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1 Introduction
It is well known that a function f : I — R, ¥ #I C Ris called convex if

F(x+ @ =2)y) <Af) + A -1)f ()

holds for all x,y € I and A € [0,1]. If —f : I — R is convex, then we say that f : [ — R is
concave.

In [1], the class of s-convex function in the second sense is defined in the following way:
a function f : [0, 00) — R is said to be s-convex in the second sense if

F(ax+ @ =2)y) <25 (x) + 1-1)f ()

holds for all x,y € [0,00), A € [0,1] and for some fixed s € (0,1]. The class of s-convex
functions in the second sense is usually denoted by K2. It can be easily seen that for s = 1
s-convexity reduces to ordinary convexity of functions defined on [0, 00). It is proved in [1]
that all functions from K2,s € (0,1) are nonnegative. Similarly, a function f : [0,00) — R
is said to be s-concave in the second sense for some fixed s € (0,1] if -f € K2. Thus we can
conclude that an s-concave function is always nonpositive for any s € (0, 1).

Example 1 [1] Lets € (0,1) and a, b, ¢, € R. Define the function f : [0,00) — R as

a, t=0,
t) =
f@ :bts+c, t>0.
It can be easily checked that
(i) if b>0and 0 <c<a,thenf € K2,
(i) if »>0and c<O0, then f ¢ K2.
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Along this paper, we consider a real interval I C R and denote that /° is the interior of I.
In a recent paper [2], Ozdemir et al. proved the following inequalities for functions
whose second derivatives in absolute value at certain powers are s-convex in the second

sense.

Theorem 1 ([2], Theorem 2) LetI C [0,00),f : I — R be a twice differentiable function on
I° such that f" € L'[a, b], where a,b € I with a < b. If |f"| is s-convex in the second sense on
[a, b] for some fixed s € (0,1], then the following inequality holds:

a2

(b-a)

7 7 a+b !/
58(5+1)(s+2)(s+3)|:lf (“)|+(“1)(“2)P( 3 )’*V(b)q
<[1+(s+2)2“ 1(b - a)?

8(s+1)(s+2)(s+3) [[f" @]+ |f"®)]]. O

Theorem 2 ([2], Theorem 4) Let I C [0,00), f : I — R be a twice differentiable function
on I° such that f € L[a, b], where a,b € I with a < b. If |f"|1 is s-convex in the second sense
on [a, b] for some fixed s € (0,1] and q > 1, then the following inequality holds:

EIRLLCS]
(b—ﬂ)z 1 1_% 2 7 q 1 1 a+b\| %
= 16 (§> {((s+1)(s+2)(s+3)v(a)| +EP (T) )
1 |, (a+b\|? 2 " q%
+(s+3p< 2 ) +(S+1)(S+2)(S+3)lf(b)‘) } )

However, it is a pity that Theorem 5 in [2] is not valid since nonnegative |f”'|? could not

be an s-concave function for any fixed s € (0,1) which has been mentioned in [3], and it
is the Holder inequality but not the power mean inequality that has been used in proving
Theorem 4 of [2].

In this work, we will first derive a new general inequality for functions whose second
derivatives in absolute value at certain powers are s-convex in the second sense, which
not only provides generalization of Theorem 1 and Theorem 2 but also gives some other
interesting special results. Then we establish another new general inequality for functions
whose second derivatives in absolute value at certain powers are s-convex in the second
sense, which also gives some interesting special results. Finally, applications to some spe-

cial means of real numbers are considered.

2 Main results
We first provide a new general inequality for functions whose second derivatives in abso-
lute value at certain powers are s-convex in the second sense, and so we need the following

lemma.
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Lemma 1 Let I CR, f: I — R be a twice differentiable function on I° such that " €
L'[a,b], where a,b € I with a < b. Then, for any 0 € [0,1], the following equality holds:

/ft)dt a- 9y(“+b)-9f(“)+f(b)

2

1
_@ 16“) [/0 (& - 201)f" (t“Ter +(1- t)a) dt
+fl(t2—29t)f”<td+b +(1—t)b> dt]. (3)
0

Proof Integrating by parts, we have the following identity:

Ilzfol(tz—zet)f”(twrb
=(t2—20tbi ( +(1- t)a) ——f(t 9)f< b+(1 t)a)
_2(1-20) +b 4 [2(-06) . a+b !
) baf( ) b- [baf<t2 +(1_t)“)
_b:/olf<t“;b+(1-t)a>dt]

_ 2(1—29)f,(a+b)_8(1—9)f(a+b)_ 86 @)

+(1- t)a) dt

0

b-a 2 (b-a)? 2 (b-a)?

1
+—(b_8ﬂ)2f0f< a;b+(1—t)a>dt. (4)

Using the change of variable x = t“*b + (1 - t)a for t € [0,1] and multiplying both sides of

(4) by 16 ,we obtain

(b - )2 ! 17" b
16“ /0 (£ - 20¢)f (t% +(1- t)a) dt

d(1—29)f/<a+b>—1_9f(a+b) 9 a)+

a+b
: (% / fwdx. 6

Similarly, we observe that

(h_ )2 ! 17" b
176“/0 (&2 -200)f (t%m-nb) dt
a+b 1-0 [a+b 6
(457)-5(57) -y

Thus, adding (5) and (6), we get the required identity (3). O

1 b
— /%bf(x) dr. (6

Theorem 3 Let I C [0,00), f : I — R be a twice differentiable function on I° such that
f" € L a,b), where a,b € I with a < b. If |f"|9 is s-convex in the second sense on [a,b] for
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some fixed s € (0,1] and q > 1, then the following inequalities hold:

/ f)dx - (1~ e)f(‘”b) f(a);rf(h)‘

<(b—a)2 80% 30 +1\'77 [[2(20)"* — 2(s+3)e+s+2p a+b\|?
=S () ey ()
41— 20F*2[(s + 1)0 +1] + 2(s + 3)0 — 2 E (ﬂ)‘q]i

(s+1(s+2)(s+3)

2(29)”3—2(s+3)9+s+2'//, a+b\|!
+[ (s+2)(s+3) ( 2 )

41 -200"2[(s+1)0 +1] +2(s +3)0 -2, . 1q g
* (s+1(s+2)(s+3) lf (b)‘ ] }

forOSGf%and

[ rwas-a-op(“32) - oL210)

|ba 2

<(l?—oz) (9 l) q{[2(3+3)9—s—2 //<a+b>q

- 16 "3 (s+2)(s+3) 2
2s+30-2 ., .17 [26+3)0-s-2|,(a+b\[

+(s+1)(s+2)(s+3)v(a)’] +[ (s+2)(s+3) P( 2 )

2s+3)0-2 ., 7
+(s+1)(s+2)(s+3)b€()|i| } ®)

for%f@gl.

Proof Incase 0 <0 < 3 by Lemma 1 and using the Holder inequality, we have
b
ff f(r)dt—u_ey(“b) /@ ;f(b)‘
<2 d)z[/ \tz—zetW’/( +(1- t)a)
/|t —29t|v/( o t)b)‘ ]
<(b—a)2[</ £ 29t|dt) (/ I& zgtw/u( e )q )é
- 16 0 - - 4
1 1 |
2_29 d _29 1 d
+<f0 |2 - 20| t) ( |2 t‘P( ) t) ]
2 3 1_5
< (bI:) [(89 —339+1> </0 |t2_29t|(tsp,/(az;b)

-t [f”(a)|q) dt) !
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1

F(1- t)s[f”(b)|q> dt) 1
a+b\|?
T)

q

-1
+<893 39+1> (/ |t2—29ti(ts"//,<a—+b
3 ; 2
(b_a)2[<893-39+1>1%( S < P
- o-t)(¢
16 3 /0 « 2
1 1
+(1—t)S[f”(a)|q)dt+/ t(t—29)< p(“;b> F(1- t)S[f”(a)|> )
20
863 —30 +1\ "1 [ (¥ L(a+b\|? ol
+<73 * ) (fo t(ze-t)(tsp (“; ) +(1-t)V(b)|q)dt
+/2; t(t—29)<tﬂ[”(¥) q+(1-t)S[f”(b)\"> dt)q]
_(b-a) (80°-30+1 - 2(20)*3 - 2(s+3)0 +s+2| ,(a+b\|
- 16 ( 3 ) H (s+2)(s+3) L/( 2)

4(1-20)*2[(s+1)0 +1] + 2(s + 3)0 — zlf"( )|
(s+1)(s+2)(s+3) ]

|:2(20)5Jr3 —2(s+3)0 +s5+2 'f,,(a + b) 1
"
(s+2)(s+3) 2

52 g
o )
where
1 2 1 5_
/o | —29t|dt=/0 £(260 — t) dt + /29 t(t-20)dt = sefwn,
/o B £1(20 —t)dt = 61263 fzze)isi 3’
/2 ; £t - 260) dt = (29)”3(;2;; i)z; 2
/020 t(1-)'(20 —t)dt = - QG)MS(j 1+)(15)i ;)2(1 : §§S e

and

(1-20)2[2(s + 1)6 +2]
(s+1)(s+2)(s+3)

1
/ t1-t)’(t—26)dt =
26

In case % <6 <1, by Lemma 1 and using the Holder inequality, we have

b
‘b%/ f(t)dt—u_ey(“;b) @ +f(b)‘

e[ ()
fle-s (52 0-0)
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b-a?[( " G [ a+h 4 \i
< 16ﬂ [(/ |t2—29t|dt) </ |t2—29t|P <t%+(1—t)a) dt)
q 1
—20t|d —20¢t||f” b
(=) ([ 102 (45 v0-) )]
-3 a
o s () o]
1-1 1
f(=3) ([ e r(450)] ra-orora)]
_(b-a) 1 " a+b
"6 ( ) {K/ts(w_tdt)“ )
+ (/ t(1-¢)° (29—t)dt) If"(a)| }
0
1 q 1 1
+1 _ 1/ ﬂ+b _ £ _ 1/ q g
+[</0 (20 t)dt)‘f( 5 ) +</0 t1-1)*(20 t)dt)[f(b)|] }
_(b-a) p 1\ "4 2(s+3)0-s-2| ,(a+b\|
T 16 <_§) {[ (s+2)(s+3) <2)
2(s+3)0 -2 . q‘li 2(s+3)0-s-2]|,,(a+b\|
+(s+1)(s+2)(s+3)lf(a)|:| +[ (s+2)(s+3) ( 2 )

25+3)0-2 ., 7
" (s+1)(s+2)(s+3)v (b)| i| }’

where

1 1
1
f|t2—29t{dt=f t20-0)dt=0-=,
0 0 3

1 2(s+3)0 —s-2
+1 _
/0 tf (29_t)dt_—(s+2)(s+3) )

and

2(s+3)0 -2
(s+1)(s+2)(s+3)

1
/ t1-1)°(20 —t)dt =
0

The proof is thus completed. O

Remark 1 If we take 6 = 0 in (7), then we get a midpoint type inequality

L 5)
2O [
+[si3}/<a;b)

2 77 q
T+ +2)(5+3) (@) }

)

2 1
(s+1)(s+2)(s+3)v (b )| ] }
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If we take 6 =1 in (8), then we get a trapezoid type inequality

b b
‘ L / o dt_f(a);f()‘
_(b-ap 2\ s+4 P a+b\|?
- 16 (3) H:(s+2)(s+3) (2)
[ s+4 p,, a+b\|!
¥ (s+2)(s+3) < 2 )
If we take 6 = % in (7), then we get a Simpson type inequality
5 [roa- gl (42) o
(b a)? =g s 2 2 \**? ‘fﬁ a+b
- 16 (81) ”:(3(s+2)(s+3)+(s+2)(s+3)<s+3) ) (T)
45 +16 1\ 2s AT
<s+1 s+2) s+3)( ) +3(s+1)(s+2)(5+E‘>)>V(a)|i|
2 2 V|, (a+b\|!
|:( s+2(s+3 s+2)(s+3)<s+3> )P (T)

4s +16 1\*"? 2s .
((s+1)(s+2)(s+3)( ) " (S+1)(S+2)(S+3>V(b|:| } 1D

If we take 6 = % in (7) or (8), then we get an averaged midpoint-trapezoid type inequality

b
blj / fe)de— i[f(a) +zf<“2Lb> +f(b)”
_b-a? (1) 1 @D\ 6\ T
=716 (E) {[(s+2)<s+3)(P (T) @l )}
1 a+b "
+[(s+2)(s+3><“ )‘ lf(b)')” .

Corollary 1 Let I C [0,00), f : I — R be a twice differentiable function on I° such that
f" € L'a,b), where a,b € I with a < b. If |f"| is s-convex in the second sense on [a,b) for

some fixed s € (0,1], then the following inequalities hold:

2 1/ q
i (s+1)(s+3)lf (b)’ ]

(10)

Q=
[S——

q

/fx)dx 1-0)

- b-a)[2(20)3 —2(s+3)0 +5+2 ‘f” a+b ‘
- 8 [ (s+2)(s+3) ( 2 )
2(1-20)Y*2[(s+1)0 +1] + (s + 3)0 . .
s+ D(s+2)s+3) = (@ + s (b)D] 13)

<ﬂ+b> S @ +f(b)‘
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forOfo%and

/f(x)dx (1- e)f(‘”b) f(a)+f(b)‘

<(b—a)2 2(s+3)9—s—2‘/,, a+b ‘

-8 [ (s+2)(s+3) ( D) )
(s+3)0 -1 , §

* (S+1)(S+2)(5+3)(L’r (a)| + lf (b)|)]

(14)

for%f@ﬁl.

Proof Inequalities (13) and (14) are immediate by setting ¢ = 1 in (7) and (8) of Theo

rem 3. 0
Remark 2 If we take 6 = 0 in (13), then we get a midpoint type inequality
1 b a+b
oo [0 (457)
(b-a)[ 1 a+b 1 , §
b . 15
= () sseas @l e} o

If we take 6 =1 in (14), then we get a trapezoid type inequality

1 (? fla)+£(b)
T / f(t)dt - 5 ‘

(b-a) s+ 4 s(a+Db 1 " "
=73 [(s+2)(s+3) ( 2 >’+(s+1)(s+3)(v (“)|+V(b)|)}‘ (16)

If we take 6 = % in (13), then we get a Simpson type inequality

1

a+b
— /f(t)dt——[fa) 4f< )f(b)”
=5 5 5G) (=)
=7% 35+2)(5+3)  (5+2)s+3)\3 2

25 +8 1\ s . .
* [(s+1)(s+2)(s+3) <§> * 3(s+1)(s+2)(s + 3)i|(lf (@] +|f (b)|)}' a7)

If we take 0 = % in
ity

(13) or (14), then we get an averaged midpoint-trapezoid type inequal-
1 b 1 a
—_— t)dt - — 2
o [ rwa- [

- ) +f(b)} ‘
(b—ay

,fa+b . ,
8 [(s+2)(s+3)P( 2 )’ 2(s+2)(s+3}(v(“| @) as)
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Remark 3 If we put M = sup,(, ,; [f”| in (15)-(18), then we have

a+b M(s* +3s + 4)(b — a)?
ff(t)dt f( )‘ = BerD6+26+3) 1s)
1 f(a)+f(b) M(s* +7s + 8)(b — a)?
|E/f(t)dt_ 2 ’— 8(s+1)(s+2)(s+3) (20)
o [0 o (5) o)
Mb - a)’ |:52 +3s+ (4s + 16)(1)5+2 +6(s + 1)<%)S+3:| (21)
= 24(s+1)(s+2)(s + 3) 3 3 ’
and
b b—a)?
/ F(t)dt - —[f(a) +2f<“ i ) f(b)” < %. (22)
Remark 4 If we further take s = 1 in (19)-(22), i.e., for functions f with convex [f”|, we
have
1 b a+b M(b - a)?
)25
/ fa-TIO) M“’l . i (24)
M(b - 2
- / f@di-= [f a) + 4f< ) f(b)” % (25)
b— 2
ﬁ / f(t)dt - %[f(a) ¥ 2f<%> + f(b)” < %. (26)

Obviously, (23)-(26) indicate that the Simpson type inequality has the best error esti-

//|

mation for functions f with convex |f”|.

Now we turn to establish another new general inequality for functions whose second
derivatives in absolute value at certain powers are s-convex in the second sense, we need
the following lemma.

Lemma 2 Let I C R, f: I — R be a twice differentiable function on I° such that " €
L[a,b), where a, b € I with a < b. Then, for any 6 € [0,1], the following equality holds:

f feyde— (- Q)f( +h)_9f(a)+f(b)

2
= (b—a)? / k@) (ta + (1 - £)b) dt, (27)
0
where
k() = 1t(t-0), 0<t=<j,
J1-n1-60-1), ;<t=<L
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Proof See, e.g., Lemma 2 in [4]. O
Theorem 4 Let I C [0,00), f : I — R be a twice differentiable function on I° such that

f" € L'[a,b], where a,b € I with a < b. If |f"|1 is s-convex in the second sense on |a, b] for

some fixed s € (0,1] and q > 1, then the following inequalities hold:

/f(x)dx (1- e)f(“+b> f(a);rf(b)‘

- (b-a)? (893 30 + 1)1‘ {[ 265+3
= 2 24 (s+2)(s+3)

20-0)*2[(s+1)0 +2] + (s +3)6 -2 1-6
(s+1)(s+2)(s+3) - 2S+1(s+1)(s+2)i|
<@l ron| 2s)

forOs@g%and

‘—/f(x)dx (- e)f(Mb) ef(““f(h)‘

2
(b a)? -7 (s+3)0 -2 1-6
2 ( 24 ) {[(s+1)(s+2)(s+3) i 25+1(S+1)(S+2)]
% (Lf//(ﬂ)}q"' Lf//(b)’q)}q (29)
for% <0<l

Proof In case 0 < < 1, by Lemma 2 and using the Holder inequality, we have

a+b f(oz)+f(b)
/ fe)de—(Q1- Q)f( ) 5 ‘

<(b-ay / k()| |f" (ta + (L= 0)b) | de
0

1 1-7 1 i
E(b—a)z[/o \ku)ld'f} U |’<<f>|lf”(m+<1—f”’)‘q””]

3 1—% 1 %
6-a2() ([ Rolelr@l s a-olrora)
0
_(b-a) (86°-30 +1 -3
()

2 4

% :
* [(fo tmlt_e'd”/; ts(l—t)ll—G—tldt>lf~(a)|q

1

5 1
ARSI _Asth1 _pg 7 q
+</0 t1 - 2)*|t 0|dt+/%(1 -0 t|dt)V(b)|]
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_(b—ﬂ)(893—39+1>1_%|:( 9t5+19_ d %twl ~0)d
- o /0 (=) t+/€ (t-0)dt

1-6 1
+/ £A-)1-6-18)dt + ts(l—t)(9+t—1)dt> If"(@)|*
3 1-0

1

6 2
+</0 t(l—t)(@—t)dt+/9 tA-1)(t-0)dt

1-6 1
_stlr s+l _ 17" q
+/l 1-t'a-6 t)dt+/10(l 810 + ¢ 1)dt>[f )| ]

3 —

_(b-ap (893 36 +1)1‘31” 26°

2 24 (s+2)(s+3)
20-6)Y*2[(s+1)0 +2] +(s+3)0 -2 1-6
(s+1)(s+2)(s +3) - 23*1(s+1)(s+2)j|

<@l o)

where

/01|k(t)|dt: /j’%t(t—@)‘dn/;

1

il [? 2
=— 0—-t)d -0)d
2[/0 tHO - t) t+/9 t(t—0)dt

1-6 1
+[ (1—t)(1—9—t)dt+/1 (1—t)(t—1+9)dt:|

%(l—t)(l—e —t)‘dt

3 -6
80°-30+1
- 24 ’
6 . 1 ) 93+3
' (G—t)dt:/ Q-0 +t-1)dt= ————,
/o 1-0 (s+2)(s+3)

6 1
/ tl1-t)°’(@-t)dt = 1-tO+t-1)dt
0

1-6
C(1=0y"?[(s+1)0 +2] + (s +3)0 -2
B (s+1)(s+2)(s+3)

’

1 1-6
fz ts*l(t—e)dtzfl 1— " (1—0 - t)dt
0 2

(200 —2(s+3)0 +5+2
- 2543(5 4+ 2)(s + 3)

and

) 1-6
/‘t(l—t)s(t—e)dt:/1 Q-0 -0-t)dt

0 2
_(1—9)S+2[(S+1)¢9+2] 2(s+3)%0 — s> - 75— 14
T Tt +2)(+3) 286 +1)s+2)(s+3)
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Incase0 <6 < 1 , by Lemma 2 and using the Holder inequality, we have

/f(t)dt a- e)jf(“*b) f(a);rf(b)‘

<(b-a) k(t) "(ta + (1 £)b)| dt
0

1 -ir o1 i
<(b-ay [/ k()| dt} [/ |k@)[|f" (ta+ (1 ‘t)b)|th]
0

1 q
o552 hateron o)

1_,
=(b;”)(392;1> [(f £ - 9|dt+ff(1 Il - 9-t|dt>V’/(a)|q

1

2 _£S —Qd _ g5+l -6 d //b qi|
+(/0 t1 -2t - 6| t+/l(1 51 £l t)[f()|
1_,
z(b;a)(BG 1) [(/ £41(0 t)dt.p.f%lts(l—t)(@+t—1)dt>lf//(a)|q

1

3 1
S(n _ _ )5t _ 1" q
+(/0 t(1-12)°(0 t)dH/i(l O+t 1)dt)[f(b)| ]

_(b-a) (30-1 - (s+3)0 -2 1-6
"2 ( 24 ) H:(S+1)(s+2)(s+3)+2”1(s+1)(s+2):|

1

< (@l o],

where

/{k )| dt = /‘ Kt - 9)‘dt+
:%Uo t(9—t)dt+/(1 0O+t - l)dt]

“(1-5)1- Q—t)‘d

361
24
1 1
2 (2s+6)0 —s—2
e -dt=| Q-0 O +t-Ddt=——" " =
/0 ©=0 /;( SOt = S v D6+ 3)

and
1

3 1
/ t(l—t)s(e—t)dt:/ 1-)@+t-Dt'dt
: %

2P [(s+3)0 —2] —2(s +3)%0 + 5> + 75 + 14
B 2543 (s + 1)(s + 2)(s + 3)

The proof is thus completed. d
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Remark 5 If we take 6 = 0 in (28), then we get a midpoint type inequality

Lo (5

(b - a)2 1 1_% 25+2 , . : 1
=T (ﬂ> |:2”1(S+1)(s+2)(s+3)(lf(a)| @) )} (30)

If we take 6 = 11n (29), then we get a trapezoid type inequality

1 fla)+f(b)
— /f(t)dt—f’
(b_a)Z 1 1—% [f//(a)|q+lf//(b)|q %
=7 (1) [m] ' (31)

If we take 6 = % in (28), then we get a Simpson type inequality

a+b
‘_/f(t)dt_ +af(est f()‘

6
_(b-ap X
= 2 (81)

2% (s +1) +2%0(s +7) — 62(6 = 25) = 8(s + 3)3*% 4 i
X[ 63061 (s +2)5+3) (r@f | )] '

1
q

(32)

If we take 6 = - in (28) or (29), then we get an averaged midpoint-trapezoid type in-

/ o)t - —[f 0+(*57) +f(b)”

(b-a) (1 -5 2 (s —1)+s+3 1 , :
=T (E) |:25+2(s+1)(5+2)(s+3(lf()| V(b|)]' (33)

equality

Corollary 2 Let I C [0,00), f : I — R be a twice differentiable function on I° such that
f" € L'a,b), where a,b € I with a < b. If |[f"| is s-convex in the second sense on [a,b) for
some fixed s € (0,1], then the following inequalities hold:

/ @) dr—(1— W(wb) /@ +f(b)‘
- (b—a)2 295+3
- 2 [(s+2)(s+3)
20-6)Y"2((s+1)0 +2) +(s+3)0 -2 1-6 , ,
(s+1)(s+2)(s+3) - 25+1(S+1)(S+2):|(lf (ﬂ)i + V (b)|)

(34)
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forOfo%and

/fx)dx (1- 9)f<d+b> f(a);rf(b)‘

(b-a)? (s+3)06 -2 1-6 " "
= 2 [(s+1)(s+2)(s+3) 2”1(s+1)s+2):|(v (a)| Lf(b)D (35)

for%f@ﬁl.

Proof Inequalities (34) and (35) are immediate by setting g = 1 in (28) and (29) of Theo-
rem 4.

O
Remark 6 If we take 6 = 0 in (34), then we get a midpoint type inequality

a+b 2542 _g_3 oo .
o [r0ar (50 = e ey (@l @) 59

If we take 6 =1 in (35), then we get a trapezoid type inequality

(@) 1 , :
m/; f(t)dt_ a ;'f ’f 2( (b_ﬂ)z(lf ((l)| + lf (b)|)

s+2)(s+3) (37)
If we take 6 = 1 in (34), then we get a Simpson type inequality
/f(t)dt——[f a+rar(57) <o)
- (s +1)25%3 + (s + 7)2%%5 — (3 = 5)65*2 — 4(s + 3)3*+?
- 65t3(s+1)(s + 2)(s + 3)
x (b—a)*(|f"(@)] + |f"®)]). (38)

If we take 6 =
equality

b
oo [ r0ae- @ o (450 v

s+3- 2“1(1 _S) 11 17
= 253 (s + 1)(s + 2)(s + 3) (b_ﬂ)z(v (a)’ + V (b)|)'

5 in (34) or (35), then we get an averaged midpoint-trapezoid type in-

39)
Remark 7 If we put M = sup,.(, 5 |f”'| in (36)-(39), then we have

a+b M(25%2 — s = 3)(b - a)?
‘—/f”””‘f< )‘5 P16+ D(+26+3) (40)

‘b /f f(a)+f(b‘ M(b - a)?
a

(s+2)(s+3) (41)
o2 o

).1o]

(s + )25 4 (s + 7)2%%5 — (3 — 5)6°2 — 4(s + 3)3°*2 ,
= 3(s+1)(s +2)(s + 3)65+2 M(b-a) (42)
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and

ﬁ /ﬂ” fO)de- i[f(a) +2f<a;b> +f(b)“

s+3-251(1-5)

2
= s D263 0 (43)

Remark 8 If we further take s =1 in (40)-(43), i.e., for functions f with convex |f”|, then

we recapture inequalities (23)-(26).

3 Applications to special means
We consider the means for arbitrary positive numbers «, 8 (o # ) as follows:

(1) The arithmetic mean

oa+f

A, B) = 5

(2) The geometric mean

Gla, B) = Vap.
(3) The harmonic mean

208
a+pB’

H(Ol,ﬁ) =

(4) The logarithmic mean

B

Le.p) = Ing-Ina’

(5) The generalized log-mean

,Bp+1 _ Olp+1

v a7

Lp(a’ p)= |:

(6) The identric mean

I(a,m:l(ﬁﬁ) !

e\a* ) p—a’

Proposition1 Let 0 <a < b and s € (0,1). Then we have

S s (1-s5)(b - a)?
[4%(@,b) - Lia, )| = =5

s s s(1-5)(b - a)?
|A(a’,0%) - Li(a, b)| < D

’

’

2A%(a, b) + A(a®, b®)
3

s s1-3)(b - a)?
—Li(a,b)| < sl

’
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and

s S S — —_ 2
A¥(a,b) + A(a®, b°) _Lab)| < s1-98)(b-a)
2 48a2s

Proof The assertion follows from applying inequalities (23)-(26) to the mapping f(x) = x°,
x € [a,b], which implies that |f”(x)| = s(1 — 5)x*2 is convex on [a,b], and we may take
M=42 O

a2-s *

Proposition 2 Let 0 < a < b. Then we have

_ _ (b-a)?
A a,b) - L) = 5
_ _ (b-a)
[ @) - L) = —
‘ZA‘I(a, b) + HY(a, b) I b)‘ - 2(b - a)?
3 1T 8lad
and
|A1(a, b) + H(a,b) a b)‘ - b —a)Z'
2 2443

Proof The assertion follows from applying inequalities (23)-(26) to the mapping f(x) = %,
x € [a, b], which implies that |[f”(x)| = x% is convex on [a, b], and we may take M = a% a

Proposition 3 Leta,b € R, 0 <a < b. Then we have

(b-a)
InA(a,b) —Inl(a,b )
InA(a,b) - Inl(a,b)| = =
(b - a)?
InG(a,b) —Inl(a,b —_
InGla,b) - InT(a,b)| < =5
2InA(a, b) +1 , —a)?
nA(a,b) +InG(a b)—lnl(a,b) S(b a)
3 8142
and
2
InA(a,b) +1n G(a, b) CInl(ab)| < (b-a) '
2 4842

Proof The assertion follows from applying inequalities (23)-(26) to the mapping f(x) =
Inx, x € [a, b], which implies that |[f”(x)| = ﬁ is convex on [a, b], and we may take M = aiz
O
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