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1 Introduction and preliminaries
Let (X,d) be a metric space. We denote by CB(X) the family of all non-empty closed
bounded subsets of X. Let H(-,-) be the Hausdorff metric, i.e.,

H(A,B) = max[sup d(a, B), supd(A, b) ]
acA beB

for A, B € CB(X), where

d(x,B) = inf d(x, y).
yeB

(i) Let T be a self-mapping on X. Then T is called a Banach contraction mapping if
there exists r € [0,1) such that

d(Tx, Ty) < rd(x,y)

forallx,y € X.
(ii) T is called a Kannan mapping if there exists a € [0, ) such that

d(Tx, Ty) < ad(x, Tx) + ad(y, Ty)

forallx,y € X.
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(iii) If T is a mapping such that
d(Tx, Ty) < rmax{d(x, Tx),d(y, Ty)},

such that r € [0,1) and all x,y € X, then T is called a generalized Kannan mapping.
In 1973, Hardy and Rogers [1] introduced a condition as follows:
(iv) Let x,y € X. Then there exists a; > 0 such that

d(Tx, Ty) < ad(x,y) + axd(x, Tx) + asd(y, Ty) + asd(x, Ty) + asd(y, Tx),

where 2 a; < 1.
(v) Ciric [2] defined the following condition which generalizes the Banach contraction
and Kannan mapping, that is,

d(Tx, Ty) < rmax{d(x,y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)},

such that r € [0,1) and all x,y € X.
If X is complete and at least one of (i), (ii), (iii), (iv), and (v) holds, then T has a unique
fixed point (see [1-5]).
In 2008, Suzuki [6] introduced the condition C as follows. T is said to satisfy condition
Cif

1
Ed(x, Tx) <d(x,y) implies d(Tx, Ty) <d(x,y),

forallx,y € C.
In the same year, Kikkawa and Suzuki [7] generalized the Kannan mapping resulting in
the following theorem.

Theorem 1.1 (Kikkawa and Suzuki [7]) Let T be a mapping on complete metric space (X, d)
and let ¢ be a non-increasing function from [0,1) into (%, 1] defined by

. 1
1, zf0§r<ﬁ,
1

o(r) = o |
T’ %fﬁ <r< bR
Let o € [0, %) and put r = % € [0,1). Suppose that

o(r)d(x, Tx) <d(x,y) implies d(Ix, Ty) < ad(x, Tx) + ad(y, Ty) (1.1)

forallx,y € X. Then T has a unique fixed point z and lim,,_, oo T"x = z holds for every x € X.

Theorem 1.2 (Kikkawa and Suzuki [7]) Let T be a mapping on a complete metric space
(X, d) and let 6 be a non-increasing function from [0,1) into (%, 1] defined by

]-y l_‘fofr<%(\/§_1)7
00 =14 if5(V5-D=r<,
ﬁ, if%f;%l.
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Suppose that r € [0,1) such that
O0(rd(x, Tx) < d(x,y) implies d(Tx, Ty) < rmax{d(x, Tx), d(y, Ty)} 1.2)

orallx,y € X. Then T has a unique fixed point z and lim,_, o, T"x = z holds for every x € X.
y y

In 2011, Karapinar and Tas [8] stated some new conditions which are modifications of
Suzuki’s condition C, as follows. T is said to satisfy condition SCC if

1
Ed (%, Tx) < d(x,y) implies d(Tx, Ty) < M(x,y)
for all w,y € K, where
M(x,y) = max{d(x,y),d(x, Tx), d(y, Ty), d(y, Tx), d(x, Ty)}.

In 1969, Nadler [9] proved a multi-valued extension of the Banach contraction theorem
as follows.

Theorem 1.3 (Nadler [10]) Let (X, d) be a complete metric space and let T be a mapping
from X into CB(X). Assume that there exists r € [0,1) such that

H(Tx, Ty) < rd(x,y)
forall x,y € X. Then there exists z € X such that z € Tz.
Next, the result of Kikkawa and Suzuki [9] is a generalization of Nadler.

Theorem 1.4 (Kikkawa and Suzuki [9]) Let (X, d) be a complete metric space and let T be
a mapping from X into CB(X). Define a strictly decreasing function n from [0,1) onto (%, 1]

and assume that there exists r € [0,1) such that
n(r)d(x, Tx) < d(x,y) implies H(Tx, Ty) <rd(x,y)
forall x,y € X. Then there exists z € X such that z € Tz.
In 2011, Damjanovi¢ and Dori¢ [11] generalized the result of Kannan (iii) and Nadler.

Theorem 1.5 (Damjanovi¢ and Doric¢ [11]) Define a non-increasing function ¢ from [0,1)
into (0,1] by

. V5-1
1, ifo<r<==,

p(r) =
1-7, if@fr<1.
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Let (X, d) be a complete metric space and let T be a mapping from X into CB(X). Assume
that

o(rd(x, Tx) < d(x,y) implies H(Tx, Ty) < rmax{d(x, Tx),d(y, Ty)} (1.3)
forall x,y € X. Then there exists z € X such that z € Tz.

Corollary 1.6 (Damjanovi¢ and Dori¢ [11]) Let (X, d) be a complete metric space and let
T be a mapping from X into CB(X). Let a € [0, %) and put r = 2u. Suppose that

o(r)d(x, Tx) < d(x,y) implies H(Tx, Ty) < ad(x, Tx) + ad(y, Ty) (1.4)

for all x,y € X, where the function ¢ is defined as in Theorem 1.5. Then there exists z € X
such that z € Tz.

In this paper, we prove a condition of the existence for generalized multi-valued map-
pings under SCC conditions in metric spaces. These results are improved versions of re-
sults of Bosko Damjanovi¢ and Dragan Dori¢ [11].

2 Main results
Theorem 2.1 Define a non-increasing function ¢ from [0, 1) into (0,1] by

1, Lf0§r<@

\/§+1’
1-2r  r4/5-1

p(r) = .
1-r’ lfﬁ = 2

<r<s;.

Let (X,d) be a complete metric space and let T be a mapping from X into CB(X). Assume
that

o(r)d(x, Tx) < d(x,y) implies H(Tx, Ty) < rM(x,y) (2.1)

where M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)}, for all x,y € X. Then there
exists z € X such that z € Tz.

Proof Letr; beareal numbersuchthat0 <r<r < % Let u; € X and u, € Tuy be arbitrary.
Since u, € Tuq, we have d(us, Tus) < H(Tuy, Tu,) and

@(r)d(m, Tuy) < d(u1, Tuy) < d(uy, u3).
Thus from the assumption (2.1),
d(uz, Tuz) < H(Tuy, Tuz) < rM(un, o)
where M(u, us) = max{d(uy, us), d(uy, Tuy), d(uy, Tus), d(uy, Tus), d(uz, Tu)}. Consider

A, Tuz) < rmax{d(u1, us), d(uy, Tur), d(uz, Tuiz), d(u, Tuz), d(uz, Tur) |

= rmax{d(ul, us),d(us, Tug)}.

Page 4 of 23
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If max{d(uy, 1), d(uy, Titz)} = d(uy, Tu,), then

d(uy, Tuy) < rd(u1, Tuy)

< rd(uy, uz) + rd(usz, Tuy)

and then

d(uy, Tuy) < (L)d(ulyuz).
1-r

If max{d(uy, uy),d(u1, Tu,)} = d(uy, u3), then
d(uy, Tuy) < rd(uy,uy) < (#)d(ul,uz)-
-r
So

d(uy, Tuy) < (L)d(ul,uz).
1-r

So there exists u3 € Tu, such that d(u»,u3) < (lf—lrl)d(ul, u>). Thus, we can construct a
sequence {x,} in X such that u,,; € Tu, and

d(un+lr un+2) E ( )d(um un+l)'

1—7’1

Hence, by induction,

n-1
d(“m”ml)i( i ) A, ).
1—7‘1

Then by the triangle inequality, we have

o] o] r n-1
> dnin) = S (1) o) <oe,

n=1

Hence we conclude that {u,} is a Cauchy sequence. Since X is complete, there is some
point z € X such that

lim u, =z
Hn—0Q

Now, we will show that d(z, Tx) < rd(x, Tx) for all x € X \ {z}.
Let x € X \ {z}. Since u, — z, there exists ny € N such that d(z, u,) < (%)d(z, x) for all

n > ng. Then we have

@(r)d(u,, Tu,) < d(u,, Tu,)
=< d(um un+1)

< d(un: Z) + d('z’ Mn+l)
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< (%)d(z,x)

=d(z,x) — %d(z,x)

<d(z,%) - d(z,un)

<d(x,uy).

Then from (2.1) we have

H(Tu,, Tx) < rmax{d(un,x),d(u,,, Tu,),d(x, Tx), d(u,, Tx), d(x, Tu,,)}.
Since 41 € Tuy,, d(t,1, Tx) < H(Tu,, Tx), so that

AUy, Tx) < rmax{d(u,,,x), AUy, Uni), d(x, Tx), d(uy,, Tx), d(x, unﬂ)}
for all n > ny. Letting n — 0o, we obtain

d(z, Tx) < rmax{d(z, x),d(x, Tx), d(z, Tx)}.
It follows that

d(z, Tx) < (é)d(x, Tx) forallxe X\ (z).

Next, we show that z € Tz. Suppose that z is not an element in 7Z.

Case (i):0<r< % Let a € Tz. Then a # z and so by (2.3), we have

d(z, Ta) < (i)d(a, Ta).
On the other hand, since ¢(r)d(z, Tz) = d(z, Tz) < d(z, a), from (2.1) we have
H(Tz, Ta) < rmax{d(z,a),d(z, Tz),d(a, Ta), d(z, Ta), d(a, Tz)}.
So
d(a, Ta) < H(Tz,Ta) < rmax{d(z,a), d(z, Tz), d(z, Ta)}‘
It implies that
d(a, Ta) < rmax{d(z, a),d(z, Tz),d(z, Ta)}.

Since d(z,a) < d(z, Tz) + d(1z, a) = d(z, Tz), we have

d(a, Ta) < (L)d(z, Tz).
1-r

Page 6 of 23
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(2.5)
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Using (2.3), (2.4), and (2.5), we have
d(z,Tz) < d(z,Ta) + H(Ta, Tz)

< <1%)d(a, Ta) + rmax{d(z,a), d(z, Tz), d(z, Ta))
d(a, Ta) + rmax{d(z, a),d(z, Tz), (i)d(a, Ta)}

d(a, Ta) + rmax{d(z, a),d(z, Tz)}

d(z, Tz) + rd(z, Tz)

2
—> d(z, Tz) + (L>d(z, Tz)
1-r

r 2
i) + (75 e

<[k +k]d(z Tz),

()

()

o (12 Yt st
()

(

|

where k = ;. Since r < :/[; i, we have k? + k <1 and so d(z, Tz) < d(z, Tz), a contradiction.

Thus z € Tz.
Case (ii): % <r< % Letx € X.Ifx = z, then H(Tx, Tz) < r max{d(x, z), d(x, Tx), d(z, Tz),
d(x, Tz),d(z, Tx)} holds. If x # z, then for all n € N, there exists y, € Tx such that

d(z,y,) < d(z, Tx) + (%)d(x,z).

We consider

d(x, Tx) < d(x,y,)
<d(x,z) +d(zy,)

<d(x,z) +d(z, Tx) + (%)d(x, Z)

<d(x,z) + (L>d(x, Tx) + <l)d(x,z).
1-r n

Thus, (1 2’)al(x, Tx) < (1+ 1)d(x, z). Take n — 00, we obtain

(11 _zr)d(x, Tx) < d(x,2),

by using (2.1), implies H(Tx, Tz) < rmax{d(x, z), d(x, Tx), d(z, 1z), d(x, Tz),d(z, Tx)}. Hence,
as U1 € Tu,, it follows that with x = 1,

d(z,Tz) = lim d(u,.1, TZ)

< H(Tuy,, Tz)
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< lim rmax{d(u,,,z), d(uy,, Tu,),d(z, Tz), d(u,, Tz), d(z, Tuy,)}

n—00

=< lim rmax{d(un: Z): d(unr ”n+1)’ d(Z, TZ)’ d(”n’ TZ)’ d(z; Mn+1)}

n—00

<rd(z, Tz).

Therefore, (1-r)d(z, Tz) < 0, which implies d(z, Tz) = 0. Since Tz is closed, we have z € Tz.
This completes the proof. O

Example 2.2 Let X = [0, 00) be endowed with the usual metric d. Define T : X — CB(X)

by
[0,%7], 0<x<j,
T(x)={1[0,%], 1<x<l, (2.6)
[0,log(x)], 1<

Proof We show that T satisfies (2.1). Let «,y € X. We prove by cases.
Case (i): Suppose that x,y € [0, 1]. Thus, if x* < y, then

1
w(z)d(x, Tx) = [x —*| = |x - y| = d(x,y).

But if x> > y, then

1
¢<Z)d(x, T) = [x - 22| < I - 3] = d(x,)
and
H(Tx, Ty) = ‘xz —yzy

< —|@%) - (290

S Y M

< k-2

< 7l

x=y°|, [y —*[}

= %max{lx—yL x =2, |y -y

) ’

= i max{d(x,y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}

=rM(x,y), (2.7)

where r = %. Hence T satisfies (2.1).

Case (ii): Suppose that x,y € (%,1). Thus, if § <y, then

w(%)d(x, Tx) = > lx -yl =d(x,y).

x
x—Z
3
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But if 3 >y, then

1
o5 )dee ) = |x -2 < x -yl = dx)
3 3
and
1
H(Tx, Ty) = 3 ~lx =yl
L
-3 3
1 y X
L { 222
1
- {d(x,y) d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
~ M%), (2.8)
where r = % Hence T satisfies (2.1).
Case (iii): Suppose that x, y € [1, 00]. Thus, if log(x) < y, then

1
go<§)d(x,Tx ’x—log ‘>|x y| = d(x,y).
But if log(x) > y, then
1
¢\ 3 )dlx Tx) = [x —log(x)| < |x —y| = d(x,)

and

H(Tx, Ty) = |log(x) — log(y)|

= %(3 log(x) — 310g(y))

< %!x —log(y)|

- 5 max| @)Ly - logO)], |y - log()]}

- %max{d( ), dx, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}

= M), 29)

where r = % Hence T satisfies (2.1).

Case (iv): Suppose that x € [0, %] and y € (%,1). Then x? < x < y. Thus, w(%)d(x, Tx) =
lx —x2| > |x — y| = d(x,). Hence T satisfies (2.1).

Case (v): Suppose that x € (%,1) and y € [0, %]. Sox >y. Thus, if 3 <y, then

w(%)d(x, Tx) =

> lx -yl =d(x,y).

x
x—Z
3
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But if 3 >y, then

1
<p(§)d(x, Tx) = x—g <lx-yl=dxy)
and
H(Ts, Tj) = |5 -7
1
< Zlx =342
= gle-37|
1 2
< |x—
= 3le-7]
—lmax |x—|x—f — 9%, [x = 5? 7
=3 b 3 Y=y Yy 3
1
=3 max{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)}
=rM(x,),

where r = % Hence T satisfies (2.1).
Case (vi): Suppose that x € [0, %] and y € [1, 00].

w(%)d(x, Tx) = |x - &*| < [x -y = d(x,)

and
H(Tx, Ty) = ‘xz - log(y)’

= 1|3x2 —310g(y)| = %’310;;()/) —3x2|

3

1
< gmax{{y—log(y) , y—x2|}

1
= gmax{|x—y|, x =2, |y —log(y)|, |x —log®)|, |y - #*|}
= % max{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)}

=rM(x,y),

where r = % Hence T satisfies (2.1).
Case (vii): Suppose that x € [1,00] and y € [0, 1]. Thus, if log(x) < y, then

1
w(;)d(x, Tx) = |x - 10g(x)| > |x—y| = d(x,y).
But if log(x) > y, then

% G)d(x, Ix) = |x — log(x)| < |x - y| = d(x,)

Page 10 of 23

(2.10)

(2.11)



Klin-eam et al. Journal of Inequalities and Applications (2015) 2015:343

and
H(Tx, Ty) = [log(x) - »*|
- i‘é}log(x) — 4y?|
fih—fl

y - log(x)|}

2
x=y1,

x—log)|, [y-»"|,

_ 1

=2 max{lx -9
1

b max{d(x,y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}

=rM(x,y),

where r = i. Hence T satisfies (2.1).
Case (viii): Suppose that x € (1,1) and y € [1,00].

w(%)d(x, Ix) = <lx-yl=dxy)

x
x__
3

and

H(Tx, Ty) = "3—6 - 1og(y)‘

1 1
= gyx—Blog(y)‘ = g‘?)log(y) —x’

1 X
< §max{|y—log(y) |y - §H

1 X X
= gmax{pc—yl, x= 3l y —log(y)|, |x —log(y)|, y—g’}
- < max{d(e,),d(x, 7o) dy, T),d, Ty, dy, 7]
= TM(%)’),

where r = % Hence T satisfies (2.1).
Case (ix): Suppose that x € [1,00] and y € (%, 1). Thus, if log(x) <, then

1
<p<§)d(x, Tx) = |x - log(x)| > |x—y| =d(x,y).
But if log(x) > y, then
1
(p(§>d(x, Tx) = |x - 10g(x)| <lx—yl=d(x,y)

and

H(Tx, Ty) = |log(x) — %‘

1
=§|310g(x)—y|

Page 11 of 23

(2.12)

(2.13)
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- 1

st §|x—y|

_1 J 1

_gmax{ ( 3P E5) —0g(x)|}

= % ax{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)}

- rM(x, ), (2.14)

where r = % Hence T satisfies (2.1).
Thus we see that T satisfies condition (2.1) and satisfies Theorem 2.1. So there exists
z € X such that z € Tz. Moreover, 0 € T(0). a

Theorem 2.3 Define a non-increasing function ¢ from [0, %) into (0,1] by

/51
1, Lf0<r<42\[,

r<—

o(r) =

1-5r
1-2r’ f4 2[ —

Let (X, d) be a complete metric space and let T be a mapping from X into CB(X). Assume
that

o(r)d(x, Tx) < d(x,y) implies H(Tx, Ty) < S(x,y) (2.15)

where S(x,y) = rd(x, y) + rd(x, Tx) + rd(y, Ty) + rd(x, Ty) + rd(y, Tx) for all x,y € X. Then there
exists z € X such that z € Tz.

Proof Letr; beareal number suchthat0 <r<r <1.Letu; € X and uy € Tu; be arbitrary.
Since u, € Tuq, we have d(us, Tus) < H(Tuy, Tu,) and

@(r)d(m, Tuy) < d(u1, Tuy) < d(uy, u3).
Thus, from the assumption (2.15),
d(uz, Tuz) < H(Tuy, Tuy) < S(un, u2)
where S(uy, uy) = rd(uy, uy) + rd(uy, Tuy) + rd(us, Tus) + rd(u1, Tuy) + rd(us, Tuy). Consider

d(uy, Tuy) < rd(ur, us) + rd(uy, Tun) + rd(uy, Tuy) + rd(uy, Tuo) + rd(uy, Tuy)

< 3rd(u1, us) + 2rd(us, Tu,).

So

d(MZ’ Tu2) S (l)d(uly 1/!2)~
1-2r

3r1
1-2r

So there exists u3 € Tu, such that d(uy, u3) < ( )d(u1, u2). Thus, we can construct a

sequence {x,} in X such that u,,; € Tu, and

37’1
1- 2}"1

d(unﬂr un+2) = ( )d(um un+1)'
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Hence, by induction,

37’1
1- 27’1

n-1
d(un’ Mn+1) = ( ) d(l/ll, I/tz).

Then by the triangle inequality, we have

00 00 37 n-1
d n» “n+ =< - d ’ .
Zl (st 1)—;(1_%) (u1,12) < 00

Hence we conclude that {u,} is a Cauchy sequence. Since X is complete, there is some
point z € X such that

lim u, =z.
n—0oQ

Now, we will show that d(z, Tx) < (lfgr)d(x, Tx) for allx € X \ {z}.

Let x € X \ {z}. Since u, — z, there exists ny € N such that d(z, u,) < (%)d(z, x) for all
n > ng. By using (2.2), we get
@ (r)d(un, Tu,) < d(x,u,).
Then from (2.15) we have
H(Tu,, Tx) < r[d(u,,,x) + d(u,, Tu,) + d(x, Tx) + d(u,, Tx) + d(x, Tun)].
Since u,,1 € Tu,, d(u,.1, Tx) < H(Tu,, Tx), so that
AU, Tx) < r[d(un,x) + d(Uy, pe1) + d(x, Tx) + d(u,, Tx) + d(x, uwl)]

for all n > ny. Letting n — 0o, we obtain

d(z,Tx) < r[2d(z, x) +d(x, Tx) + d(z, Tx)]

< r3d(z,x) + r2d(z, Tx).
It follows that

d(z, Ta) < (%)d(x, Tx) forallxe X\ {z}. (2.16)

Next, we show that z € Tz. Suppose that z is not an element in 7Z.

Case (i):0<r< 4‘5—:}5. Let a € Tz. Then a # z and so by (2.16), we have

3r
L ¢ e , 1a).
d(z, Ta) < <1 — zr)d(a )
On the other hand, since ¢(r)d(z, Tz) = d(z, Tz) < d(z, a), from (2.15) we have

H(Tz,1a) < r[d(z, a) +d(z, Tz) + d(a, Ta) + d(z, Ta) + d(a, Tz)].
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So

d(a, Ta) < H(Tz, Ta) < r[2d(z, a) + d(a, Ta) + d(z, Ta)]
< r[3d(z, a) + 2d(a, Ta)]. (2.17)

Since d(z,a) < d(z, Tz) + d(T1z,a) = d(z, Tz), we have

d(a, Ta) < (1 3

- 2r

)d(z, Tz).
Using (2.15), (2.16), and (2.17), we have

d(z,Tz) < d(z,Ta) + H(Ta, Tz)

5 )d(a, Ta) + S(a, z)

d(a, Ta) + r[d(z, a) +d(z, Tz) + d(a, Ta) + d(z, Ta) + d(a, Tz)]

3r
1-2r

)d(z, Tz)

Since 0 <r< 4‘5:/15, we have 0 < k2 + k < 1 and so, d(z, Tz) < d(z, Tz), a contradiction.
Thus z € TZz.

Case (ii): %:/lg <r«< % Letx € X.

If x = z, then H(Tx, Tz) < rld(x,z) + d(x, Tx) + d(z, Tz) + d(x, Tz) + d(z, Tx)] holds. If x # z,

then for all n € N, there exists y, € Tx such that

1
d(z,y,) <d(z, Tx) + (;)d(x, 2).
We consider

d(x, Tx) < d(x,y,)

<dx,z)+ d(z’yn)

<dx,z)+d(z, Tx) + (%)d(x, z)

<d(x,2) + (i)d(x, o) + <l)d(x,z).
1-2r n

Thus, (}:g;)d(x, Tx) < (1 + %)d(x, z). Take n — oo, we obtain

G:Z)d(x, o) < d(x,2),
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by using (2.15), implies H(Tx, 1z) < S(x,z), where S(x,z) = r[d(x,z) + d(x, Tx) + d(z, Tz) +
d(x, Tz) + d(z, Tx)].
Hence, as u,,,1 € Tu,, it follows that with x = 1,

d(z,Tz) = nlingo A1, 12)
< H(Tu,, Tz)
< nlLrI;o r[d(u,,,z) +d(u,, Tu,) + d(z, Tz) + d(u,, 1z) + d(z, Tun)]
< lim [rd(u,,,z) +rd(Uy, Up) + rd(z, TZ) + rd(u,, Tz) + rd(z, u,,+1)]

n—00

< (2r)d(z, Tz). (2.18)

Using (2.18), we have (1 - 2r)d(z, Tz) < 0, which implies d(z, Tz) = 0. Since 7% is closed, we
have z € Tz. This completes the proof. O

Example 2.4 Let X = [0, 1] with the metric d(x,y) = l}l’_‘;lyll forallx,y € X. Define T: X —
CB(X) by

T(x) = [O,xz].

Proof We show that T satisfies (2.15). Let x,y € X. Thus, if x¥? < y, then

1 o — | lx -yl
— |d(x, Tx) = > =d(x,y).
¢<6) o ) = A T emyie1 Y

But if x> > y, then

1 | — x| lx -yl
— )d(x, Tx) = < =d(x,
¢<6) (6, Tx) 2 +1 - [x—y|+1 (.9)

and
H(Tx, Ty)
l6* —y°|
S 2 -y +1
1 6jx* -y’
6 x2—y2|+1
BN A %* — 5| =2 20— -y
62— 41 w2 =21 w292+ 1 2= +1 a2 —y2|+1

1 _ ) ) .2 .2
S N il RN et U /e BN et BN il
6llIx—yl+1 |x—a2]+1 |y—»*+1 [|x=»*+1 |y—a2+1

- o)+ dls ) + dl, T5) + s ) + 3 T

1
= =S(x3), (2.19)
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where r = é.
Thus we see that T satisfies condition (2.15) and satisfies Theorem 2.3. So there exists
z € X such that z € Tz. Moreover, 0 € T(0). O

Theorem 2.5 Define a non-increasing function ¢ from [0,1) into (0,1] by

. V5-1
1, if0 <r<>3=,

o(r) =
1-7, if%f;’<1.

Leta € [0, %) andr = 1%, and let (X, d) be a complete metric space and let T be a mapping
from X into CB(X).
Assume that

o(rdx, Tx) < d(x,y) implies H(Tx, Ty) <aM(x,y) (2.20)

where M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty), d(y, Tx)}, for all x,y € X. Then there
exists z € X such that z € Tz.

Proof Letr; beareal numbersuchthat0 <r<r < % Let u#; € X and uy € Tuy be arbitrary.

Since u, € Tuq, we have d(us, Tus) < H(Tuy, Tu,) and
@(r)d(uy, Tuy) < d(wr, Tur) < d(u1, o).

Thus, from the assumption (2.20),
d(uz, Tuy) < H(Tuy, Tuy) < aM(ur, uz)

where M(u1, us) = max{d(uy, u,), d(u1, Tur), d(uy, Tuo), d(u1, Tuo), d(uz, Tur)).

Consider

d(uz, Tuy) < o max{d(uy, uz), d(wy, Tun), d(u, Tiip), d(u, Tz), d(ua, Tiry) }

=a max{d(ul, ), d(u, Tuz)}.
If max{d(uy, uy),d(u1, Tus)} = d(uy, Tu,), then

d(uy, Tuy) < ad(u, Tuy)

< ad(u, us) + ad(us, Tuy)
and then

d(ug, Tup) < (%)d(ulrbﬁ) = rd(u, uy),

-

where r = li
-
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So there exists u3 € Tu, such that d(u,, u3) < rd(u,u,). Thus, we can construct a se-

quence {x,} in X such that u,,; € Tu, and
A(tns1, Uni2) < 1A (U ).

Hence, by induction
Aty 1) < ()" d(uar, o).

Then by the triangle inequality, we have

oo o0
> " Aty 1) < Y (1)1, ) < 0.
n=1

Hence we conclude that {u,} is a Cauchy sequence. Since X is complete, there is some
point z € X such that

lim u, = z.

n—00

Now, we will show that d(z, Tx) < rd(x, Tx) for all x € X \ {z}.
Let x € X \ {z}. Since u,, — z, there exists ny € N such that d(z,u,) < (%)d(z, x) for all
n > ny. By using (2.2), we get
() d(up, Tu,) < d(x, uy).
Then from (2.20), we have
H(Tu,, T,) <« max{d(u,,,x), d(uy,, Tu,),d(x, Tx), d(u,, Tx), d(x, Tun)}.
Since u,.1 € Tu,, we have d(u,,,1, Tx) < H(Tu,, Ty), so that
AU, Tx) <o max{d(un,x),d(u,,, Uni1), d(x, Tx), d(u,, Tx), d(x, u,,+1)}
for all n > ny. Letting n — 00, we obtain
dz, Tx) < a max{d(z, x),d(x, Tx), d(z, Tx)}.

We obtain

d(z, Tx) < (%)d(x, Tx) = rd(x, Tx) forallx € X\ {z). (2.21)

Next, we show that z € Tz. Suppose that z is not an element in 7%.
Case (i):0<r«< @ Let a € Tz. Then a # z and so by (2.21), we have

d(z, Ta) < rd(a, Ta).
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On the other hand, since ¢(r)d(z, Tz) = d(z, Tz) < d(z, a), from (2.20) we have

H(Tz,1Ta) <« max{d(z, a),d(z,Tz),d(a, Ta),d(z, Ta), d(a, Tz)}.
So

d(a,Ta) < H(1z,Ta) < a max{d(z, a),d(z, Tz),d(z, Ta)}. (2.22)
It implies that

d(a,Ta) <« max{d(z, a),d(z, Tz), d(z, Ta)}.
Since d(z,a) < d(z, Tz) + d(1z, a) = d(z, Tz), we have

d(a, Ta) < rd(z, Tz). (2.23)
Using (2.20), (2.21), (2.22), and (2.23), we have

d(z, Tz) < d(z, Ta) + H(Ta, Tz)
< rd(a, Ta) + « max{d(z,a), d(z, Tz), d(z, Ta))
< rd(a, Ta) + « max{d(z, @), d(z, T2), rd(a, Ta)}
< rd(a, Ta) + « max{d(z,a),d(z, Tz)}
< rd(a, Ta) + ad(z, Tz)
< ("%d(z, T2) + rd(z, Tz)

< (r2 + r)d(z, Tz),

o

where r = Too
-

Since r < */g‘l , we have r2 + r < 1 and so d(z, Tz) < d(z, Tz), a contradiction. Thus z € Tz.

Case (ii) @ <r<l.Letx e X.Ifx = z, then H(Tx, Tz) < o max{d(x,z),d(x, Tx), d(z, Tz),
d(x, Tz),d(z, Tx)} holds. If x # z, then for all n € N, there exists y,, € Tx such that

1
d(z,y,) <d(z, Tx) + (—)d(x, 2).
n
We consider

d(x, Tx) < d(x,y,)

<d(x,2) +d(z,y,)

<dx,z)+d(z, Tx) + (%)d(x, z)

<d(x,z) + rd(x, Tx) + (%)d(x, z).
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Thus, (1 -r)d(x, Tx) < (1 + %)d(x, z). Take n — 00, we obtain
(1 -r)d(x, Tx) < d(x,2),

by using (2.20), this implies H(Tx, Tz) < o max{d(x, z), d(x, Tx), d(z, 1z), d(x, Tz), d(z, Tx)}.
Hence, as u,,,1 € Tu,, it follows that with x = 1,

d(z,Tz) = lim d(u,.1, TZ)
n—0o0

< H(Tu,, Tz)
< lim o max{d(u,,2), d(1tn, Tun), d(z, Tz), (14, T2), d(z, Tu,)}
< lim o maX{d(umZ),d(unr un+1)’d(zy TZ),d(Mn, TZ)¢d(Z; Mn+1)}

< ad(z, Tz).

Therefore, (1 — «)d(z, Tz) < 0, which implies d(z, Tz) = 0. Since Tz is closed, we have
z € Tz. This completes the proof. O

Corollary 2.6 Let be (X,d) a complete metric space and let T be a mapping from X into
CB(X). Let @ € [0, 1) and r = 5a. Assume that

o(r)d(x, Tx) <d(x,y) implies H(Tx, Ty) < S(x,y)

where S(x,y) = ad(x,y) + ad(x, Tx) + ad(y, Ty) + ad(x, Ty) + ad(y, Tx) for all x,y € X, where
the function ¢ is defined as Theorem 2.5. Then there exists z € X such that z € Tz.

Remark 2.7 We see that Theorem 2.5 is a multi-valued mapping generalization of Theo-
rem 2.3 of Kikkawa and Suzuki [7] and therefore the Kannan fixed point theorem [6] for
generalized Kannan mappings.

Theorem 2.8 Define a non-increasing function ¢ from [0,1) into (0,1] by

o

Leta € [0, é) andr = Sﬁ’ and let be (X, d) a complete metric space and let T be a mapping
from X into CB(X).
Assume that

o(r)d(x, Tx) < d(x,y) implies H(Tx, Ty) < S(x,y) (2.24)

where S(x,y) = ad(x,y) + ad(x, Tx) + ad(y, Ty) + ad(x, Ty) + ad(y, Tx) for all x,y € X. Then
there exists z € X such that z € Tz.

Proof Letr; be areal number such that 0 <r<r <1.Letu#; € X and up € Ty be arbitrary.
Since u, € Tuq, we have d(u,, Tu,) < H(Tuy, Tu,) and

o(Nd(u1, Tuy) < d(uy, Tuy) < d(uy, uy).



Klin-eam et al. Journal of Inequalities and Applications (2015) 2015:343 Page 20 of 23

Thus, from the assumption (2.24),
d(uy, Tuz) < H(Tuy, Tuy) < S(uy, u)

where S(u1, uy) = ad(ur, us) + ad(uy, Tuy) + ad(uy, Tuy) + ad(uy, Tus) + ad(usy, Tup). Con-
sider

d(uy, Tuy) < ad(uy, uy) + ad(uy, Tur) + ad(uy, Tus) + ad(uy, Tus) + ad(uo, Tuy)

< 3ad(uy, us) + 20d(uo, Tus).

Then

3
d(us, Tuy) < <—a>d(ulru2) = rd(u, uz),
1-2a

3a
1-2a°

So there exists u3 € Tu, such that d(uy, u3) < rd(u,u,). Thus, we can construct a se-

where r =
quence {x,} in X such that u,,; € Tu, and
A(ps1s Uns2) < 11U, ).
Hence, by induction
Aty 1) < ()" d(w, o).

Then by the triangle inequality, we have

YAty 1) < Y ()", 1) < 00

n=1 n=1

Hence we conclude that {u,} is a Cauchy sequence. Since X is complete, there is some
point z € X such that

lim u, =z

n—00

Now, we will show that d(z, Tx) < rd(x, Tx) for all x € X \ {z}.
Let x € X \ {z}. Since u,, — z, there exists ny € N such that d(z, u,) < (%)d(z, x) for all
n > ny. By using (2.2), we get
p(rd(u,, Tu,) < d(x, u,).
Then from (2.1), we have
H(Tu,, T,) < a[d(un,x) + d(u,, Tu,) + d(x, Tx) + d(u,, Tx) + d(x, Tun)].

Since 41 € Tuy, d(u,1, Ty) < H(Tu,, Ty), so that

d(un+1) Tx) =< a[d(um x) + d(un: un+1) + d(x¢ Tx) + d(”m Tx) + d(x: un+1)]
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for all n > ny. Letting n — 0o, we obtain

d(z, Tx) < a[Zd(z, x) + d(x, Tx) + d(z, Tx)]
< a3d(z,x) + «2d(z, Tx).

It follows that

d(z, Tx) < ( %)d(x, Tx) = rd(x, Tx) forallx € X \ {z). (2.25)

Next, we show that z € Tz. Suppose that z is not element in 7Z.
Case (i):0<r«< % Let a € Tz. Then a # z and so by (2.25), we have

d(z, Ta) < rd(a, 1a).

On the other hand, since ¢(r)d(z, Tz) = d(z, Tz) < d(z, a), from (2.24) we have
H(Tz, Ta) < a[d(z, a) +d(z, Tz) + d(a, Ta) + d(z, Ta) + d(a, Tz)].

So

d(a, Ta) < H(Tz, Ta) < a[2d(z,a) + d(a, Ta) + d(z, Ta)|

< oe[Sd(z, a) + 2d(a, Ta)]. (2.26)

Since d(z,a) < d(z, Tz) + d(1z, a) = d(z, Tz), we have
3a
d(a, Ta) < <—>d(z, Tz) = rd(z, Tz). (2.27)
1-2«

Using (2.24), (2.26), and (2.27), we have

d(z,Tz) < d(z,Ta) + H(Ta, Tz)

<rd(a, Ta) + S(a, z)
<rd(a, Ta) + a[d(z, a) +d(z, Tz) + d(a, Ta) + d(z, Ta) + d(a, Tz)]
<(r +2a)d(a, Ta) + 3ad(z, a)
< (r+2a)rd(z, Tz) + 3ad(z, Tz)
<(r+nryrd(z, Tz) + rd(z, Tz)
< (21‘2 + r)d(z, Tz).

Since 0 <r< %, we have 0 < 272 + r < 1 and so, d(z, Tz) < d(z, Tz), a contradiction. Thus

z€ 1z

Case (ii): % <r<l Letx € X. If x = z, then H(Tx, Tz) < a[d(x,z) + d(x, Tx) + d(z, Tz) +

d(x, Tz) + d(z, Tx)] holds. If x # z, then for all n € N, there exists y, € Tx such that

d(z,y,) <d(z, Tx) + (%)d(x,z).
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We consider

d(x, Tx) < d(x,y,)

<d(xz)+ d(z’yn)

<d(x,z) +d(z, Tx) + (%)d(x, Z)
<d(x,z)+rd(x, Tx) + (%)d(x, 2).

Thus, (1 - r)d(x, Tx) < (1 + +)d(x,z). Take n — 00, we obtain
1 -r)dx, Tx) < d(x,z),

by using (2.24), this implies H(Tx, Tz) < S(x,z), where S(x,z) = a[d(x,z) + d(x, Tx) +
d(z,Tz) + d(x, Tz) + d(z, Tx)]. Hence, as u,,1 € Tu,, it follows that with x = u,,

d(z,Tz) = lim d(u,.1, TZ)
n—0o0

< H(Tuy,, Tz)

< lim a[d(un,z) +d(uy, Tu,) + d(z, Tz) + d(u,, Tz) + d(z, Tu,,)]
Hn—>0Q

< lim [ad(un,z) +ad(Uy, Up) + ad(z, T2) + ad(u,, Tz) + ad(z, u,,+1)]

n—00

< (a)d(z, Tz). (2.28)

Therefore, (1 — 2a)d(z, Tz) < 0, which implies d(z, Tz) = 0. Since Tz is closed, we have
z € Tz. This completes the proof. O
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