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1 Introduction

In extreme value theory, the quality of convergence of normalized partial maximum of a
sample has been studied in recent literature. For the convergence rate of distribution of
normalized maximum, we refer to Smith [1], Leadbetter et al. [2], de Haan and Resnick [3]
for general cases, and specific cases were studied by Hall [4], Nair [5], Peng et al. [6] and Jia
and Li [7]. Nair [5] derived the higher-order expansions of moments of normalized maxi-
mum with parent following normal distribution. Liao et al. [8] and Jia et al. [9] extended
Nair’s results to skew-normal distribution and general error distribution, respectively.

The main objective of this paper is to derive the higher-order expansions of density of
normalized maximum with parent following the general error distribution. To the best of
our knowledge, there are few studies on the rate of convergence of density of normalized
maximum except the work of de Haan and Resnick [10] for local limit theorems and Omey
[11] for rates of convergence of densities with regular variation with remainders excluding
the case we will study in this paper, i.e., the general error distribution.

Let {X,,, n > 1} be a sequence of independent and identically distributed (i.i.d.) random
variables with marginal cumulative distribution function (cdf) F, following the general
error distribution (F, ~ GED(v) for short), and let M,, = max;<x<, X denote its partial
maximum. The probability density function (pdf) of the GED(v) is given by

vexp(—(1/2)|x/A|")

» x€R,
)L21+1/v1"(1/v) x

Slx) =

where v > 0 is the shape parameter, A = [272"I'(1/v)/T'(3/v)]"

function (Nelson [12]). Note that the GED(2) reduces to the standard normal distribution.

and I'(-) denotes the gamma
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For the GED(v), the limiting distribution of maximum M, and its associated higher-
order expansions are given by Peng et al. [13] and Jia and Li [7]. Peng et al. [6] showed
that

lim P(M, <a,x +b,) = Ax) = exp(— exp(—x)), xeR (1.1)

n—00

provided the norming constants a, and b, satisfy the following equations:

1-Fb)=n",  a,=f(bn), 1.2)
where f(x) = 2vIA"x'"". In the sequel, let

gu(x) = na,,Ff’l(a,,x +by)fy(anx + by) (1.3)
denote the density of normalized maximum, and

An(gn A'sx) = gulx) = A (%) (1.4)

with A’(x) = e*A(x). By Proposition 2.5 in Resnick [14], A,(g,, A’) — 0 as n — oo. For
both applications and theoretical analysis, it is of interest to know the convergence rate of
(1.4). This paper focuses on this topic and applies the main results to derive the high-order
expansions of moments of extremes.

The paper is organized as follows. Section 2 provides the main results and all proofs are
deferred to Section 4. Auxiliary lemmas with proofs are given in Section 3.

2 Main results

In this section, we present the asymptotic expansions of density for the normalized max-
imum formed by the GED(v) random variables and its applications to the higher-order
expansions of moments of extremes.

Theorem 2.1 Let F,(x) denote the cdf of GED(v) with v > 0, then for v # 1, with norming
constants a, and b, given by (1.2), we have

By[b) An(gn A5 x) — k() A'(¥)] = w,(x) A (x) (2.1)
as n — 0o, where k,(x) and w,(x) are respectively given by

ky(x) = k1 (%) + kya (), (2.2)

w,(x) = (1 - v_l)kz" (a)vl *) + wp(x)e™ + w3 (x)e_z") (2.3)
with

k(x) = —(1 - v‘l))\"(x2 + 2x),
k() = (L= v )M (2 +2x + (2 + 2x)e™),

wV1(x) =—4- 2(1 - V_l)x2 - g(l - 2V_1)x3 + %(1 - V_l)x47
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ALV T

1
wy3(x) = 3 (1-v) (= + 2x)2.
Remark 2.1 If we choose the norming constants a, and b,, such that

1-FE(b,) 21"

1-v _
fv(Tn) y b,, ’ an —f(bn) (2.4)
with v #1, then
By[B% A (g A5 x) = k() A (%) ] — @, (¥) A’ (%) (2.5)

as 1 — 00, where k,(x) and @,(x) are respectively given by

ky(x) = (1= v A (= + (2 + 2+ 5%)e ™) (2.6)
and

@y (%) = 22 (1= v (@ () + D (¥)e™ + dyz(x)e™) (2.7)
with

o) = 22v7t - 1)x3 L1- v A

3 2

2 3
) =40 =2) +4(v - 2)x +2(2v7" - 3)a% + 3 (4v' =5)2° + 2 (v -1)at,
x2\?
dusx) =2(1-v) (1 X+ ?> .
For the case of v = 1, we have the following results.
Theorem 2.2 Forv = 1, with norming constants a,, = 27> and b, = 272 1og(n/2), we have
/ / k12(x) /
n[nA,(gn Asx) — ki) A' ()] = ( o1(x) + - A(x) (2.8)
as n — 0o, where ky(x) and w,(x) are respectively given by
b= —se ™, o) =—re 29)
5€ 3¢ - .
To end this section, we apply the higher-order expansions of densities to derive the
asymptotic expansions of the moments of extremes. Methods used here are different from

those in Nair [5] and Jia et al. [9].
In the sequel, for nonnegative integers r, let

m,(n):/ x'g,(x) dx, m,:f x" A (x) dx
xeR xeR

denote respectively the rth moments of (M, — b,)/a, and its limits.
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Theorem 2.3 Let {X,,n > 1} be an iid sequence with marginal distribution F, ~ GED(v),
then
(i) for v #1, with norming constants a,, and b, given by (1.2), we have

by (my(n) = m,) + (1= v )W r(mpn + 2m,)]

— 2r)»2"(1 - v’l) |:((1 - v’l)(r +1) + 2)m, + ((1 - V’l)(r +1)+ l)mm

* G (1-v)o-1+ %(2 - V‘l))mm] (2.10)

as n— oo;
(ii) for v =1, with norming constants a,, = 27 and b, = 272 1og(n/2), we have

" [n(m,(n) —m) + (4)’%1*“”(2)] - (-1 i [8T0-D(3) - 30D 4)] (211)

as n — oo, where T'"D(t) denote the (r — 1)th derivative of the gamma function at

x =1t.

3 Auxiliary lemmas
In this section we provide auxiliary lemmas which are needed to prove the main results.

Lemma 3.1 Let F,(x) and f,(x) respectively denote the cdf and pdf of GED(v) with v # 1, for

large x, we have

1 _Fv(x)

=fi@)—x"[1+2(v )N + 4 (v - 1) (v = 2)A%x Y + O(x 7). (3.1)

21
v
Furthermore, with the norming constants a, and b, given by (1.2), we have

(i) forv#1,

- - k2 (x)
b;[bz (F:‘(anx +b,) - A(x)) - kv(x)A(x)] — (a)‘,(x) + "T>A(x) (3.2)

as n — oo, where k,(x) and &,(x) are respectively given by

ky(x) = (1 - v_l))»v(x2 + 2x)e‘x, (3.3)

@, (%) = (v‘1 - I)AZV <4x + 242 + %(2 - v‘l)x?’ + %(1 - v‘l)x4> e’ (3.4)

(ii) for v =1, with norming constants a,, = 27 and b, = 272 1og(n/2), we have

k3 (x)
n[n(Ff(a,,x +b,) - A(x)) - kl(x)A(x)] — (a)l(x) + 5 >A(x) (3.5)

as n — 0o, where ki(x) and w:(x) are those given by (2.9).
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Proof See Lemma 1 and Theorem 1 in Jia and Li [7].

Lemma 3.2 Let F,(x) denote the cdf of GED(v) with v > 0, then
(i) for v #1, with norming constants given by (1.2), we have
K2 ()

F"f’l(anx +b,) = <1 + /}V(x)b;" + (J)v(x) + T)bnzv(l + 0(1))) A(x)

as n — oo, where k,(x) and &,(x) are respectively given by (3.3) and (3.4);
(ii) for v =1, with norming constants a,, = 27 and b, = 272 1og(n/2), we have

2
F"™Ya,x +b,) = (1 + %kl(x) + %(wl(x) + klz(x))(l + 0(1)))A(x)

as n — 0o, where ki(x) and w,(x) are given by (2.9).
Proof (i) It follows from (3.2) and (3.3) that

72
Fl(awx+b,) =b)," (b;" (d)v(x) + @) (1 + 0(1)) + l?v(x))A(x) + Ax)

= (1 + /}V(x)b;" + (&)V(x) + @)b;z"(l + 0(1))) Ax).
Noting that
Fl(awx+b,) = Alx) = exp(— exp(—x)),
by taking logarithms, we have
n(l —F(a,x+ b,,)) — e,
Thus

1-F,(aux+b,) ~nte™ = o(b_g")

n
since b, ~ 2" A(log n)"", which implies

1

= - = —3v
Fy(anx +by) 1+ (1-Fy(amx +by))(1+0(1) =1+0(b,>).

n

Page 5 of 15

(3.6)

(3.7)

(3.9)

The desired result (3.6) follows by (3.8) and (3.9). The proof of (ii) is similar and details

are omitted here.

Lemma 3.3 Let f,(x) denote the pdf of GED(v) with v # 1, then

Su®) = (1-F,(x)) 2—;‘/98”1 T+2(1-vHaa =41 -v")A"x> + O(x7))

O

(3.10)
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for large x, and

_ agfy(anx + by)
Cnlx) 1= 1-F,(aux +b,)

91
=1+ (1-v")22(x + )by, + 42> (1-v7") (—1 - ’5 + %xz) b,>
+0(5,%) (3.11)

n
as n— oo.
Proof The desired results follow directly by (3.1). d

Lemma 3.4 Let

1-F(ax+b,) ,
H,(by;x) = T(b) -

1
and the norming constants a,, and b, be given by (1.2), then

B (b1 Hy (b %) — kn () — () (312)

as n — 00, where k,1(x) is given by (2.2) and w;)(x) is given by
o ~1\4 2v 2,2 s, L -1\, 4
wv(x)z(l—v )k 4x + 2x +§(2—v )x +§(1—v )x .

Proof Let

1+2(v ! = DA(a,x + b,) ™" + 4(v ! = D) = 2)A%(a,x + b,) ™ + O((ax + b,) ™)

Bu(x) = 1+2(v ! =1)A"(by) ™" + 4(v = 1) (v = 2)A%(b,)~2 + O((by)~3) ’

it is easy to check that lim,,_, » B,(x) = 1 and

B =1= (14 o) [-4(0~* - 1325+ 0(6;)),

Hence,
lim b} (B,(x)-1)=0 (3.13)
n—0oQ
and
- 2v __ -1 _ 2v
nllH)lo by (B,(x) 1) = —4(v' - 1)A%x. (3.14)

By (3.1), we have

1-F(amx+b,) ,
1-F,(b,)

*((v=Da, va,(b,+a,t)
=B, _ —1)dt
@l [ (Gras
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i Bn(x){l B /ox ( W=-Dan  Vanlbnt ant) 1) dt

by + ant 20V
1 x (v—l)an V&ln(bn +ﬂnt)v_1 2
) UO ( b rat + o - 1) dt] (1+ 0(1))}. (3.15)

Combining (3.13)-(3.15) together, we have

lim b, H,(b,;x)

n—00

A (=

) Y(v-Day, vau(b,+a,t)
= lim ( »"(B,(x) -1) - b'B, —1)at
nLIEO( n(Bul) 1) - b, (x)fo (b,,+a,,t ’ 20

_ v-1
v-1a, . va,(b, + a,t) 1\
b, +a,t 2AY

X
=—1lim [ b
n—oo 0

=—(1-v A" (x* + 2%)

= vl(x)-
Hence,
Tim &, (b Hy(bsix) = k()

= nll)rgo |:bfl" (Bn (x) — 1) - B,(x)b,,

x _ v-1
« ( / b;((v Va,  van(by +ant)™" 1) dt+kv1(x)>
0 b, +a,t 2V

X y—1 2
+ %(1+0(1))Bn(x)biv</o ((V—l)ﬂn + Vﬂn(bnz‘;vant) _1> dt) :|

b, +a,t

2227A-vh , 2

=—4(v' -1)A"x + ¥ -3 1-vh)(a-2v")a>s°

1-v"?
4+

2
5 AP (6% + 2x)

= w; (%).
The proof is complete. O
Lemma 3.5 Let C,(x) be given by (3.11) and D, (x) be denoted by

72
D,(x) =1+ k,(x)b," + (cbv(x) + kVT(x)>b;2V(1 +0(1)).

3
Forv+#1and -dlogh, <x < cb,, with0<c,d<1, we have

|Cu(®)Dy(%)] < 2,

|67(Ca(®)Dy(x) = 1)| <1+ (L+v A" (2 + 20x] + (&% +2x])e™),
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|65 [5(Co@)Du() ~ 1) = kin()]|
<1+(1+v)a> |:4 + §|x| +(2+4v7")a? + <§|x| +(4+6v)a’

1+v71
2

+

[SSR )

(L4207 + x4>e‘x + %(1 +v)(** + 2|x|)2e‘2"]

for large n, where k1 (x) and k., (x) are given by (2.2).
Proof The desired results follow from Lemmas 3.2 and 3.3. 0

The following Mills’ inequalities are from the GED(v) in Jia et al. [9], which will be used
later.

Lemma 3.6 Let F,(x) and f,(x) denote the cdf and pdf of GED(v), respectively. Then
(i) forv>1andall x>0, we have

20 2= _\"' 1-F 2.
a1+ ux"’ < /@) < Zal (3.16)
v v fo(x) v
(ii) for 0 <v<1and all x > A[2(1/v - 1)]"", we have
v _ v _ v -1
2 a7 < 1-A® < &xl’v 1+ Mx"’ . (3.17)
v Solx) v v

Lemma 3.7 Let the norming constant b, be given by (1.2), for any constant 0 < ¢ <1 and
arbitrary nonnegative integers i, j and k, we have

lim . / L lxle ™ A(x)dx =0, (3.18)
n—0o0 Cb"B
. 00 .
lim &), [ , |xVg.(x)dx=0 (3.19)
n—oQ be([i
ifv#1.

Proof By arguments similar to Lemma 3.3 in Jia et al. [9], we can get (3.18). The rest is to
prove (3.19). By (3.16) and (3.17), and Lemma 3.5, we have

b;/ v |x|jgy,(x)dx
cb,?

oo
= bil / ; |x|jna,,Ff’1(a,,x +by)f(anx + by,) dx
cby]

|| e*C,(x)D,,(x) A’ (x) dx

_y /“": i1 —F,(a,x+b,)
! cbn§ 1- Fv(bn)

o0
§4bf4/ L lxle ™ A(x) dx
3
Ci

by;

-0

as n — 00. The proof is complete. g
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Lemma 3.8 Assume that the shape parameter v # 1, then for any constant 0 < d <1 and

arbitrary nonnegative integers i, j and k, we have

) —dlogby )
lim b’ / IxVe ™ A(x)dx = 0, (3.20)
n—00 —00

) —dlogby )
lim bln/ lxV g, (x) dx = 0. (3.21)
n—00 00

Proof By arguments similar to that of Lemma 3.7, we have

) —dlogby )
b, / IxVe™ A (x) dx

o]

) bd 0 &
§b‘nexp(—?”)/ x’ekxexp<—§) dx
1

—0

as 1 — 00 since floo ¥ ek exp(—%)dx < 00.
For assertion (3.21), we only consider the case of v > 1 since the proof of the case of

0 < v <1 is similar. Rewrite

v=1
3y, vA"b,, >
7 2

lxl g, (x) dx + b‘n/ lxV g (x) dx

3vA~Vb),
2

) —dlogby ) )
b / xlgu(x) dx = b /

o0 —00

) —dlogby )
+ b}, / vt Jxlga(x) dx

V)L’Vbn%
2
=1, +1I,+1I,.

First note that [ [x//f,(x) dx < co and the symmetry of f, implies F,(—x) + F,(x) = 1. By
using (1.2) and (3.16) we have

I, < 2%):%@”’”(1—Fv(an))m2

, » 2b,)"
< 2vA7"b exp((n -2) (c —(v-1)logb, - ( 2)\3 >>

5o (3.22)

as n — 0o, wherec=(1-v—-1/v)log2 + (v—1)log A —log "' (1/v).
To show II,, — 0 and III,, — 0, we consider the case of v > 2 first. By using the following
inequalities

viv-1) ,

1
1—vx<(1—x)"<1—vx+Tx, O<x<—,v>2, (3.23)

we can get

1y vl
2

nanf,(by — by” ) <26xp<2—;vbn2>
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and

1= E(b, - by )
1-F,(by)

1-

v Ly v =v 1-v
2 (b, b, )1+ 2 (b, b, ) ) (b= b))
5By (by)

1 _ b_% 1-v -1 -1
> ( ) —— exp Y b, - 4 )b;1
14 20-00 (b — b2 ) 2\ 4\
” n n

1 v vl
l b2
>2exp(w : )

for large n, which implies that

. v=1 y—1
(3vA7B Y A Vb, A 7Vb,2 3vAT"DY,
1, < b’n( Y 5 ") nct,‘fv(—anvT + b,,)Ff1 (—a,,v + b,,) Y L

2 2
b a
- (3vA7VDY 2"b 1-v
< b’n( Y 5 ”) na,,ﬁ,( ay———— )exp )(1-F,(by—b4?)))
(3vvBY )»21+%F( ) b +va 1 v oovl
= 2} n v = b2
”( 2 ) v eXp( 20 2eXp(2Av " ))
) (3.24)
as 1 — 0o.
v=1
sots b,
Similarly, for — 1 <x<—dlogb,, we have
na,f,(a,x + b,)
. (1 . 2(v =1)1Y b;v)f"(ﬂ”x +b,)
v Jo(bn)
1A b
< (1 + ub )exp( < 2A"bn"x)
14 20V
<2e™*

and

1-F,(a.x+b,)
1-F,(b,)
2* (apx + b)Y (1 + 222 1 20DV (7 % + by) Y (@nx + by)
> 4
%%%M)
(1+ 2D, "x)'

v-1
> exp| - - —Avb_vx2>
1+ "—m(anx +b,)™ ( v g
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for large # by using (3.23). Then

) —dlogby ) 1
1, < 2b;/ =1 |xfe™ exp(—ie”‘) dx

v}\_VbT
2}’1
) edlog by, —dlogby ) 1
i _ v J % T x
< 2bnexp( 2 )/_vwb,ﬂl |x/e exp( 4e )dx
2
-0 (3.25)
as n — o0.
Combining with (3.22)-(3.25), the assertion (3.21) is derived for v > 2. Similar proofs for
the case of 1 < v <2 and details are omitted here. The proof is complete. O

Lemma 3.9 Let o = min(l,v) as v #1. For large n and —dlogh, < x < cbé, both x"b) A, (g,
A';x) and x"b))[b) A, (g, A's %) — k(%) A’ (x)] are bounded by integrable functions indepen-
dent of n, withr >0,0 <c<1and 0 <d < «a, where a,, and b, are given by (1.2), and k,(x)
is given by (2.2).

Proof We only consider the case of v > 1. For the case of 0 < v < 1, the proofs are similar
and details are omitted here. Rewrite

B! A (g N'3x) = BoH, (b x)e™ Ax) + b (Cu(x)Dy(x) — 1)e ™ A ),

where C,(x) is given by (3.11), H,(b,;x) and D,(x) are respectively defined in Lemma 3.4
and Lemma 3.5. Note that ff; xke ™ exp(—e*) dx = (-1)KT®(¢) is finite for ¢ > 0 and non-
negative integers k. Lemma 3.5 shows that b),(C,(x)D,(x) — 1)e™* A(x) is bounded by inte-
grable function independent of #. The rest is to prove that b, H, (b,; x) is bounded by m(x),
where m(x) is a polynomial on x. Rewrite

b;Hv(bn;x) = In(x) +]n(x): (326)
where

L,(x) = by, (B,(x) - 1),

*v=Da, va,(b,+a,t)!
-b'B ~1)dt.
Jn(x) = b, n(x)/o (bn+ant + I )dt

For —dlogb, < x < cbé , from Lemma 3.4 it follows that
|, (x)| <1 (3.27)

and

—1

V— _711/2%_—1_7121/3
|]n(x)|<1+[2lvw_d|x|+(1 v x +3(1 v 1= 207 A% x| } (3.28)

Hence, the desired result (3.26) follows by combining (3.16), (3.27) and (3.28) together.

Page 11 of 15
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Rewrite
by [by An(gn A3x) = ko (1) A ()]

| (1=Flawx+by) )
= bn [bn (Tv(bn)e C,,(x)D,,(x) - 1) - kv(x)] A (x)

-0, [b;cn(x)Dn(x) (%&b) . 1)

+ by (Cu@)Dy(x) = 1) = (kin () + ki (x))} A'(x)

= by, [ 6, C(%) Dy (%) (Hy (s ) — b, kin (%)) + b}, (Ca(%)Dy(x) — 1 = b, ki (%))
+ (Cu(x) Dy (%) — 1) ko () | A" ().

By Lemma 3.5, we only need to estimate the bound of b} [b;C,(x)D,(x)(H,(b.;x) —
b Vk,1(x))]. Rewrite

b; [b}’,C,,(x)D,,(x) (Hv(bn;x) - b;v vl(x))] = H,(x) — K,(x) + L, (%),
where

H,(x) = b}’ (Bu(x) - 1),

I(ﬂ(x) — b%lv<Bn(x) /x<(V—1)ﬂn + Vﬂn(bn +ﬂnt)v_1 _ 1) dt + b;"k‘,l(x)),
0

b, +a,t 2AY
1 Y (v=1a, vay(by + ayt)’ >
L,(x) = =(1+0(1))B, b2V/ —1)dt) .
@) =5 (1+0(D) (x)"<0 (b,,+a,,t+ 2.7

For 0 <x < ch;,byusingl —vy<(1+%)™ <1forv>0andy >0, we have
|H (%) <1+81%"(1+8A")x

due to Lemma 3.4. If —dlogb, <x < 0,byusingl +vy<(1+y)"'<1lforv>1land -1<y<0,
Lemma 3.4 shows that

|H,i(x)| <1+16A%(1 + 81")|x|

for large ». Similarly,

4
K, ()| < 2(1 = v77) 2; —d| e (1) 1207 AP, (3.29)
vl _ 4 B _ 2
’L,,(x)| <1+ 5 |:2_1V)\_V d|x| + (1 -V 1))»"x2 + g(l -V 1)‘1 -2y 1’A2V|x|3] (3.30)

as —dlogh, <x < cbé. Hence, we derive the desired result by combining (3.16), (3.29) and
(3.30) together.
The proof is complete. d
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For v = 1, note that the GED(1) is the Laplace distribution with pdf given by
filx) = 273 exp(—2% lx]), x€R,

and its distributional tail can be written as

1-Fx)= 2_%f1(x) =271 exp(—2§)exp(— /lxj% dt), x>0

with f(¢) = 272, For the Laplace distribution, similar to the case of v > 1, we have the fol-
lowing two results.

Lemma 3.10 For 0 <d <1 and an arbitrary nonnegative real number j, we have

1

-db}
lim n? / Ixfe ™ Ax)dx=0, k=1,2,..., (3.31)
n—00 —00
1
-db}
lim n? / |xVF(@ux + by,) dx = 0. (3.32)
n—00 00

1
Lemma 3.11 For x > —dbj;, both x"n((F{(a,x + b,)) — A'(x)) and x n[n((F](ax + b,)) -
A (x)) + %6‘2" A'(x)] are bounded by integrable functions independent of n, where r > 0 and
0<d<l1.

4 Proofs of the main results
Proof of Theorem 2.1 From Lemma 3.3 and Lemma 3.5 it follows that

Cu(x%)Dy (%)

=1+kn®)b," + (1-v")A% [—4 - éx +2(1-2v7")a? + <—%x +2(2-3v1)a?
v

n

2(1-2v! 1-v1 1-v1
+ ( Y )xS— 4 x* e"“+( )
3 2 2

(¢* + 2x)26_2x:| b,> +0(b,>), (4.1)

where k,;(x) is given by (2.2). Note that (3.12) shows

1-F(awx+b,) ,

=1 , -V o —2v -3v . 4.2
1_E.0) e + k1 (x)b," + v (x)b,, +O(bn) (4.2)
Hence,
An(gn:A,;x)
1-F,(a.x+b,)
= — T L (0)Dy(x) — 1 | A
( R (1D, ) @

- [(1 LU 2= 4 (2 22)e )b + (1= v )R (_4 _a(1-v)?

20-2v7Y) 5 1-v', 4
- x” + X+
3 2
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1-y1
2

= [k‘,(x)b;" + (1 - v‘l)kzv(a)vl (%) + wp(x)e™ + w3 (x)e_2x)b;2" + O(bf")]A’(x)

= (k,/(x)b}," + w, ()b, + O(b;s"))A’(x)

+ (** + 2x)2e’2x> b* + O(b;g")] A(x)

implying that
lim B,[b) Ay (g A'sx) — k() A'(%)] = 0y (x) A" (%).

The proof is complete. d

Proof of Theorem 2.3 For v #1, by Lemmas 3.5-3.9 and the dominated convergence theo-

rem, we have

by, (m,(n) - m,)

v
b3

—dlogby
= b;/ & An(gn A5 x) dx + b;/ & An(gn A5 %) dx
—00 —dlogby

o0
+ b;/ ; & Np(gn A5 %) dx
cby;

— / oox’k‘,(x)A/(x) dx

= —(1 - v’l))»"r(Zm, + M)
and

by, [b; (mr(n) - m,) + (1 - V‘l)kvr(Zm, + mm)]

/oo &by (B A(gn A3x) — k() A (x) ] dox

~dlogby, —dlogby
/ X'by Ny (g A x) dx — / Kbk, (x) A (x) dx

v

o) cbn3
/ 2Dk, (k)N (%) dx + / %'l [bZA,,(g,,, A’;x) - kv(x)A/(x)] dx
b3 dlogby,

Oj rbZVAn n,A/; d
+ /cb,? b A(g x) dx
— foox’a)v(x)A’(x) dx

= 2rk2v(1 - v‘l) [((1 - v‘l)(r +1) + 2)m, + ((1 - v‘l)(r +1) + l)mm

+ (%(1 v -1+ %(2 - V_l))l’l’lr+2:|

as 71 — OQ.
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For the case of v = 1, note that

/ ooxke’mxA(x) dx = (=1 T O (m).

o0

Page 15 of 15

Combining with Lemmas 3.10 and 3.11 and the dominated convergence theorem, we can

derive the desired results.

The proof is complete.
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