
l f – f

∥∥
p

)
.

With (.) we obtain

ωr
ϕ

(
f ,

√
n

)

p
≤ C

(
l
n

)r(∥∥M(r–)
n f – f

∥∥
p +

∥∥M(r–)
l f – f

∥∥
p

)
.

The proof is complete. �
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