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1 Introduction

Time-frequency analysis is a modern branch of harmonic analysis. It has many applica-
tions in signal analysis and wireless communication (see [1, 2]). Time-frequency analysis
is a form of local Fourier analysis that treats time and frequency simultaneously. Inspired
by this idea, modulation and Wiener amalgam spaces have been introduced and used to
measure the time-frequency concentration of a function or a tempered distribution (see
[3-7]). During the last ten years, these two function spaces have not only become use-
ful function spaces for time-frequency analysis, they have also been employed to study
boundedness properties of pseudo-differential operators, Fourier multipliers, Fourier in-
tegral operators, and well-posedness of solutions to PDEs. For more details of the appli-
cations of these two function spaces, the reader is referred to [8—19] and the references
therein.

In this paper, we are mainly concerned with the mapping properties of the fractional in-
tegral operator on weighted modulation spaces. Using this result, we also prove the bound-
edness of the bilinear fractional integral operator on product Wiener amalgam spaces.
From our results, we will see that, besides modulation spaces, Wiener amalgam spaces are
good substitutions for Lebesgue spaces.

The fractional integral operator I, is defined by

n
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where 0 < o < n. The well-known Hardy-Littlewood-Sobolev theorem says that I, is
bounded from L?(R") to L1(R") for 1 < p < g < 0o and % = }17 — . This theorem plays im-
portant roles in partial differential equations.

In recent years, many authors were interested in the mapping properties of the fractional
integral operator on modulation spaces. For example, in [20], Tomita regarded the oper-
ator I, as a special case of pseudo-differential operator and proved the following results.

SetO<a<n 0<e<l-7,and 0<p< 2. If1<p1,p2,q1,q2 < 00 satisfy

1 1l « 1 1 «o
—=—-——-¢g and —=—+—-p,

%_Pl n q2 p2 n

then there exists a constant C,,, > 0, such that

1o | prmra2 ey < Cooe,p I | aapr02 (1)

for all f € S(R").

Subsequently, Sugimoto and Tomita improved the results in [20] and obtained necessary
and sufficient conditions for the boundedness of the operator I, (see [21]). Using the def-
initions of the discrete form for modulation spaces, which will be given by Definition 2.4
in the next section, they proved that I, is bounded from MP11(R") to MP272(R") if and
only if

1 l o 1 l «o

—<—-=,  —<—+-,
p2 P n @ @ n

where 0 <@ <nand 1 < p1,p2,q1, 4> < 00.

Recently, in [22], by using the norm of Hardy spaces H?, Chen and Zhong introduced

the modulation Hardy spaces MP for 0 < p <1and 0 < g < 00. They proved that if -2 5 =
r < 00, then I, is bounded from M”Z to M™ for 0 <p <1land 0 < g < co. Moreover, for
l1<p<ooandO < gy, g, < 00, they obtained I, is bounded from MP9 to M°>% if and only
if

o 1 1l «

1
—->—, — < —+ —.
p n Q@ q n

In their proofs, Chen and Zhong also used the definition of the discrete form for modula-
tion spaces.
Inspired by Sugimoto and Tomita, using the definition of integral form for modulation

spaces, which will be given by Definition 2.3 in Section 2, we prove the following result.

Theorem 1.1 For 0 <o <nand s;,so €R, let1 < p1,ps <00 and 0 < q1,q, <oo.If

1 1 « 1 1 « <1 1)
—<—-- —<—+— and s<si+n|—-—),
p» p1 1 2 q n NI 9

then the fractional integral operator 1, is bounded from My " (R") to ME} T (R").
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Another purpose of this paper is to study the mapping properties of the bilinear frac-
tional integral operator B,, which is defined by

fx—y)gx+y) i
RY |yl

Ba(f’g)(x) =

on modulation spaces. It was showed in [22] that if 1 <p < .- and 0 < g < o0, then

||B01/(-f’\g) ||Moo,oo S Cvll.f||M1'l || ’F_l(g) ||M17v‘I'

In particular, for p < g,

|Ba(f,0) || yrooe < CIf llanaligllvaar-

Inspired by Chen and Zhong, in this paper, we investigate the boundedness of the bilin-

ear fractional integral operator B, on Wiener amalgam spaces. Our result is as follows.

Theorem 1.2 For 0 < < n,1< pg,p1 <00, and 1 < qo, 1, p2,q2 < 00, let pjy and qq, denote
< 1 n—a 1 1

1 _pe 1 1

- pn n’ g0 q

”%"‘, and +~ + L =L + L then the operator B, maps W (FLPL, L) x W(.FLP2,L1’6) to
90 Py p2 q2

W (FL%,L%),

the conjugate index of py and qo, respectively. Suppose q, > pj, 1%

In what follows, we always denote C to be a positive constant that may be different at
each place, but is independent of the essential variables.

This paper is organized as follows. In Section 2, we give the definitions and basic prop-
erties of modulation and Wiener amalgam spaces. Section 3 is devoted to the proofs of

our main results.

2 Basic definitions and important lemmas

The following notations will be used throughout this paper. Let S(R”) be the Schwartz
space of all complex-valued rapidly decreasing infinitely differentiable functions on R” and
S’(R") be the topological dual of S(R”). For a function f in S(R"), its Fourier transform
is defined byf(a)) = [f(t)e > dt, and its inverse Fourier transform isf(t) :f(—t). The
translation and the modulation operators are defined by

Tf()=f(t-x) and M,f(t) = ¥ f(t)
for every x,w € R”. For s € R and x € R”, the weight function (x)* = (1 + 1x|2)2.
Definition 2.1 Let g be a non-zero Schwartz function and 1 < p,q < 0o and s € R, the

weighted modulation space MY?(R") is defined as the closure of the Schwartz class with

respect to the norm

W llppa = </Rn </Rn|ng(x,w)|pdx)p (w)Sqdw) Y
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with obvious modifications for p or g = 0o, where Vf(x,w) is the so-called short time
Fourier transform (STFT), which is defined by

Vof o) = (f, M Tog) = f eI (el — ) dy,

i.e. the Fourier transform F applied to f T,g.

Recently, the above definition has been generalized by Kobayashi in [23] to the case
0 < p,q < o. In his definition, the function g is restricted to the space ®°(R"), which is
defined as follows.

Definition 2.2 For § > 0, we define ®°(R") to be the space of all g € S(R”) satisfying

suppg C {§:1§/ <1} and ) @t -8k =1
kez"

We may choose a sufficiently small §, such that the function space ®°(R") is not empty.

Definition 2.3 Given a g € P3(R™), and 0 < p,q < 00, s € R, we define the modulation
space MYY(IR") to be the space of all tempered distributions f € S’(R”) such that the quasi-

norm

Fllypa = ( fR ” ( /R If * M@ dx)" ()" dw) '

is finite, with obvious modifications for p or g = co.

For a more general definition, involving different kinds of weight functions, both in the
time and the frequency variables we refer the reader to [24]. Definitions 2.1 and 2.3 are the
integral form. We also have the definition of discrete form for modulation spaces, which

is very useful in studying unimodular Fourier multipliers.

Definition 2.4 Let1 < p,q < 00,s € R, and ¢ € S(R”) be such that

suppp C [-1,1]", D pE-k) =1

keZ”

for all £ € R”. Denote ¢(&) = ¢p(£ — k) and let ¢x(D) be the Fourier multiplier operator
given by ¢ (D)f (§) = ¢ (€)f (€). Then the weighted modulation space M24(R") consists of
all f € §'(R”) such that

1

1 llpgpa = (Z (1+ |k|)sq||¢k(D),f||Z)q <00

keZ”

with obvious modifications for p or g = co.

There is yet another definition of modulation spaces, which is given by Gabor frames and
plays a key role in studying simultaneously the local time and global frequency behavior
of functions (see [24]).
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The following basic properties of weighted modulation spaces, which play important

roles in this article, can be found in [23, 25].

Lemma 2.5 Let 0 < p,q < 00 and g € ®*(R"). Then
(1) Different test functions g,g» € ®°(R") define the same spaces and equivalent
quasi-norms on MY (R").

(2) LetO<po<p1 <00,0<qo <q1 <00 andseR, then
MO0 (RY) <> M (RY),

(3) If0 < p,q < 0o, then S(R") is dense in MY (R").
(4) For1<p,g<ooandseR, (MY = MEST.

To prove our main results, we also need the definition of the Wiener amalgam space
W (FL?,LT)(R").

For 1 < p < 00, let FLP(R") be the space of tempered distributions with their Fourier

transforms in L”(R"), that is,
FIP(R") = {f e S'(R") | f € L (R")}
with norm ||f|| 7 = |[f||Lp(Rn).
Definition 2.6 For 1 < p,q < 00, a tempered distribution f is in the Wiener amalgam

spaces W(FL?,LT)(R"), if f is locally in FL?(R"), that is, for every non-zero g € C{°(R"),
F(fT.g) € LP(R"), and

W lwFre ey = (/Rn (An|fwxg)@)|pdy)p dx)q

is finite, with obvious modifications for p or g = co. This definition is independent of the
choice of the test function g € C°(R”).

Both the modulation spaces and the Wiener amalgam spaces are mixed-norm function

spaces. The following lemma gives the relationship between them.

Lemma 2.7 Let F be the Fourier transform and 1 < p,q < oo, then MP1(R") = FW (FL?,
LI)(R™).

Proof Choose g € S(R") such that g # 0 and f € S'(R"). For every x, & € R”, the definition

of the short time Fourier transform implies that
Vef (x,6) = e Vif (6, )

and

Vif (6,—x) = F(fTeg)(—).
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Therefore, Definitions 2.1 and 2.6 yield

f v = ( /R ( /R (Ve dx)z d§>;
- (/Rn </Rn|\/§(f)(g,_x)ip dx)'% dg)%
) </R </Rn|f (FTed) ()| dx)% dg)é

= IF lhwirw.io.
The proof of Lemma 2.7 is completed. O

3 Proof of the main results

In this section, we are going to prove our main results. First, we show the proof of Theo-
rem 1.1. .

_ 1 1 o 2 F(%)ZO‘

Set K, (x) = @) where y () = e

is defined by I,(f)(x) = (K, * f)(x), may be realized on the transform side as a Fourier

. The fractional integral operator I, which

multiplier

LE) = ma(E)F(E),
where m1,(&) = Kg (£).

Proof We consider the following three cases to obtain Theorem 1.1.

11«
Case 1: b = o o and q1 > ¢o.

Let g, x € ®°(R") satisfy the condition g = x * x. Then Msg = M; x * M; x. Young’s
inequalities and the Hardy-Littlewood-Sobolev theorem give

||Ia(f)||Mfz2’q2 = (A.W ”Lx(f) *Mgg“ﬁz (£)422 d&) 72

= </R 1K 5 f % M x|  |Me x| 5, (6)72% ds)”

=Clixlin (fR IUF * M x 1175, (€)% dé) .

Using the Holder inequalities for the exponent % and (Z—;)/, we get

1

a2
e gz = ClIX N2 ( A IVf s M x 1 5 6)22° <s>42<52-51>ds)

a \d@a
= Clixliz (A;w(ﬂf * Me x|l (€))7 2 dé)

1 a1-92

X (/ (g)(sz—sl)qqll_qqzz dé_—) 2 a .
R”
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Denote

1 61-92
]: (/ <$>(S2*51)qqllj1q22 ds) 2 a

Since s, < s1 + n(% - é), an easy computation shows that

an-92

]= |:(/ +/ )(%')(82_51):11[1‘122 d%.i| a2
[§1=1 [§]>1
0 1-92
< Cn + (/ f p(SZ—SI)%pn—I d,O d%./) na
s-1J1

<C, <o

Therefore,
||Io<f||Mf22rq2 < CllfllMgllvql.

Case 2: 1%2 = 1%1 — % and g1 < ¢». Since 0 < % < 1, we can choose 0 < 3 < 00 such that
q1 > ¢» and q% < qil + 2. According to the proof of case 1, we can see that /, is bounded from

MY to Mf;"iz. By the condition g, > ¢ > ¢» and the fact My>? < M:2>", the proof of
Case 2 is completed.

Case 3: L < L — 2 [n this case, 0 < = — ¢ < 1. Take 1 < p < 00 such that = = L — ¢
p2 " p o noon ponon

then p, > p,. Using the embedding result M52 < ME?? and the proof of Case 1 and 2,

we finish the proof of Theorem 1.1. 0

Now, we turn our attention to the proof of Theorem 1.2. From a Fourier point of view,
the bilinear fractional integral operator can be rewritten as

(EG0)© - [ erw e
where
F(t,€) = /R TS (- 29 dy.
For the proof of Theorem 1.2, we need some lemmas.

Lemma 3.1 Let H(t,y) = e "V F1f(y) and H, be the Fourier transform for the second
variable of H, then ]/-[\2(); E)=f(t+&)and F(t,28) =271, _o(H(t,-))(§).

Proof We only prove the second equality. The first one is very easy, we omit the details
here. Note that if we set y' = 2y, F(¢,2&) can be rewritten as

E(t,28) = /R

=2 | I e dy =27 (o H () ()

a—-n

f(t _y/)eZHiy’éz—n dy/

/

J

2

We finish the proof of Lemma 3.1. d
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Lemma 3.2 Denote F;(t,§) = F(t,2§), then |Fyllmra = CupgllFllpwa, where C,py =
1 1
2—n(1+5—§)'

Proof Taking g € S(R?") \ {0}, then we have
VeF3(x,6,9,1) = / F3(s,£)g(s — x, £ — §)e 2 gg gy
R2n
= / F(s,2)g(s — x, t — £)e” 210 dg dt,
R2n

Set t’ = 2¢, then

! _ /
F(s, t/)g(s —x, t 225 )ez”i(”*tf”) dsdt

Vo E3(%,€,9,1) :2’”/2
Rn

=27 / F(s,t)p(s —x,t' - 2£)e 2D ds
R2n
—n n
=2 V¢F<x, 25,}’, 5);

where ¢(s,¢') = g(s, %/) € S(R?") \ {0} is another window function. Definition 2.1 gives

: et aede) ara)
15 || e = |VeF3(x,&,9,m)| dxdt | dydn
R2n R2n
b NE N
:2”(/ </ dxd§> dydn) .
R2n R2n

Let &' = 2£, n' = 2. It is easy to check that

q 1

_n(1+i-1 r q

1EZ o = 27" )(/ 2 (/ ) |V¢F(x,s,y,n>|’”dxd$) dydn)
R4 R4n

- 2‘”<1+§‘$)|

V4F (x 26,y g)

|Fllppa = CupgllFllpwa.
We complete the proof of Lemma 3.2. d

Lemma 3.3 Suppose ¢o, 1, g, 1 to be the non-zero Schwartz functions and W (g, h)(t,s) =
2@)h(s)e>™ ™, then

Vw(go.e1) W (g 1) (1o, u,vo,v) = e_Z”i"O”V%g(uo, u —vo) Vi h(u, v — up).
Proof The definition of the short time Fourier transform yields

Vw(go.e) W (g 1) (uo, u, vo,v)

= / W(g, h)(t; S) W((,‘bo, (,bl)(t — Uy, S — u)e—Zni(tv0+sv) dtds
n ]Rn

) / / V()™ St — o) i (s — u)e2milt-u0)s-u) =27 MI0+Y) gy g
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_ e—2m‘u0u</ @q%(t— MO)eZTri(u—vo)t dt) (/ h(s)me—hi(v—uo)s dS>
RrR” R”

= e_Z”i”°”V¢0g(uo, u —vo) Vi, h(u, v — up).
The proof of Lemma 3.3 is completed. d

Lemma 3.4 For 1< pg <00 and 1 < qo,p2,q2 < 00, let pé) and q, denote the conjugate
=t , then W (g, h) defined in

Pz
Lemma 3.3 is bounded from W (FLP2, LF0) x M%21 to MPoo,

index of py and qq, respectively. If q;, > p; and qi, + o
0 0

Proof For each g € W(FLP2,170) and h € M%, Lemma 3.3 indicates

|Wh]

!
MP00

/
[0y 1

= (/2 (fz | Vivtgo.) W (g 1) (0, 1, vo, v) [P dutg du) " dv, dv) o
R2n \JR2"

7 1
= (/ (/ |V¢0g(u0, Uu-— vo)|p6 | Vi h(u, v — u0)|p6 dug du) ro dvg dv) 0
R2n R2n

Note that Vy,g(uo, u — vo) = e 27 #0W=0) Ve i (3 — vy, —up). If we denote P(x,y) = (—x,y)

then
|Wig.m|,
) 1
B (,/]Rz (A&Z |V%§(” — Yo, _M0)|p6 | V¢1h(M,V - I/lo)’% duy du) 0 dvy dV) 0
a0 1
2 ( |V¢Og(vo "= u0)|p0|\/¢1h(u V- Mo){po dug du) * dv, dV> 0
R4n

!

il
7o 90
qé) dV .

e

L70 (vg)

|V¢og(’ “140) [P0 s | Vigy ey v = 1) [70) (vo) dlto

< ( |V¢og( _u0)|p0* |V¢1h( vV—Uo |p0)(V0)d”0)

Since qi, + pL, = piz + qi, using Minkowski’s integral inequalities, Young’s inequalities, and
0 0

Lemma 2.7, we obtain

W& i
5 o\
S(/ (/ |||V¢0g —uo)|” ‘Vm V- “0)|°H duo)po dv)q"
L”O(vo)
:IIQ‘IIMpz,pg 171 0.0, = 181l A 1l gy

The proof of Lemma 3.4 is completed. d
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We give the proof of Theorem 1.2.

Proof Choose h € S(R”) \ {0} and denote by (-, -) the inner product, then

(Bo(f ), h) = /R B DEE) d

- / f F(t,)g(VE)e > dt de
RVI RVI
- (F, W(g,h)

where W (g, h) = g(t)h(£)e* " . Holder’s inequalities show

(B, )| = |(F, wg, )
= [(Vwigo. s Es Viwigousn W (€ h)|

< IF oo | Wg, 1)

APV
MPo 10

Lemma 3.1, Lemma 3.2, and Theorem 1.1 yield

Il ap00 = Cinpogo | F5 1010 = Coupgo | Inmo (HE ) || 00
=< Cupoao ”H(t’ ')”Mm-ql = “mpo.qo ”]:71](”1\41’1411

= Cupogo If lw(Fr La).
On the other hand, Lemma 3.4 gives

|Wign| < 1]

Mt = C”g”W(H}’Z,LPﬁ) M%)

Therefore,

|(Ba(f): )| < Copoao If N cony 1gH 2y ot 1A

/ /
FLP2,170 M2’

which implies B, (f,g) € M4 and
”Ba (frg) ||Mq/2’q0 = Cn,po,qg ”f” W (FLPL,L91) ||g|| W(FLP2 ,Lp6)'

Lemma 2.7 indicates || B,(f, g)||W(f

—_—
1 10 = | Be (f,g)||Mq/2‘q0 , we conclude

|Batf @)y 1y a0y = Convoao I lwize s gl 2y 1t

The proof of Theorem 1.2 is finished. O
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