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1 Introduction

First, we give some definitions for the main results.

Definition 1.1 Let C be a nonempty subset of a Banach space X. A mapping 7: C — C
is said to be:

(i) nonexpansive if
1T =Tyl < llx -yl

forallx,y € C;

(i) quasi-nonexpansive if
ITx - pll < llx-pll,

for each p € F(T) and for all x € C, where F(T) = {x € C; Tx = x} denotes the set of
fixed points of T

In 2008, Suzuki [1] introduced a class of single-valued mappings, called Suzuki-

generalized nonexpansive mappings, as follows.

© 2015 Kim and Dashputre. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13660-015-0868-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-015-0868-0&domain=pdf
mailto:jongkyuk@kyungnam.ac.kr

Kim and Dashputre Journal of Inequalities and Applications (2015) 2015:341 Page 2 of 16

Definition 1.2 Let 7 be a mapping on a subset of a Banach space X. Then T is said to
satisfy condition (C) if

1 N
Sl = Tl = flx =y implies || Tx - Tyl < llx - I,

forallx,y € C.

From the following examples, we know that condition (C) is weaker than nonexpansive-
ness and stronger than quasi-nonexpansiveness, that is, every nonexpansive mapping 7'
satisfies condition (C) and if the mapping T satisfies condition (C) with F(T) # ¢, then it

is a quasi-nonexpansive.

Example 1.3 [1] Define a mapping 7 on [0, 3] by

0, ifx#3,
1, ifx=3.

Tx =

Then T satisfies condition (C), but T is not nonexpansive.

Example 1.4 [1] Define a mapping T on [0, 3] by

0, ifx+#3,
2, ifx=3.

Tx =

Then F(T) = {0} # ¢ and T is quasi-nonexpansive, but T does not satisfy condition (C).

In [1], Suzuki proved the existence of the fixed point and convergence theorems for map-
pings satisfying condition (C) in Banach spaces. In the same space setting under certain
conditions Dhompongsa et al. [2] improved the results of Suzuki [1] and obtained a fixed
point result for mappings with condition (C).

In 2011, Karapinar et al. 3], proposed some new classes of mappings which significantly

generalized the notion of Suzuki-type nonexpansive mappings as follows.
Definition 1.5 Let C be a nonempty subset of a metric space (X, d). The mapping T : C —

C is said to be:
(i) a Suzuki-Ciric mapping SCC [3] if

1
id(Tx, Ty) <d(x,y) implies d(Tx, Ty) < M(x,y),

where M(x,y) = max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty),d(y, Tx)} for all x,y € C;
(i) a Suzuki-KC mapping SKC if

1
Ed(Tx, Ty) <d(x,y) implies d(Tx, Ty) < N(x,y),

x,Tx)+d(y,Ty) d(x,Ty)+d(y,Tx
2 ’ 2

where N(x,y) = max{d(x, y), a )} for all x,y € C;
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(iii) a Kannan-Suzuki mapping KSC if

) , T , 1)
5d(Tx, Ty) <d(x,y) implies d(Tx, Ty) < w

for all x,y € C;
(iv) a Chatterjea-Suzuki mapping CSC if

d(y, Tx) + d(x, Ty)

1
Ed(Tx, Ty) <d(x,y) implies d(Tx, Ty) < 5

forallx,y e C.
From the above definition, it is clear that every nonexpansive mapping satisfies con-
dition SKC, but the converse is not true, as becomes clear from the following exam-

ples.

Example 1.6 [3] Define a mapping T on [0,4] by

0, ifx+4,
1, ifx=4,

Tx =

T satisfies both the SCC condition and the SKC condition but 7 is not nonexpansive.

Example 1.7 [3] Define a mapping 7T on [0,4] by

0, ifx+#4,
3, ifx=4,

Sx =

S is quasi-nonexpansive and F(S) # ¢ but S does not satisfy the SKC condition.
Example 1.8 Consider the space X = {(0,0), (0,1), (1,1), (1,2)} with £*° metric,
d((xl»yl): (x2,y2)) = max{ 1 =115 I —y2|}'

Define a mapping T on X by

(L1), if(xy) #(0,0),
(0,1), if(x,9)=(0,0).

T(x) =

T obeys condition SKC. Suppose that (x,y) = (0,0) and (x,y) = (1,1), then

%d(T(O, 0),(0,0)) <d((0,0),(1,1))
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and
N((0,0),(1,1)) = max{d((0,0), 1,1)), %[d(T(O, 0),(0,0)) +d(T(1,1),(1,1))],

%[d(T(l, 1),(0,0)) +d(T(0,0),(1,1))] }

=1,
thus
d(7(0,0),T(1,1)) =1 <N((0,0),(1,1)) =1.

One can check that the condition of the SKC-mapping holds for the other point of the
space X. Note that F(T) = {(1,1)} # ¢, and F(T) is closed and convex.

In the framework of CAT(0) spaces one gave some characterization of existing fixed
point results for mappings with condition (C). In [4], Abbas et al. extended the result
of Nanjaras et al. [5] for the class of SKC-mappings and proved some strong and A-
convergence results for a finite family of SKC-mappings using an Ishikawa-type iteration
process in the framework of CAT(0) spaces (see [4]).

On the other hand, the following fixed point iteration processes have been extensively
studied by many authors for approximating either fixed points of nonlinear mappings
(when these mappings are already known to have fixed points) or solutions of nonlinear
operator equations.

(M) The Mann iteration process (see [6, 7]) is defined as follows:

For C, a convex subset of Banach space X, and a nonlinear mapping 7 of C into itself,
for each x € C, the sequence {x,} in C is defined by

Xpe1 = A —a)x, + a, Tx, = M(x,, 0, T), neN, (1.1)

where {o,} is a real sequence in [0, 1] which satisfies the following conditions:

(Ml) 0 <oy < 1,
(Mz) lim,_, o, =0,
(Ms) Y02 oy = 00.

In some applications condition (M3) is replaced by the condition ) -, (1 — a,,) = 0.
(I) The Ishikawa iteration process (see [6, 8]) is defined as follows:
With C, X, and T as in (M), for each x € C, the sequence {x,} in C is defined by

X1 = (L— o), + a,,T[(l - Bu)xy + Bn Tx,,], neN, (1.2)

where {o,} and {B,} are sequences in [0, 1] which satisfy the following conditions:

(Il) Ofanfﬂn<1:
(12) hmn%oo ,Bn = O;
(I3) ZZZI o,y = 00.
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It is clear that the process (M) is not a special case of the process (I) because of condition
(I). In some papers (see [9-13]) condition (I;) 0 < &, < B, < 1 has been replaced by the
general condition (I/l) 0 < ay, By < 1. With this general setting, the process (I) is a natural
generalization of the process (M). It is observed that, if the process (M) is convergent,
then the process (I) with condition (I/I) is also convergent under suitable conditions on «,
and f,,.

Recently, Agarwal et al. [14] introduced the S-iteration process as follows. For C, a con-
vex subset of a linear space X, and T be a mapping of C into itself, the iterative sequence
{x,,} of the S-iteration process is generated from x, € C is defined by

Xntl = (1 - an)Txn + oy Tym

Yn = (1 - lgn)xn + ,3;1 Txnr ne N,

1.3)

where {o,} and {B,} are sequences in (0, 1) satisfying the condition

Zanlgn(l - lgn) = Q.
n=0

It is easy to see that neither the process (M) nor the process (I) reduces to an S-iteration
process and vice versa. Thus, the S-iteration process is independent of the Mann [7] and
Ishikawa [8] iteration processes (see [6, 14, 15]).

It is observed that the rate of convergence of the S-iteration process is similar to the Pi-
card iteration process, but faster than the Mann iteration process for a contraction map-
ping (see [6, 14, 15]).

On the other hand, in [16], Leustean proved that CAT(0) spaces are uniformly convex
hyperbolic spaces with a modulus of uniform convexity n(r, &) = % quadratic in €. There-
fore, we know that the class of uniformly convex hyperbolic spaces is a generalization of
both uniformly convex Banach spaces and CAT(0) spaces.

We consider the following definition of a hyperbolic space introduced by Kohlenbach
[17], and, also, Zhao et al. [18] and Kim et al. [19] got some convergence results in a hy-

perbolic space setting.

Definition 1.9 A hyperbolic space (X,d, W) is a metric space (X, d) together with a con-
vexity mapping W : X? x [0,1] — X satisfying:

(W1) d(u, W(x,y,a)) <ad(u,x) + (1 - a)d(u,y);

(W2) d(W(xy,a), W(x,3,B)) = |a — Bld(x,y);

(W3) W(x,y,0) = W(y,x,1-a);

(W4) d(W(x,z,a), Wy, w,a)) < (1 —a)d(x,y) + ad(z,w),
forallx,y,z,we X and «, B € [0,1].

A metric space is said to be a convex metric space in the sense of Takahashi [20], where a
triple (X, d, W) satisfies only (W1) (see [21]). We get the notion of the space of hyperbolic
type in the sense of Goebel and Kirk [22], where a triple (X, d, W) satisfies (W1)-(W3).
Condition (W4) was already considered by Itoh [23] under the name of ‘condition III" and
it is used by Reich and Shafrir [24] and Kirk [25] to define their notions of hyperbolic

spaces.
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The class of hyperbolic spaces include normed spaces and convex subsets thereof, the
Hilbert space ball equipped with the hyperbolic metric [26], the Hadamard manifold, and
the CAT(0) spaces in the sense of Gromov (see [27]).

A subset C of hyperbolic space X is convex if W(x,y,a) € C forallx,y € Cand « € [0,1].
Ifx,y € X and A € [0,1], then we use the notation (1 - A)x@® Ay for W(x, y, 1). The following
holds even for the more general setting of a convex metric space [20, 21]: for all x,y € X
and A € [0,1],

d(x,(1-2)x @ ry) = Ad(x,y)
and
d(y, 1= Nx @ ry) = (1 - V)d(x,y).

A hyperbolic space (X, d, W) is uniformly convex [16] if, for any r > 0 and ¢ € (0, 2], there
exists § € (0,1] such that, for all a,x,y € X,

1 1
d(gx ® 5 a) <1-9r,

provided d(x,a) <r, d(y,a) < r,and d(x,y) > er.

A mapping 7 : (0,00) x (0,2] — (0,1] providing such a é§ = n(r,¢) for given r > 0 and
¢ €(0,2], is called a modulus of uniform convexity. We say that n is monotone if it decreases
with r for fixed ¢.

The purpose of this paper is to prove some strong and A-convergence theorems of the
S-iteration process which is generated by SKC-mappings in uniformly convex hyperbolic
spaces. Our results can be viewed as an extension and a generalization of several well-
known results in Banach spaces as well as CAT(0) spaces (see [1-6, 15, 21, 28-30]).

2 Preliminaries
First, we give the concept of A-convergence and some of its basic properties.

Let C be a nonempty subset of metric space (X, d) and let {x,} be any bounded sequence
in X. Let diam(C) denote the diameter of C. Consider a continuous functional r,(, {x,}) :
X — R* defined by

ra(#, {x,}) = limsupd(x,,x), x€X.
Then the infimum of r,(-, {x,}) over C is said to be the asymptotic radius of {x,} with
respect to C and is denoted by r,(C, {x,}).
A point z € C is said to be an asymptotic center of the sequence {x,} with respect to C if

ra(2 {xa}) = inf{r, (x, {x,}) :x € C},
the set of all asymptotic centers of {x,} with respect to C is denoted by AC(C, {x,,}). This

is the set of minimizers of the functional r(-, {x,}) and it may be empty or a singleton or
contain infinitely many points.
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If the asymptotic radius and the asymptotic center are taken with respect to X, then
these are simply denoted by r, (X, {x,}) = r,({x,}) and AC(X, {x,}) = AC({x,,}), respectively.
We know that, for x € X, r,(, {x,,}) = 0 if and only if lim,,_, o x,, = x.

It is well known that every bounded sequence has a unique asymptotic center with re-
spect to each closed convex subset in uniformly convex Banach spaces and even CAT(0)
spaces.

The following lemma is due to Leustean [31] and we know that this property also holds

in a complete uniformly convex hyperbolic space.

Lemma 2.1 [31] Let (X,d, W) be a complete uniformly convex hyperbolic space with mono-
tone modulus of uniform convexity n. Then every bounded sequence {x,} in X has a unique

asymptotic center with respect to any nonempty closed convex subset C of X.

Definition 2.2 A sequence {x,} in a hyperbolic space X is said to be A-convergent to
x € X, if x is the unique asymptotic center of {u,} for every subsequence {u,} of {x,}. In

this case, we write A-lim, x,, = x and we call x the A-limit of {x,,}.

Recall that a bounded sequence {x,} in a complete uniformly convex hyperbolic space
with a monotone modulus of uniform convexity n is said to be regular if r,(X, {x,}) =
r.(X, {un}) for every subsequence {u,} of {x,}.

It is well known that every bounded sequence in a Banach space (or complete CAT(0)
space (see [28])) has a regular subsequence. Since every regular sequence A-converges, we
see immediately that every bounded sequence in a complete uniformly convex hyperbolic
space with a monotone modulus of uniform convexity n has a A-convergent subsequence.
Notice that (see [32], Lemma 1.10) given a bounded sequence {x,,} C X, where X is a com-
plete uniformly convex hyperbolic space with a monotone modulus of uniform convexity

n, such that A-lim, x,, = x and for any y € X we have y #x, then
lim d(x,,x) < lim d(y,,y).
H—0Q n—0oQ0

Clearly, X satisfies the above condition, which is known in Banach space theory as the

Opial property.

Lemma 2.3 [33] Let (X, d, W) be a uniformly convex hyperbolic space with monotone mod-
ulus of uniform convexity 1. Let x € X and {t,} be a sequence in |a, b] for some a,b € (0,1).

If {x,} and {y,} are sequences in X such that

limsupd(x,,x) <c, limsupd(y,,x) <c,

n—0oQ n— 00

lim d(W(x,,,y,,,t,,),x) =c,
n—o0
for some ¢ > 0, then lim,,_, o d(x,,y,) = 0.

3 Main results

Now we will give the definition of Fejér monotone sequences.



Kim and Dashputre Journal of Inequalities and Applications (2015) 2015:341 Page 8 of 16

Definition 3.1 Let C be a nonempty subset of hyperbolic space X and let {x,} be a se-
quence in X. Then {x,} is Fejér monotone with respect to C if forallx € Cand n € N,

d(xn+lr x) = d(xny x)'

Example 3.2 Let C be a nonempty subset of X andlet 7: C — C be a quasi-nonexpansive
(in particular, nonexpansive) mapping such that F(T) # ¢. Then the Picard iterative se-
quence {x,} is Fejér monotone with respect to F(T).

Proposition 3.3 [19] Let C be a nonempty subset of X and let {x,} be a Fejér monotone
sequence with respect to C. Then we have the following:

(1) {x,} is bounded,

(2) the sequence {d(x,,p)} is decreasing and convergent for all p € F(T).

We now define the S-iteration process in hyperbolic spaces (see [19]):

Let C be a nonempty closed convex subset of a hyperbolic space X and let T be a map-
ping of C into itself. For any x; € C, the sequence {x,,} of the S-iteration process is defined
by

Xn+l = W(Txm Tyn: (1,,),
Yn = W(xm Txm ﬁn), ne N,

(3.1)

where {@,} and {B,} are real sequences such that 0 <a <w,, 8, <b<1.
We can easily prove the following lemma from the definition of SKC-mapping.

Lemma 3.4 Let C be a nonempty closed convex subset of a hyperbolic space X and let
T :C — C be an SKC-mapping. If {x,} is a sequence defined by (3.1), then {x,} is Fejér
monotone with respect to F(T).

Proof Letp € F(T). Then by (3.1), we have

AW p) = d(W (%, Txn, ,),p)
< (- Bu)d(xy,p) + Bnd(Txy, p)
< (1= Bn)d®up) + Bu[5d(p, Tp) + d(x4, p) ]
< d(xup). 32)

Again, using (3.1) and (3.2), we have

d(xps1,p) = d(W (T, Ty, @), p)
=< (A - and(Txu, p) + and(Tyn, p)
< (1 - a,)d(Txy, p) + @[ 5d(p, TP) + d(y,, p)]
=< A - and®np) + nd(ynp)
=< (1= an)d®n, p) + and(xp, p)
= d(x,p), (3.3)
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for all p € F(T). Thus, {x,} is Fejér monotone with respect to F(T). O
Lemma 3.5 Let C be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space with monotone modulus of uniform convexity n and let T : C — C be an
SKC-mapping. If {x,} is the sequence defined by (3.1), then F(T) is nonempty if and only if
{x,,} is bounded and lim,,_, . d(x,, Tx,) = 0.

Proof Let F(T) be nonempty and p € F(T). Then by Lemma 3.4, {x,} is Fejér monotone

with respect to F(T). Hence, by Proposition 3.3, {x,} is bounded and lim,, o d(x,, p) ex-
ists. Let limy,—, o d(xy, p) = ¢ > 0. If ¢ = 0, then we obviously have

d(%y, Txn) =< d(xmp) + d(Tme)
< d(xu,p) + 5d(p, Tp) + d(x,, p)

=< 2d (%, p)-
Taking the limit supremum on both sides of above inequality, we have
lim d(x,, Tx,) = 0.
n=00
Let ¢ > 0. Since T is an SKC-mapping, we have
d(Ip, Tyn) < d(p,yn)
and
d(Tp, Txn) < d(p, %n).
Therefore,

d(Tx, p) < d(Txn, Tp)

< d(xnp)
for all n € N. Taking the limit supremum on both sides, we get

limsupd(Tx,,p) <c, (3.4)

n—o0

for ¢ > 0. Similarly, we have

limsupd(Ty,,p) <c. (3.5)

n—0o0

Taking the limit supremum on both sides (3.2), we have

limsup d(y,, p) <c. (3.6)

n—0o0
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Since

¢ = limsup d(x,41,p)

n—00

= lim sup{d(W(Txn, Ty, Oln),P)}

n—00

<lim sup{(l —ay)d(Txy, p) + and(Tyn,p)}

n— 00

< (1 - ay)limsupd(Tx,, p) + o, limsup d(Ty,, p),

n— 00 n—00

from (3.4) and (3.5), we have
c< (A -apc+auc)=c.
Thus,
lim {d(W(Txm Tym Oln),l?)} =,
n— 00
for ¢ > 0. Hence, it follows from Lemma 2.3 that
lim d(Tx,, Ty,) = 0. (3.7)

Next,

(i1, Ta) = d(W (T, Ty, ), Ty
< bd(Ty,, Tx,)

— 0, asn— 0. (3.8)
Hence, from (3.7) and (3.8), we have

d(Xp41, Tyn) < dxps1, Txn) + d(Txy, Tyn)

— 0, asun— oc. (3.9)
Now we observe that

d(xn+lrp) < d(xn+1; Tyn) + d(Tyn:p)
< d(xn+1; Tyn) + d(ymp);

which yields
¢ < liminfd(y,, p). (3.10)
From inequalities (3.6) and (3.10), we have

lim d(y,,p) =c.

n—00

Page 10 of 16
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Thus, from (3.1), we have
lim d(W (%, T4, Ba),p) = ¢,
n—00

which implies

lim d(x,, Tx,) = 0. (3.11)
Conversely, suppose that {x,} is bounded and lim,,_, o, d(x;, Tx,,) = 0.
Let AC(C,{x,}) = {x} be a singleton. Then, by Lemma 2.1, x € C. Since T is an SKC-

mapping,
d(x,, Tx) < 5d(x,, Tx,) + d(x,, x),
which implies that

T4 (Tx, {x,,}) = limsup d(x,, Tx)

n—00

<lim sup{Sd(xn, Tx,) + d(x,,,x)}

n—00

< limsupd(x,,x)

n—00

= ra (% {xa})-

By using the uniqueness of the asymptotic center, Tx = x, so x is a fixed point of T'. Hence,

F(T) is nonempty. (I
Now, we are in a position to prove the A-convergence theorem.

Theorem 3.6 Let C be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n and let T : C — C be
an SKC-mapping with F(T) # ¢. If {x,} is the sequence defined by (3.1), then the sequence
{x,} is A-convergent to a fixed point of T

Proof From Lemma 3.5, we observe that {x,} is a bounded sequence. Therefore, {x,} has a
A-convergent subsequence. We now prove that every A-convergent subsequence of {x,}
has a unique A-limit in F(T). For this, let # and v be A-limits of the subsequences {u,,}
and {v,} of {x,}, respectively. By Lemma 2.1, AC(C, {u,}) = {u} and AC(C, {v,,}) = {v}. Since
{u,} is a bounded sequence, from Lemma 3.5, lim,,_, o d(u,, Tu,,) = 0. We have to show that
u is a fixed point of T'. Since T is an SKC-mapping,

d(u,, Tu) < 5d(u,, Tuy,) + d(u,, u).
Taking the limit supremum on both sides, we have

ra({u,,}, Tu) = limsup d(uy,, Tu)

n—00

<lim sup{Sd(un, Tu,) + d(u,, u)}

n—00
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< limsupd(uy, u)
n— 00

= ra({un), u).

Hence, we have
ra({un}, Tu) < ro({un}, u).

By uniqueness of the asymptotic center, Tu = u.
Similarly, we can prove that 7v = v. Thus, u and v are fixed points of T. Now we show
that u = v. If not, then by the uniqueness of the asymptotic center,

lim sup d(x,, u) = limsup d(u,, u)
n—00 n—0oo

< limsupd(u,,v)

n—00

= limsupd(x,, v)

n—00

= limsup d(v,,v)

n—00

< limsupd(v,, u),

n—00

= limsup d(x,, u),
Hn—>0Q

which is a contradiction. Hence u = v. O

Remark 3.7 Theorem 3.6 is an extension of Theorem 3.3 of Abbas et al. [4] from CAT(0)
space to a uniformly convex hyperbolic space. Theorem 3.6 also holds for the KSC, SCC,
and CSC-mappings.

Now, we will introduce the strong convergence theorems in hyperbolic spaces.

Theorem 3.8 Let C be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n and let T : C — C be
an SKC-mapping. If {x,} is the sequence defined by (3.1), then the sequence {x,} converges
strongly to some fixed point of T if and only if

liminf D(x,,, F(T)) = 0,

n—00

where D(x,,, F(T)) = infyer(r) d(%y, %).

Proof Necessity is trivial. We have to prove only the sufficient part. First, we show that
F(T) is closed, let {x,} be a sequence in F(T) which converges to some point z € C. Since
T is an SKC-mapping, we have

d(x,, Tz) < 5d(Txy,, 12) + d(xy, 2) < d(xy, 2).
By taking the limit on both sides, we have

lim d(x,, Tz) < lim d(x,,z) = 0.

n—00 n—00
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Then, from the uniqueness of the limit, we have z = Tz, so that F(T) is closed.

Suppose that

liminfD(x,,,F(T)) =0.
Then, from inequality (3.3), we get

D(%441, F(T)) < D(, F(T)).

It follows from Lemma 3.4 and Proposition 3.3 that lim,,, o d(x,, F(T)) exists. Hence we

know that
lim D(x,, F(T)) = 0.

n—00

Hence, we can take a subsequence {x,, } of {x,} such that

1
d(xnk;Pk) < ?, for all k > 1,

where {pi} is in F(T). By Lemma 3.4, we have

1
d(xnk“»pk) = d(xnk’pk) < ?;

which implies that

Apie1,pr) < APiirr Xny,,) + AKXy, PE)

1 1
<W+?

1
<F,

This means that {p;} is a Cauchy sequence. Since F(T) is closed, {pi} is a convergent
sequence. Let limg_, o px = p. Then we have to show that {x,} converges to p. In fact,

since
A(xys p) < AKXy, pr) + d(pr,p) — 0 ask — oo,
we have
Aim d(x,p) = 0.
Since lim,,_, », d(x,, p) exists, the sequence {x,} is convergent to p. O

Next, we will give one more strong convergence theorem by using Theorem 3.8. We
recall the definition of condition (I) introduced by Senter and Doston [34].

Let C be a nonempty subset of a metric space (X,d). A mapping T : C — C is said to
satisfy condition (1), if there is a nondecreasing function f[0, c0) — [0, c0) with £(0) = 0,
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f(t) >0 for all £ € (0, 00) such that
d(x, Tx) > f (D(x, F(T))),
for all x € C, where D(x, F(T)) = inf{d(x, p) : p € F(T)}.

Theorem 3.9 Let C be a nonempty closed convex subset of a complete uniformly convex
hyperbolic space X with monotone modulus of uniform convexity n and let T : C — C be
an SKC-mapping with condition (I) and F(T) # ¢. Then the sequence {x,} which is defined
by (3.1) converges strongly to some fixed point of T

Proof We know that F(T) is closed from the proof of Theorem 3.8, and from Lemma 3.5
we have lim,,_, o, d(x,, Tx,) = 0. It follows from condition (I) that

lim d(x,, Tx,) > lim f(D(x,,F(T))),

for a nondecreasing function f[0,00) — [0,00) with f(0) = 0, f(¢) > 0 for all £ € (0, c0).
Hence, we have

lim f(D(x,,,F(T))) =0.

n—00

Since f is a nondecreasing mapping satisfying f(0) = 0 for all ¢ € (0, 00), we have
lim D(x,, F(T)) = 0.
n— o0
Therefore, we can get the desired result from Theorem 3.8. O

Remark 3.10 Theorems 3.6, 3.8, and 3.9 improve and extend the previous known results
from Banach spaces and CAT(0) spaces to uniformly convex hyperbolic spaces (see [1-
6, 15, 21, 28-30], in particular, Theorems 3.1, 3.2, 3.3, and 3.4 in [4]). In our results, we
considered the S-iteration which is faster than the other iteration process to approximate
the fixed point of underlying mapping in the framework of uniformly convex hyperbolic
spaces.

4 Numerical example
Example 4.1 Let (X,d) = R with d(x,y) = |x — y| and C = [0,4] C R. Denote

Wx,y,a)=ax+(1-a)y, forallx,yeC, (4.1)

then (X, d, W) is a complete uniformly convex hyperbolic space with a monotone modulus
of uniform convexity and C is a nonempty closed and convex subset of X. Let T be a
mapping as defined in Example 1.6.

It is easy to see that T satisfies the SKC condition and 0 € C is a fixed point of T. It
is observed that it satisfies all conditions in Theorem 3.6. Let {«,,} and {8,} be constant
sequences such that a,, = 8, = % for all n > 0. From the definition of T the following cases

arise.
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Case 1: Consider x # 4, for the sake of simplicity, we can assume that xy = 1. Then by the
iteration process (3.1) and the definition of W (4.1), we have

1
Yo = W<xo, Txo, E)

N =

1
= — T =
2(xo+ X0)

and

1
X1 = W(Txo, Tyo, 5)

_ %(T(l) + T(%)) _0eF(T).

Case 2: Consider x = 4, for the sake of simplicity, we can assume that xy = 4. Then by

the iteration process and the definition of W

1
Yo = W(M), Txo, E)

1 1
= — T 2—4 1
2(xo+ o) 2( +1)
_3
T2
and
1 1 5
X1 = W(Tx(), Tyo, 5) = E(T(ZL) + T(§>>
1 1
=—(1+0)=—,
;+0=5

W oe 1 1/1 T 1 1

= ) y= ==zl =zt = =

N s )=\ \2)) T,
1 1

X9 = W(Txl, Tyl, 5) = E(O + O) =0.

Hence, the sequence {x,} converges to 0 € F(T).
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