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Abstract

We study a new class of matrices called diagonally magic matrices. We prove that
such a matrix has rank at most 2 and that any square submatrix of a diagonally magic
matrix is diagonally magic.
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1 Introduction

For a positive integer #, let S, be the set of all n! permutations of {1,2,...,n}. We denote
by C"" and R"*” the set of n x n complex matrices and the set of # x n real matrices,
respectively. If A = (a;;) € C"*” and o € S, then the sequence a1,50), @2,6(2); -+ - Ano(m) i
called a transversal of A [1]. In 2012, Professor Xingzhi Zhan defined the following new
concept at a seminar and suggested studying its properties.

Definition 1.1 A matrix A = (a;;) € C"*" is called diagonally magic if

n n
Z Aio(i) = Z Aj, (i) 1)
i=1 i=1
forallo, 7 €S,.

Obviously, the zero matrix 0,x, and J = [1],,x,, the matrix of all ones, are diagonally

magic matrices. Denote

n+1 n+2 .- 2m

B, = (2)

m-Dn+1 m-n+2 --- n?
and

1 2 n
2 3 n+1l

Cn: . . . . . (3)
n n+l --- 2n-1
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We will show that B, and C,, are diagonally magic matrices. So, there are a lot of diagonally
magic matrices. C, is a Hankel matrix. B, and C, are nonnegative matrices which have
been a hot research area [2, 3].

For matrix D = (d;) € C"*”, let the columns of D be dy,d,...,d,. vec(D) is a vector
defined by vec(D) = (dI,dl,...,d)T, where the superscript T denotes the transpose. The
matrix E}; denotes the Type 1 elementary matrix [4], p.8, which is simply the identity
matrix [, of order #, the i, i and j, j entries replaced by 0 and the i, j entry (respectively
J, i entry) replaced by 1 (respectively 1). Given two matrices A and B, their direct sum is
written as A @ B. Given a sequence of matrices A;, fori = 1,..., k, one may write their direct

sum as

k
A =P A = diag(Ay,..., Ap).

i=1

Each 4, is called a direct summand of A. Let e, = (1,...,1)T and e, = (0,...,0,1)7.
N e’ N e’

n n-1

2 Main results
Let A = (a;;) € C"*" be a diagonally magic matrix with # > 2. Assume that the sum of every
transversal is ¢. From the definition of diagonally magic matrices (1), we have a system of
linear equations

A, vec(AT) = cey, (4)
where /N{,, = (d1,d2,...,4,2) € R is the coefficient matrix. If n = 2, from the definition

of the diagonally magic matrices and (4), the coefficient matrix A, can be chosen to be the

2 X 4 matrix

~ 1 0 0 1 ~ o~ o~ o~
Ay = = (a1,ay,as3,44),
2 (0 11 0) (a1, a2, a3, da)

and the augmented matrix is

~ {1 0 0 1]c
A, = . 5
2(0110c) ©)

This augmented matrix is the row-reduced echelon form.

Suppose n > 2 and that, for n =2,..., k, we have constructed the coefficient matrix
Ay =(dy,ds, ..., dg2).

Let n = k + 1. We use the following method to construct the coefficient matrix A k+1. Firstly,
let

Citt = (ex, Orxi)s

K+l ~ ~ ~
Clme1 = Okixts Aom-1)k+1s Em-1)k+25 - - - » Amk)
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for 1 < m < k. Secondly, construct

Cif' = CEES,
fori=2,3,....,k+1,j=1,2,3,...,k + 1, where E;’j denotes the Type 1 elementary matrix
[4], p.8, which is simply the identity matrix I, of order #, the i, i and j, j entries replaced
by 0 and the i, j entry (respectively j, i entry) replaced by 1 (respectively 1). Then we get

the coefficient matrix

k+1 k+1 k+1
CLI C1,2 Tt Cl,k+1
k+1 k+1 k+1
~ C2,1 C2,2 T Cz,k+1
Ak+1 =
k+1 k+1 k+1
+1,1 1,2 +1,k+1
Ck Ck Ck k

For example, if n = 3, according to the constructing method and A,, we have

3 3 3
Cl,l C1,2 Cl,S

ZS: C;,l Cg,z C%,s
G5, G, Cis
1 0 0|0 1 0/0 0 1
1 0 0/0 0 1|0 1 0
o 1 0[1 0 00 0 1
“lo 1 0o 0 1|1 0 0
0 0 1{1 0 0|0 1 O
0 0 1/0 1 0|1 0 O

Assume
k+l kel k+1
G =(C' G G cen)
forj=1,2,...,k + 1. Consequently, the augmented matrix of Ag,y is

(cr,ct,....cl)".

Let
0 0 1
D, = . . . . e R™",
0 --- 0
0 0

F(n—l)xn = (In—l _en—l) € R(n—l)xn’
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We claim that the row-reduced echelon form of the augmented matrix in the system of

linear equations (4) has the following form:

(n-2)n
1, D, D, e D, G, cey,
F(n—l)xn 0 cee 0 _F(n—l)xn 0
~ F(n—l)xn cee 0 _F(n—l)xn 0 (6)
A, = ' .
O F(n—l)xn _P(n—l)xn 0
0 0

We prove this by induction on n. For example, (A, cey) is row-equivalent to
-~ 1 0 0 1
A, = ).
0 1 1 0fc

The row-reduced echelon form of the augmented matrix (;{3, ces) has the following form:

13 D3 G3 ces

As=| 03 Fous —Foyz|0s0
O01x3 Oix3 Oix3 | O
1 00/00 1[0 1 01
0 1 0/0 0 1 0 0]1
loo 1o 0 1)1 1 1)1
“lo o oj1 0 -1|-1 0o 1|0
0 0 0l0 1 -1/0o -1 1]0
0 0 0/[l0 0O OJ]O 0 o0]0

Obviously, if n = 2, 22 in (5) has the form (6). Suppose n > 2 and that, for n = 2,...,k,

the assertion has been proved for n!-by-n? matrix Ay Letn=k+1,

Hi(ks1) = (€k Okx)» Jixrest) = (Okx15 D),
Dix(ks) = (0xx1, Dy, Grxksn) = Okx1, Gi),

Fiyxks) = Oty Fle—1)xk)-
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By the inductive hypothesis, we can obtain the following matrix after a sequence of ele-
mentary operations for Ci:

Hixesy  Jiox(rse) ~5k><(k+1) Dixtesy  +++ Dixtenn) Nékx(kﬂ) cey
Fo-yx@sy 0 0 —Fe-nxksy | 0
Fo-nx@s -+ 0 —Fe-nxks) | O
P, = . .
O Feyxks)  —Egeenyxon) | O
0 0
Py
Py,
Py
Py
0
where
Pl,lz(Hkx(kH) Jixks1)  Dixckery  Dixery =+ Diexc(ksn) ka(k+l)‘cek>’
(k—=i-1)(k+1) columns
—_——~
~ ~ _ 2
le,:<() o 0 Fpywxgsny O <o 0 _F(k—l)x(k+1)‘0>€R(k 1)x((k+1)2+1)

fori=2,3,...,k—-1. C is row-equivalent to

k+1
k+1 T T Tt
fern((©e52) o1) -t

i=1

forj=2,...,k+1.P; € Rk*(k+D*+D) g the first k rows of P;. Pj; € RE-Dx(k+D*+D) g the rows
of P; from (k+(i—2)(k—1)+ D)thto (k+(i—1)(k—1))throw,i = 2,...,k—1.In P, ;, multiplying
row k by the scalar —1 and adding to row j, for j = 1,...,k -1, then Py ; is row-equivalent to

~ ~

P11 = (Hiex (k1) Jiex (1) Diec es1)s Diex (k1) - - - » Diec (k1) Glex (k1) €€k

where

-~ 0 Op-1)xk ~ 0 Iin —ex

Hkx(k+1) = (1 ( 01)>< ) ’ ]kx(k+1) = (0 Ol 1 1) ’
o -1 0 --- 0 1
o 0 -1 --- 0 1

= O-nxk 0 z

Diex(ies1) =< ( 01) 1); Grx(k+1) = o : :
0 O o - -1 1
0 1 1 - 1 2-k

Applying this method to P,/ = 2,...,k +1, then P;; is row-equivalent to

k+1
P =Py ((@ Ef_@) ® 1) .
i=1
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Multiplying row k —1 of 751,1 by the scalar —1 and adding to row k of 75;“1,1, and multiplying
row k —1 of Py ; by the scalar —1 and adding to row k of/ﬁkﬂyl fori=2,3,...,k—1,then row
k of 75;“1,1 changes to

(€ et L, L1-kpc). 7)
k(k+1) k

Picking row k ofﬁjyl,j =1,2,...,k, and (7), we have

(Its1, Dics1, Dies1s - - - Dies1 Gis1, Cexi1)- (8)
(k=1)(k+1)

Combining row 1 ofﬁzvl and row { ofﬁm, fori=1,...,k—1, we have

(Okxc(k+1)» Frex (k1) Ok (k1) - - + » Ok e+1)» —Fex (k+1)5 0)- %)

(k—3)(k+1)

Combining row 1 of P,; and row j of Py ;, for i,j =1,2,...,k -1, we get

Osc(k+1)  Oksc(ks1)  Fiescks1)  Okxc(ks1) = Okscks1)  —Fiexc(e1) | O
Orxk+1)  Okx(ks)  Okx(ksn)y Frske) =+ Okx(ks1) —Frx(ks1) |0

0

(10)
Frxgery  —Frxksn) |0

Combining (8), (9) and (10), we have

Ik+l Dk+1 Dk+1 o Dk+1 Gk+1 Cel+1
Fkx(k+1) 0 T 0 _Fkx(k+l) 0

Fkx(k+1) o 0 _Fkx(k+l) 0

0

Fkx(k+1) _Fkx(k+l) 0

The other rows depend linearly on some rows of the above matrix. From the row-reduced
echelon form (6), we get rank(zn) =n?-2n+2. @jny Apir for2 <j<m,1<i<n-1,arefree
variables. The other entries of matrix A = (a;;) € C"*” are the pivot variables. The pivot

variables are completely determined in terms of free variables.
Theorem 2.1 Let A € C"*" be a diagonally magic matrix. Then rank(A) < 2.

Proof Let A = (a;;) € C"” be a diagonally magic matrix. If # = 1, the conclusion is trivial.
Next, we prove that it is true for #n > 2. Assume unknowns a;,,, a,,;, for 2 <j<mn,1<i<

n — 1, are free variables. According to (6), we have

n-1 n-1
a; =— E Ajy — E Anj+ (1 =3)au,+c
j=2 J#i
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fori=1,...,n—1,and

n-1 n-1
Ay =— E iy — E Anj+(n=2)a,, +c
j=2

j=1
We also have
ﬂz’,j =ajnt+ ﬂn,j —Aaun

for2 <i,j <n-1.Thatis,

1 1 1 1
- Z}’.’:Z Ajy — Z;;/l i+ (M=3)ay,+c - - ;’:2 A — 27:1 Auj+ (n=2)dy, +c

A=

(11)

Using row elementary operations, A is row-equivalent to

c-— Z;:l Anj €= Z?:l Anj v C— Z;;l nj €= Z;‘il An,j

612,,,, - an,n a2,n - an,n e 612,,,, - an,n aZ,n - ﬂn,n
12)
dn—l,n - an,n ﬂn—l,n - ﬂn,n o ﬂn—l,n - ﬂn,n an—l,n - an,n
an,l an,Z o an,n—l dn,n
From (12), we can easily get
rank(4) < 2.
This completes the proof. O

According to (11), we know that the matrices B, in (2) and C, in (3) are diagonally magic
matrices. It is easy to verify that B, is row-equivalent to

1 2 3 n

0 n-1
B, — 0 0 0

0 0 O 0

a
O O =
(@] \S]
(@] w
N
S =
—

Page 7 of 9
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Now it is clear that there are diagonally magic matrices of ranks 0, 1, 2. Indeed,
rank(0,,»,) = 0, rank([1],,x,) = 1, and rank(B,,) = rank(C,) = 2.

Theorem 2.2 If the diagonally magic matrix A € C**" has a form (11), then the charac-
teristic polynomial of A is

paA) =" (A% —ch +d), (13)

-1
where d = (Z;lzl Apj— c) Z;l:z(ﬂn,l - an,/') -n Z;’:Q (@nn — aj,n)(an,l - an,j)-

From (13), we can see that the algebraic multiplicity of the eigenvalue 0 of the diagonally
magic matrix A is at least n — 2.

Theorem 2.3 Let A and B be diagonally magic matrices of the same order. Then A + B,
kA, PAQ and A* are diagonally magic matrices, where k is a constant, P and Q are the
square matrices every row and every column of which has at most one nonzero entry, and
A* denotes the conjugate transpose of A.

Proof This can be easily checked from the definition. O

Let AcCP" 1< <ip<---<ip<ml<ji<jp<-.--<j; <n We denote by
Al i, ..+ iklj1,J2,- - -5 Js] the k x s submatrix of A that lies in the rows i,is,...,i and
columns ji, ja,...,Js. Denote by A(i1, iz, ..., iklj1,j2, - - -, js) the (n — k) x (n —s) submatrix of
A obtained by deleting the rows i, iy, ..., ik and columns j1, ja, ..., js.

Theorem 2.4 Any square submatrix of a diagonally magic matrix is diagonally magic.

Proof Let B be a k x k submatrix of a diagonally magic matrix A = (a;;). Then there
are row and column indices « = (i1,i3,...,i) and B = (j1,/2,...,jx) such that B = A[«|B].
Note that the union of a transversal of B and a transversal of A(«|B) is a transversal of A.
Choose an arbitrary but fixed transversal T of the square matrix A(«|B8). Forany o, € S,
iy j,qyr -+ By AN the entries in T constitute a transversal of A, while a;, ;1\, .-+, @it
and the entries in T also constitute a transversal of A. Let b be the sum of the entries in 7.

Since A is diagonally magic, we have

k k
Z Digjg + D = Z Ligjney + )
t=1 t=1

which yields
k k
Z Aitjowy = Z Aigjr()
=1 t=1
This shows that B is diagonally magic. O
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