Yang et al. Journal of Inequalities and Applications (2015) 2015:342 ® Journal of Inequalities and Applications
DOI10.11 86/51 3660-015-0863-5 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

The Hyers-Ulam-Rassias stability of the

quartic functional equation in fuzzy

B-normed spaces
Xiuzhong Yang'?, Guannan Shen'?, Guofen Liu#" and Lidan Chang'?

“Correspondence:

llugf2003@163.com Abstract

|rig‘!;%et‘gfnhgs‘t::gaﬂzzzr,io,ma‘ In this article, we extend general fuzzy normed spaces to fuzzy B-normed spaces and
University, Shijiazhuang, 050024, adopt the fixed point and direct methods to prove the Hyers-Ulam-Rassias stability of
People’s Republic of China the quartic functional equation fQx+y +2) + fQx+y—-2) + fQx -y +2) + f(-2x +y +
Hebei Key Laboratory of

Computational Mathematics and 2+ +122)=8[fx+y) +fx=y) +fx+2) +fx 2]+ 2[f(y +2) + f(y — 2] + 32f (x)
Applications, Shijiazhuang, 050024, in fuzzy B-normed spaces.

People’s Republic of China
MSC: 39B82;47H10; 47540

Keywords: Hyers-Ulam-Rassias stability; fuzzy B-normed space; quartic functional
equation; fixed point

1 Introduction

In 1940, Ulam [1] asked the following question concerning the stability of group homo-
morphisms: Under what condition is there an additive mapping near an approximately
additive mapping between a group and a metric group?

In the next year, Hyers [2] gave a positive answer to the above question for additive
groups under the assumption that the groups are Banach spaces. In 1978, Rassias [3] ex-
tended the theorem of Hyers by considering the unbounded Cauchy difference. Gavruta
[4] proved the Hyers-Ulam-Rassias stability with the generalized control function. This
stability result is called the Hyers-Ulam-Rassias stability of functional equations. Rassias

[5] first introduced the quartic functional equation

S +2y) +f(x—2y) + 6f(x) =4[f(x +y) + f(x =) + 6/ (¥)]

and solved the Ulam stability problem of the function. Later Sahoo and Chung [6], and
Lee et al. [7] remodified Rassias’ equation and obtained its general solution.
Pinsker [8] characterized orthogonally additive functionals on an inner product space.

The orthogonal Cauchy functional equation

fa+y)=fX)+f0), xLy

© 2015 Yang et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13660-015-0863-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-015-0863-5&domain=pdf
mailto:liugf2003@163.com

Yang et al. Journal of Inequalities and Applications (2015) 2015:342 Page 2 of 14

in which L is an abstract orthogonality relation, was first investigated by Gudder and
Strawther [9]. Ger and Sikorska discussed the orthogonal stability of the orthogonal
Cauchy functional equation in [10].

Park [11] proved the Hyers-Ulam-Rassias stability of the orthogonality quartic func-
tional equation

flx+2y) +flx—2y) + 6f(x) :4[f(x+y) +f(x—y)+6f(y)], x Ly

where L is the orthogonality in the sense of Rétz.
Let us recall the orthogonality in the sense of Rtz [12].

Definition 1.1 ([9]) Suppose X is a real vector space with dimX > 2 and L is a binary
relation on X with the following properties:

O,) totality of L for zero: x L 0,0 L x for all x € X;

(O1)

(O2) independence: if x,y € X — {0}, then x, y are linearly independent;

(O3) homogeneity: ifx,y € X,x Ly, thenax L By forall, B € R;

(O4) the Thalesian property: if P is a 2-dimensional subspace of X,x € P and A € R,, which
is the set of nonnegative real numbers, then there exists yo € P such that x L y, and

x+ 5o L Ax —yo.

The pair (X, 1) is called an orthogonality space. By an orthogonality normed space we
mean an orthogonality space having a normed structure.

Arunkumar et al. [13] proved that a mapping f : X — Y satisfies the functional equation

fx+y+2)+f2x+y-2)+fQRx—y+2) +f(-2x + y + 2) + f(2y) +f(22)
= 8[f(x+y) +fx—y) +flx+2) +f(x—z)] +2[f(y+z) +f(y—z)] +32f(x) (1.1)

if and only if the mapping f : X — Y is quartic. Moreover, they proved the Hyers-Ulam-
Rassias stability of the quartic functional equation (1.1) in orthogonality normed spaces.

Katsaras [14] defined a fuzzy norm on a vector space to construct a fuzzy vector topo-
logical structure on the space. Some mathematicians have defined fuzzy norms of a vector
space from various points of view (see [15-20]).

Bag and Samanta [21], following Cheng and Mordeson [22], gave an idea of fuzzy norm
in such a manner that the corresponding fuzzy metric is of Karmosil and Michalek [23].

A number of mathematicians have extensively investigated the stability problems of sev-
eral functional equations, and they obtained many interesting results concerning the prob-
lem (for instance [24-38]).

In this article, we extend general fuzzy normed spaces to fuzzy f-normed spaces and
prove the Hyers-Ulam-Rassias stability of the orthogonally quartic functional equation
(1.1) in this kind of spaces by two different methods: the fixed point and direct methods.

Now we introduce the concept of a fuzzy B-normed vector space and associated concept
of a fuzzy B-norm, followed by some examples to show the validity of the notion.

Definition 1.2 Let X be a real vector space. A function Ng : X x R — [0,1] is called a
fuzzy B-normon X withO0< 8 <1lifforallx,y € X and s,z € R,
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(N1) Ng(x,£) =0 fort <0;
(N2) x =0 if and only if Ng(x,t) =1 for all £ > 0;
(N3) Ng(ex, t) = Ng(x, #) if c #0;
(N4) Ng(x+y,s+t) > min{Ng(x,s), Ng(y,t)};
(N5) Ng(x,-) is a non-decreasing function of R and lim;_, o Ng(x, ) = 1;
(N6) forx 0, Ng(x,-) is continuous on R.
The pair (X, Np) is called a fuzzy f-normed vector space.

We remark that when 8 =1, (X, Np) is fuzzy normed space (X, N).

Example 1.3 Let (X, || - [|g) (0 < B <1) be a f-normed linear space and «, y > 0. Then

ﬁ, t>0,x€X;
Nj(x, ) = | 71T
0, t<0,x€X,

is a fuzzy B-norm on X.

Proof (N1), (N2), and (N6) are obviously true.
Notice that forany £ € R, £>0,and ¢ # 0

t

ot ot OB t

Nﬁ(cx7 t) = = ﬁ = t ICI :Nﬁ (x; _ﬁ),
at+ylexlly  at+ylePlixly o & + vl ]

which implies that (N3) holds.
To prove (N4), let s > 0, ¢ > 0, we assume that Ng(x,s) > Ng(y, ), thus

as ot
as+ylalls  at+ylyls
_as(at+y|yll) - atlos +yllxlp)
T (as+ylxlp)et+ylylg)
__ayslylls —aytlixls
(s + v llxllg) (et +ylylp)

20)

Nﬁ(x,s) —Nﬂ()/, t) =

we can get

ay (sllyll - tlxllg) = 0.
We have by the above inequality

als+1t) ot
as+t)+yllx+ylls at+ylylg

Ng(x +y,s+t) — Ng(y,t)

als+t) at
Tal+)+ylxlg+yivle  at+yiylg

_ als+t)(at +yllyllp)
la(s+2) + yllxllg + v Iyligllat + ¥ 1ylig)
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atla(s +1) + yllxllg + v 1ylls]
[a(s +2) + yllxllg + v Iyliglat + vIylp)
B ay(slylls —tlxlig)
ads+ ) +ylxlp + vlylgllat + vyl

>0.

So,

Ng(x +y,s+t) > Ng(y, t).

Similarly, from Ng(y, t) > Ng(x,s), we can obtain

Ng(x + 9,8 +t) = Ng(x,s).

Therefore, Ng(x + y,s + t) > min{Ng(x, s), Ng(y,£)} and (N4) hold.
Forany #1,t, € R, and t; > £,

at [07%)

N (x)tl)_N (x;tZ): -
P P ati+ylxls  aty+ylxlg

_ati(a +ylxlg) —atlat +ylIxll)
(aty + yllxllg)(ects + v llxll g)

_ (- B)aylxllg
(ot + yllxllg) etz + yilxllg) —

So Ng(x, ) is a non-decreasing function of R, which proves (N5). O

Definition 1.4 Let (X, Ng) be a fuzzy f-normed vector space. A sequence {x,} in X is said
to be convergent or converge if there exists an x € X such that lim,,_, o, Ng(x, —x,t) =1 for
all £ > 0. In this case, x is called the limit of the sequence {x,} in X and we denote Ng-

lim,,_, o %, = X.

Definition 1.5 Let (X,Np) be a fuzzy B-normed vector space. A sequence {x,} in X is
called Cauchy if for each ¢ > 0 and each ¢ > 0 there exists an 7y € N such that for all n > ng

and all p > 0, we have Ng (%, — %, 1) >1 - €.

It is well known that every convergent sequence in a fuzzy S-normed vector space is
Cauchy. If each Cauchy sequence is convergent, then the fuzzy f-norm is said to be com-

plete and the fuzzy B-normed vector space is called a complete fuzzy S-normed space.

Example 1.6 Let N:X x R — [0,1] be a fuzzy B-norm on R defined by

L t>0;
N/S (x, If) — t+|x|P
0, t<0.

Then (R, Ng) is a complete fuzzy f-normed space.

Page 4 of 14
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Proof Let {x,} bea CauchysequenceinR,§ > 0,and ¢ = %. Then there exist some m € N
such that for all # > m and all p > 0,

1

—>1-¢.
1+ |xn+p _xn|ﬁ

SO [Xpp — x,|? < 8 for all n > m and all p > 0. Therefore {x,} is a Cauchy sequence in
(R, |- |#). Let x, — xo € R as n — co. Then lim,,_, oc N (x,, — %0, £) = 1 for all £ > 0. The rest
of the proof is similar to the proof of Example 1.3. O

Definition 1.7 Let X beaset. A functiond : X x X — [0, 00] is called a generalized metric
on X if and only if 4 satisfies

(M1) d(x,y) = 0 if and only if x = y;

(M2) d(x,y) =d(y,x) for all x,y € X;

(M3) d(x,2) <d(x,y) +d(y,z) for all x,y,z € X.

Theorem 1.8 ([7]) Let (X,d) be a generalized complete metric space and ] : X — X be a
strictly contractive mapping with Lipschitz constant L < 1. Then, for all x € X, either

d(]"x,]””x) =00

for all nonnegative integers n or there exists a positive integer no such that
(i) d("x,J"'x) < 0o for all n > ny;
(ii) the sequence {J"x} converges to a fixed point x* of J;
(ili) x* is the unique fixed point of J in the set X* = {y € X|d(J"0x,y) < 0o};
(iv) d(y,x*) < ﬁd(]y,y)for ally € X*.

Definition 1.9 An even mapping f : X — Y is called an orthogonally quartic mapping if

fx+y+2)+fQx+y—2)+fQRx—y+2) +f(-2x+y+2) +f(2y) +f(22)
=8[f(x+y) +flx-y)+f(x+2) +f(x—z)] +2[f(y+z) +f(y—z)]+32f(x)

forallx,y,z€ X withx Ly, y L zand z L x in the sense of Ritz.

2 Fuzzy stability of the orthogonally quartic functional equation: fixed point
method

In this section, using the fixed point method, we prove the Hyers-Ulam-Rassias stability

of the quartic functional equation in complete fuzzy f-normed spaces.

Definition 2.1 Let (X, L) be a real orthogonality vector space and (Y, Ng) be a complete
fuzzy B-normed space, where 0 < 8 < 1. Define a difference operator Df : X3 — Y by

Df(x,y,2) =f2x+y+2) +fQx+y—2) + f2x —y+2) + f(-2x + y + 2) + f(2y)
+f(22) = 8[f(x +y) +f(x—y) +fx + 2) + f(x — 2)]
~2f(y+2) + £/~ 2)] - 32 ()

forallx,y,z€ X withx L y,y L z,and z L x in the sense of Ritz.
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Theorem 2.2 Let (X, 1) be a real orthogonality vector space, (Y, Ng) be a complete fuzzy p-
normed space with 0 < B <1,and ¢ : X3 — [0,00) be a function and there exists a constant
L,0 <L <1, such that

(2%, 2y,2z) < 16°Lo(x, 7, z) (2.1)

forallx,y,ze X,withx L y,y 1 z,and z | x. Assume that a mappingf : X — Y is an even
mapping satisfying f(0) = 0 and the inequality

t
Ng(Df (x,9,2),t) > —— 2.2
5(Df (x,7,2) )_t+<p(x,y,z) (2.2)
forall x,y,z€ X, t>0,withx Ly,y Lz, and z | x. Then there is a unique orthogonally
quartic mapping Q : X — Y such that

16°(1 - L)t
Ns () - Q) 1) 2 168(1— L)t + 9(0,%,0) 2:3)

forallx e X, t>0.
Proof From (2.1), we get
<p(2”x, 2"y, 2"2) <16"L"p(x,y,2) (2.4)

forallx,y,z € X, withx L y,y L z, and z L x. Replacing (x, y,z) by (0,,0) in (2.2), we get

t

for all x € X and all £ > 0. From (N3), we get

1 1
Npg <Ef(2x) —f(x), 16_5t) > m (2.6)

forallx € X and all £> 0.
If we define

E={h:X— Y|h(0)=0}

and introduce a generalized metric on E as follows:

d(g, h) = inf{,u € [o, oo]‘N;; (g(x) - h(x),,ut) >

t
>——x€X,t>0¢,
t+¢(0,x,0)

then (E, d) is complete (see[18]).
We define an operator J : E — E by

h)() = %h(zx)

forall x € X.
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First, we assert that ] is strictly contractive on E. Given g, & € E, let d(g, h) = «. Then

t

for all x € X and all £ > 0. Hence

Ng ((]g)(x) - (]h)(x),aLt) = Ng (%g@x) - %h(2x),aLt>

= Ny (g(2x) - h(2x),16" o Lt)
- 168 Lt
~ 16PLt + ¢(0,2x,0)
t
>
T t+¢(0,x,0)

forallx e X and all £ > 0, so, d(Jg,/h) < aL. Then we conclude that d(Jg, Jh) < Ld(g, h) for
allg,h e E.
Next, we assert that d(Jf,f) < co. From (2.6), we get

N ((Jf)(x) -/, 16%%) Z T o0m0)

forallx e X andall £> 0, i.e.,
ajr.f) < 1—,3 < 00. ()

Now, it follows from Theorem 1.9(ii) that there exists a function Q : X — Y with Q(0) =
0, which is a fixed point of J (i.e., J(2x) = 16](x)), such that /”f — Q, namely,

Q) = lim f(2"x)

n—oo 16"

(b)

forallx € X.
Since the integer 1y of Theorem 1.8(i) is 0 and f € E* (see Theorem 1.8(iii) for the defi-
nition of X*), by (iv) of Theorem 1.8 and (a), we get

1
A,Q) < Ul f) <

(c)
for all x € X. So,

R NN ,
1681-L )~ t+¢(0,x0)

N <f(x) _Q),

then the inequality (2.3) is true for allx € X, £ > 0.
From (2.1) and (2.2) we have

t
D, ,2"y,2"2), >
<16” f (202", 2"2) 16”5) = T+ 9(27x, 21y, 217)
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forallx,y,z€ X, t>0witha L y,y L z,and z L x and n € N, since 2"x L 2"y, 2"y | 2",
and 2"z 1 2"x. So, from (2.4), we get

. 16"°¢
16"t + 16" Lp(x,y,z)’

1
Npg <ﬁDf(2"x, 2"y,2"z), t)

then

1 f(2”(2x —y+ z))

1 1
Nﬁ<16,,f(2"(2x+y+z)) n ﬁf(Zn(2x+y—z)) . -

+

1 1 1
16nf(2”(—2x Y+ z)) + 16—nf(2”(2y)) + 1‘7f(2”(2z))

—8[16%f(2”(x+y)) +

1 1 1
1‘71((2’1(75 -9)) + 16—nf(2"(x +2)) + 16—nf(2”(x—z))]

1 1 1
o ot @0+2) + 1 (20 -2) | 32 x s

-t
T t+ Lo, y,2)

forallx,y,z€ X,t>0withx L y,y L z,and z L x and n € N. Since

Iim —— =
n—o0 t + L"¢(x,y,2)

forallx,y,ze€ X,¢t>0withx L y,y L z,and z L x, we obtain

Q2x+y+2)+Q2x+y-2)+ QRx—y +2) + Q(-2x + y + 2) + Q(2y) + Q(22)

=8[QMx +7) + Qlx —y) + Q¥ + 2) + Qlx —2)] + 2[Q(y + 2) + Qly — 2)] + 32Q(x)

forallx,y,ze X,t>0withx L y,y L z,andz L x.

Assume that the inequality (2.3) is also satisfied with another quartic function Q" : X —
Y besides Q. Q satisfies Q (x) = (1/16)Q (2x) = JQ')(x) for all x € X, and Q' is a fixed point
of J. From (3.3) and the definition of d, we can get

/ 1 1
Af,Q) = =g <o
then
A / <d(f.f)+d N < 1 1 1
Q) =dUfN+ 4. Q) = 55 + gz i <

So, Q € E* = {y € E|d(Jf,y) < 0o}. (In view of (a), the integer ny of Theorem 1.8(i) is 0.)
Thus, Theorem 1.8(ii) implies that Q = Q. This proves the uniqueness of Q. The proof is
complete. d

Corollary 2.3 Let 6 > 0, p be a real positive number with p < 4, and (X, L) be a real
orthogonality vector space with B-norm || - || g with 0 < § < 1. Assume that f : X — Y is an
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even mapping satisfying f(0) = 0 and the inequality

t
e+ 0(Ixl5 + Iy + 11z15)

Ng(Df (%,y,2),t) > (2.7)

forall x,y,z€ X, t>0,withx Ly,y Lz and z 1 x. Then there is a unique orthogonally
quartic mapping Q : X — Y such that

(16# — 2Pyt
(168 — 2°9)t + 0 ||x|1

Np(f(x) - Qx), ) =
forallxe X, t>0.

Proof From Theorem 2.2 by taking ¢(x,,2) = 0(|lx[ls + Iyl + |zl for allx, y,z € X, £ > 0,
withx L y,y 1 2z, and z L x, and choosing L = (%)‘3 we can get the desired result. O

Theorem 2.4 Let (X, L) be a real orthogonality vector space and (Y,Ng) be a complete
fuzzy B-normed space with 0 < B < 1. Assume that ¢ : X*> — [0, 00) is a function and there
exists a constant L, 0 < L <1, such that

Xy z L
Z2,2 )< )9, 2.8
('0(2 2 2) 16ﬁ<p(xyz) 28)

forallx,y,ze X,withx Ly,y L z,and z | x. If a mapping f : X — Y is an even mapping
satisfying f(0) = 0 and (2.2) for all x,y,z€ X, t >0, withx L y,y 1 z, and z | x, there is a
unique orthogonally quartic mapping Q : X — Y such that

168 (L1 -1)¢t
Np(f () - Q) = 16P(L1 - 1)t + ¢(0,x,0) (29)

forallxe X, t>0.

Corollary 2.5 Let 6 > 0 and p be a real positive number with p > 4 and (X, L) be a real
orthogonality vector space with B-norm || - g with0 < 8 <1.Iff : X — Y is an even map-
ping satisfying f(0) = 0 and (2.7) for all x,y,z€ X, t >0, withx Ly, y L z,and z | x, there
is a unique orthogonally quartic mapping Q : X — Y such that

(27F —16P)¢t

Ng(f (%) — Qx), t) > (228 —16P)t + 0 ||

forallxe X, t>0.

3 Fuzzy stability of the orthogonally quartic functional equation: direct
method

In this section, we assume that (X, L) is a real orthogonality vector space, (Y,Np) is a
complete fuzzy S-normed space with 0 < 8 <1 and (Z, N/;) is a fuzzy B-normed space.

Theorem 3.1 Assume that a mapping f : X — Y is an even mapping satisfying the in-
equality

Ng(Df (%,9,2),t) = N‘; (¢(x,,2),t) (3.1)
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and f(0) =0 for all x,y,z€ X, t >0, withx Ly,y Lz,andz L x,and ¢ : X>* - Z isa
mapping such that

/ Xy z / t
N/s <¢<5’ 57 §>¢t> ZN/S (@(x¢y¢z)¢ Ol_’3> (3.2)

for some constant o € R with 0 < o < %, and all x,y,z€ X, t>0, withx Ly, y L zand
z 1 x. Then there is a unique orthogonally quartic mapping Q : X — Y such that

Nj(f (%) - Q) ) = Ny (¢(0,,0), (™ — 167)¢) (3.3)
forallx e X, t>0.

Proof 1t follows from (3.2) that

/ Xy z / t
N,s <(/)<§; 5’ g)rt> ZN,{; (Qﬂ(x,y,z), ﬁ) (3.4)

forallw,y,z € X, t > 0,and any integers j > 0, withx L y,y L z,and z L x. Replacing (x,7,2)
by (0,x,0) in (3.1), Since 0 L x, we get

Np(f(2%) - 16f(x),£) > Ny ((0,,0), £) (3.5)

for all x € X and all £ > 0. Replacing x by 7 in (3.5)

Nj <f(x) - 16f<§>,t) > N, ((p <0, ;,0),t> (3.6)

forallx € X and all £ > 0. Replacing x by ; in (3.6)

() () olo o))

for all x € X and all £ > 0. Now from (N3) and (3.7), we get

Nj (167(%) - 1@*7(%),1@"&) > Nj (go (o, %,o), t)

for all x € X and all £ > 0. It follows from (3.4) that

Nj <16jf(%) - 16f+lf<%),16ﬂit) > N, (gD(O,x,O), ﬁ) (3.8)

for all x € X and all £ > 0, namely,

—~

3.7)

Np (167(%) - 1@*5‘(%),165105’3(’“%) > N} (¢(0,%,0),£) (3.9)
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forallx € X and all £ > 0. So
x n-1
il Bj ., BG+1)
Ng (16”f<2n) —f(x),§16 o t)

n-1 n-1
:Nﬁ<2(161'+1f( +1)-1 f( )) 16ﬂfaf’(f“>t>
j=0 4 j=0
- s (3)) -5 o

> Ny ((0,%,0), ), (3.10)

which yields

n-1
Nj (16"”’f(2 +P) - 161’f<%>, 3 16f’<1’+1>aﬁ0+1’+1)t)

j=0

n-1 n-1
_ + +j+1 Bp+)) ., Bp+j+1)
'Nﬁ(¥(6p7<2ﬁ+l> o f(%/“))’zo:m o t)
J= J=

> min |Ny(1677F( == ) ) —16277+f 1650 oD
T 0<j<n-1 p 2P+ 2p+}+1

> Ny (¢(0,,0),2)

forallxe X, t>0,and n> 0, p > 0. So,

X ’ t
n+p —_ 167 —_
N,;( 6 f<2mp> 16 f<2p>,t> > Ng <g0(0,x,0), Z;l:_ol 16ﬂ<p+/>aﬂ<p+/+l>> (3.11)

forallx € X, £ >0, and n > 0, p > 0. Since the series Z"_l 16#a# is convergent, we see

by taking the limit p — oo in the last inequality that the sequence {16"f(3;)} is a Cauchy
sequence in the complete fuzzy f-normed space(Y, Npg), so it converges in Y. We define a
mapping Q: X — Y by Q(x) = Ng-lim,, .o 16"f(3;) for all x € X. It means that

lim N (Q(x) - 16”f(%>, t) -1

forallx e X, ¢> 0.
Replacing x, y, z by 2"x, 2"y, 2"z in (3.1), respectively, we get

X Yy Zz ’ X Yy z

forall x,y,z€ X, t>0,withx Ly,y Lz, andz L x and all n € N. Since & L %, 3 L %,

and Zi,, z—n, we have

Np(16"Df (=, 2, 2 ),16" ¢ ) = N (o =, 2. = ).¢),
222 2722
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namely,

" Xy z / Xy z t
Ngl16"Df| —, ==, — |, t | =N — = |
ﬁ( f<2" Z 2”) )— 5("’(% Z 2”) 16’“3)
forallx,y,z€ X, t>0,withx Ly,y Lz andz L xand all » € N. From (3.4), we get

" X Yy z / t
(16055 55 5 ) 224 (499, )

forallx,y,ze X,¢>0,withx Ly,y L z,andz L x and all m € N. So

N; (16"f<%> " 16”f<%) + 16”f<%)
+ 16"f(%) - 8|:16”f<962¥> ¥ 16”f<x2_ny)
¥ 16”f(’%> ¥ 16”f(x2_nz)}
4[167(’%) . 16”f(y2%f)] ~32x 16”f<%),t>

>N, ((p(x, ¥:2),

t
)

forallx,y,z€ X,¢t>0,withx L y,y 1 z,and z L x and all n € N. Since

. / t
nlggoNﬂ (‘P(x,)’,Z), W) =1
forallx,y,z€ X,t>0,withx L y,y 1 z,and z L x and all n € N, we get

Ng(QRx+y+2) + Q2x+y—2) + Q2x —y +2) + Q(-2x
+y+2)+Q(2y) + Q(22) - 8[Qx + ) + Qlx —y) + Q(x + 2)
+ Q(x—z)] - 2[Q(y +2)+ Q(y—z)] -32Q(x), t) =1

for all x,y,z€ X, t >0 withx L y,y L z, and z L x. So, we get Q: X — Y is a quartic
mapping.

Since f(x) is an even mapping, Q(x) is an even mapping, the mapping Q: X — Y is an
orthogonally quartic mapping.

Letting n — o0 in (3.10), we get the inequality (3.3).

To prove the uniqueness of Q, let L : X — Y be another orthogonally quartic mapping
satisfying (3.3). We have

Ng(Q(x) - L(x),t)
=N, (16”(2(%) - 16”L(2x—n),t>
> min[N,g (16”()(2"—”) - 16”f(%),t>,N5 <16”f(%> - 16”L(%>,t>}
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- minl N 0% 0 (P —16P)t N 0% 0 (P —16P)t
B BN T P R T S\ N T A ST

(P -168)t 1
2 (1600)"P )

>N, (so(o,x, 0),

which tendstolasn — oo, forallx € X, £>0,and all # € N. So Q: X — Y is unique. This
completes the proof. O

Corollary 3.2 Let 0 > 0, p be a real positive number with p > 4, (X, L) be a real orthogo-
nality vector space with norm || - || with 0 < 8 <1and (R, N)bea complete fuzzy B-normed
space. If f : X — Y is an even mapping satisfying f(0) = 0 and the inequality

Ns(Df (x,9,2),8) = Ny (0 (Ix]1? + 1 + [12]17).2) (3.12)

forallx,y,ze X, t>0,withx L y,y 1 z,and z | x, there is a unique orthogonally quartic
mapping Q : X — Y such that

N (F(x) - Q). £) = Ny ((0,%,0), (2 ~ 167)z)
forallxe X, t>0.

Proof From Theorem 3.1 by taking ¢(x,y,z) = 0(||x||” + ||y|I? + ||z||?) for allx,y,z € X, £ > 0,
withx L y,y 1z and z L x, and choosing o = 2778 we get the desired result. O

Theorem 3.3 Assume thata mappingf : X — Y is an even mapping satisfying the inequal-
ity (3.1) and f(0) =0 forall x,y,z€ X, t >0, withx L y,y L z,and z 1 x. Let ¢ : X3 = Z be
a mapping for which there is a constant o € R satisfying 0 < o < 16 such that

(o35

2'2"2

forall x,y,z€ X, t>0,withx L y,y L zand z L x. Then there is a unique orthogonally
quartic mapping Q : X — Y such that

Np(f(x) - Q). £) = Ny ((0,,0), (16" — a)t)
forallx e X, t>0.

Corollary 3.4 Let 6 > 0, p be a real positive number with 4 > p > 0, (X, L) be a real or-
thogonality vector space with norm || - | with 0 < 8 <1 and (R,N') be a complete fuzzy -
normed space. If f : X — Y is an even mapping satisfying the inequality (3.12) and f(0) = 0
forallx,y,ze X, t>0,withx Ly,y 1z and z | x, there is a unique orthogonally quartic
mapping Q : X — Y such that

Nj(f (%) - Q) ) = Ny (¢(0,,0), (16%) - 27F)

forallxe X, t>0.
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